EXPLICIT FORMULAS FOR SUMS INVOLVING THE SQUARES OF THE
FIRST 1 TRIBONACCI NUMBERS

RAPHAEL SCHUMACHER

ABSTRACT. In this paper, we present explicit formulas for various sums involving the squares
of the first n Tribonacci numbers.

1. INTRODUCTION

The sequence of Tribonacci numbers {T}}7° is defined by the initial conditions Ty = 0,
Ty = T5 = 1 and the Tribonacci recurrence relation T,+3 = T), + Ty41 + Thao [1]. In 2008,
E. Kilic [5] found a closed form expression for the sum Y, T} of the first n Tribonacci
numbers. In particular, he proved the identity

- 1
d T = 5 T2+ T = 1),
k=0

for all nonnegative integers n, by means of generating matrix calculations. Because of the
above mentioned Tribonacci recurrence relation T,, = Ty,+3 — Ty49 — Th+1, E. Kilic’s formula is
equivalent to the formula ZZZO T, = % (Th4+3 — Thy1 — 1) for all nonnegative integers n. More
identities for sums of Tribonacci numbers, for example for sums of the form >}, Tp,k, with
m a positive integer and n a nonnegative integer, can be found in [1, 5, 3, 9].

We had the idea to write this paper after we solved the Advanced Fibonacci Quarterly
Problem H-828 [2] proposed by Kenneth B. Davenport. The problem wanted a closed form
solution for the sum Y p_, k17, where again {T}}7°, is the Tribonacci sequence and n is a
nonnegative integer. We gave the following closed form solution for this problem:

n
1 1 7
> kT = <§n + 1) TnTto + (n+2) Tpp1 Do — <Zn + 1> T2 - <n + Z) T2,
k=0

1 3 1 1
- (ZTL + Z) Tg+2 - §TnTn+1 + 5

Substituting the relation T,, = T}, +3—T,+2—T,+1 into this equation, we get for all nonnegative
integers n, the equivalent form

n
1 5 9 11
> kT = 5 (04 3) Top1Toys + (n+3) Ty Tty — <Zn + Z) T2, — <n + Z) T2,
k=0

1 1 1
— (ZTL + 1) T7%+3 — §Tn+1Tn+2 + 5
These two formulas are different from the formulas for the sums Y ,_, T} and Y, _, Tk They

are the two-dimensional analogues of the formulas for Y, _, Ty and belong to the same family
of summation formulas for Tribonacci numbers.
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In this paper, we give the corresponding explicit formula for the sum ) Tk2 of the squares
of the first n Tribonacci numbers. Hideyuki Ohtsuka proposed the same problem in The Fi-
bonacci Quarterly as H-715 [8], which had been solved by various readers with the highlighted
solution given by Zbigniew Jakubczyk [4]. Unlike that of Ohtsuka and Jakubczyk, the sum-
mation in our formula starts from zero, but both formulas are equivalent. The derivation
given in the next section of this paper varies from that of Jakubczyk. To prove the formula
for Y3 _o T7, we will use the method of generating functions [11].

In the second half of this paper, we present and prove the closed form expressions for the
three sums > p_q kT, Y peo k*Tk, and >_p_o k*T2 by employing the same method.

We have searched the above three formulas in the literature and on the internet, but we
could find none of them. Therefore, we believe that these formulas are original.

2. THE EXPLICIT FORMULA FOR THE SUM OF THE SQUARES OF THE FIRST n
TRIBONACCI NUMBERS

The method of proof used here is the same as in our solution to the Advanced Problem
H-828 and as in [10]. In this section, we prove

Theorem 2.1. (Ezplicit Formula for the Sum of the Squares of the First n Tribonacci Num-
bers)
We have, for all nonnegative integers n, the closed form expression

n
1 1 1 1
D T2 = 5TuTer + TonTogr = 7130 = Ty — Tiia + .
k=0
This is for all nonnegative integers n equivalent, by substituting the relation T, = Tyy3 —
Tyt2 — The1 into the above expression, to
n
1 5 1 1
Z 17 = 3 n1Tng3 + Tog2Thnys — ZT5+1 — Ty — ZT3+3 T

k=0

Proof. Let the function s(x) be defined by

o0 1
— n _
s(x) = E ot =
n=0

For the Tribonacci numbers {7}, }5°,, we have, for nonnegative integers n, the explicit formula
[6, 7]

n n n
o (0} (0}
T, 1 2 3

)

- 4a1—a%—1 4042—04%—1 4a3—a§—1
where a1, ag, and ag are the three roots of the polynomial

qz) =23 -2 —2z— 1.

Using this explicit formula for the Tribonacci numbers from above and the geometric series
identity

(o.]
1

Zyk = = for all complex numbers y with |y| < 1,

k=0
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we can calculate that

o™ ol ol 2
T2 n 1 2 3 n
§ nl = E <4 ) % 1 + 5 + 3 > T

= = doag —az—1  4daz—az—1

0 2n 2n a2n
_ Z M + @2 4 as 4 2(e1a2)”
(41 —a? —=1)°  (dag—a2—1)°  (4a3—a3 —1)° (4a1-af-1)(4a2-03-1)

n=0
2(a1az)” + 2(a2a3)” 2"
(4041—04%—1)(4113—04%—1) (4a2—a§—1)(4a3—a§—1)
_ > e (a%x)n n > e (O‘%x)n n > o (agx)n I 2> 0 (a1a92)”
(o1 —a2—1)  (dag—0f—1)2 (das—a2—1)° (dar—af —1) (day —af —1)
2% o (masz)” N 23 o (e032)"
(dog —a? —1) (daz — a3 —1)  (daz — a3 — 1) (4az —a} — 1)
1 1 1 9
. (4a1—a%—1)2 (4042—0%—1)2 (40{3—04%—1)2 (4a1—a%—1)(4a2—a§—1)
1-— a%aj 1-— a%:n 1-— a%:n 1 —ojaox

2 2
(4Oc1 —a%—l) (4013—01%—1) I (4012 —a%—l) (4a3—a§—1)

1 — ajosx 1 —azasze
_ p(z)
(1—adz) (1 —adz) (1 —adz) (1 — magz) (1 — aqasz) (1 — agas)
_ p(z)
(1—-3x—2a2—2a3)(1+z+ 2% —23)
p(x)

(@3- —x—1) (@3t 22+ 3 1)

where p(z) is the unique polynomial of degree less than six, such that the above generating

function e 1’3((?3 T30 for 37 OT,%:E" generates at least the first six terms of the

Taylor series Y > (T, 22" correctly. If this is the case, then the function (xg_xz_x_ﬁ((?g 750

agrees with >~ >° o T2z™ for all nonnegative integers n and generates every Taylor series coef-
ficient of T,%x” correctly. This polynomial p(x) turns out to be

p(a) = —z (23 + 2> +2-1).

Therefore, we obtain that

> z(xd+a?+a—1)
=) Tlx"=-— :
fi(z) ;::0 n® (@3 —a22—x—1)(x3+22+32—1)

In the same way, we get the following generating function identities

Z x3+$2+$—1
.Z'
ntl @3- —z—1) (B3 + 2243z 1)

Z P+ ad =52 —2x—1
z"
2 @3-z 1) (@3 + 2243z 1)
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a:(x2+1)
(@ —a2?2—z—1) (a3 +22+32—-1)’

00
f4((£) = Z TnTn_Hxn =
n=0

2z
(@3 —22—2z—1) (23 +22+3zx—-1)’

o
f5(x) =) TuToioa™ =
n=0

22 +1

[e.e]
fo(z) Z n 1 in 2 (@3 —a2 —z—1) (23 + 22+ 3z — 1)

n=0

Because of the calculation

i "T2 n $(l’3+$2+$—1)
"t =—
— k l—z)(@d—a?2—z—1)(23+22+3zx—1)

= s(2)fi(a)
= Lh5(@)+ fol@) — Ta(a) — fole) — 1 fol) + 3(a)

1 o0 o 1 o o
=3 Z T, Thtox™ + Z Tot1Tpon™ — 1 Z Tra" — Z Ty 2"
n=0 n=0 n=0 n=0
1 - 2 n 1 = n
— 12 Thaa"+ ) o
n=0 n=0
9 1

1 1 1
=> [—TnTm t Topr Tz = 710 = Ty = (T + —} ",
n=0

2 4

the formula

3

1 1 1 1

2 2 2 2

Y 1} = S TnTne2 + ToiaTos = 710 = T — S Tiia + 5

k=0

is true by equating coefficients and using the uniqueness of power series expansions. This
expression is the first formula in the above theorem. O

By substituting the relation T},49 = T,—1 + T}, + Tj,+1 into the first formula in the above
theorem, we get the formula

& T2 o 4TnTn+l - (Tn—i-l - Tn—l)2 +1
E E =

4
k=0

of Hideyuki Ohtsuka and Zbigniew Jakubczyk [8, 4].

3. CLOSED FORM EXPRESSIONS FOR > _o kT, > p_ok*T), AND > 1 _o k*T}

We have the following theorem.

Theorem 3.1. (Ezplicit Formulas for the Sums > p_o kT, Y p_o k*Tk, and > p_qk*T?)
We have for all nonnegative integers n, the closed form expression

n
1
E :ka =3 (nT — Tot1 + (0 — 1) Thy2) + 1,
k=0
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as well as, by using T, = T3 — Tn+2 — Tht1, that
Z ka = 7’LTTH_3 - Tn+2 - (’I’L + 1)Tn+1) + 1.
Also, for all nonnegatwe mtegers n, we have the identity
3 1 3

Zszk = ( n +1> T, — <n— 5) Toi1 + <§n2—n+§> Top2 — 3,

as well as, again because of Ty, = Thvs — Thto — Tha1, the equivalent form
9 1 1, 1
Zk’Tk— ’I’L —|—1 Tn+3— 7’L—§ Tn+2— 571 —|—7’L—§ Tn+1—3.

Moreover, for all nonnegative integers n, we have that

7 13
Z K2T? = ( n? + 2n + > T Thio + <n2 +4dn + 7) Tni1Tgo — (n+2) Ty Tt

1 7 21 1 3 9
— <1n2+2n+4>T3— <n +2n+ 4>T5+1— <1n2+§n+Z>Tﬁ+2+l

and by using the relation T, = T3 — Thyo — The1 we also have that

23
Z K2T? = < n* + 3n + 6> Tri1Thys + <n2 + 6n + 7) TrntoTnts — (0 +3) Tpgp1Tgo

5, 9 20\, ., 1,39\ 1, ,
(224l 7?2 = T2 S ron 4| T2, 41
<4n+2 4) < T 4> <4”+”+ w3 T

Proof. In addition to the generating function identities given in the previous section, we have
that

T
_ n
gl(m)_nZ::OT":E S l—z— 22— a3
> 1
92(1') = TLZ::OTH-FLT - 1 Tz — ZE2 :Ega
o0
142+ 22
_ n __
93(55)—;::0%“”5 S l-—z—a? a3
> z(1+x) (1 -z + 22?)
ga(x) =) nla" = ;
(=) ;::0 " (1—x— a2 — 283)
>0 x(1+2x+3x2)
gs(x) = nT, 12" = ,
() nEZ:O n+ (1—3)—:172—2173)2
> Cz(l4z)? (2+2?)

(1—2—a2—a23)%

n=0
s 1—|—x—:p2—|—x3)(1—|—7:172—|—4:173)
— 2T n _ :E( 7
97(1') nZ::On nd (1 —x—$2 —x3)3
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>, . o (1452 + 1222 + 62% 4 112" + 92°)
= E n Tn-‘,—lx = 3 )
(1—x—2a%—2a3)
>, a w(l+2) (24 8z + 722 + 1623 + 4a* + 22° + 2F)
= E nIyyox" = 3 .
(1—2—a%—a3)

Because of the calculation

0 n 0 x(1+x)(1_$+2$2)
Z(ngk>x T

= s(2)ga(a)
= Son() — 50n(a) + 2a0(0) — 25(2) + 5(2)

= — nT,z" — = Thiix"™ + = nTyox”™ — = Thiox™ + "
2 2 2 2
n=0 n=0 n=0 n=0 n=0

o0
1
n=0
the formula
Zka == (T — Tpp1 + (0 — D)Thao) + 1

is true by equating coefﬁcuents and using the uniqueness of power series expansions. This is
the first expression in the above theorem.
Because of the calculation

) w1z —a®+2%) (14727 + 42%)
Z;)<Zka> B (1—x)(1—x—x2—x3)3

= s(x)gr ()

1 3 1 3
= 597(2) + 91(2) = g5(2) + 592(2) + 590() — g6(2) + 595(x) — 35(2)
=5 Z n?T,z"™ + Z T,x" — Z nTpi1x™ + 3 Z Tz + 3 Z n2Tn+2x"
n=0 n=0 n=0 n=0 n=0
o0 3 o0 o0
— ZnTn+2x + §ZTn+2:E — 3Zx”
n=0 n=0 n=0
> 3
= [<§n2+1>Tn— <n—§>Tn+1+ <§n —n+2> Tn+2—3}x ,
n=0

the formula
n
1 3 1 3
D KT =(5n"+1)Th— (n—5 ) Topa+ (50 —n+5 ) Thya — 3
ar 2 2 2 2
is true by equating coefficients and using the uniqueness of power series expansions. This is

the third identity in the above theorem.
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Also, we have that

i 72 x (227 + 32° + 427 + 225 + 82° + 122° + 22 — 22 + 1)
= n =
(23 — 22—z — 1)? (2% + 22 4 3z — 1)*

)

z (32® + 427 4 62° — 425 — 1223 + 142% 4+ 42 + 1)
Zn i (23 — 22 — 2z — 1) (23 + 22 + 3z — 1)?
z (210 + 228 — 827 — 825 + 222" + 2423 + 112% + 162 + 4)
Zn w2’ (23 — 22 — 2 — 1) (23 + 22 + 3z — 1)?
z(z—1) (327 + 325 + 92° + 92 + 1523 + T2 + 2 + 1)

nT,Thi1x" = — ,
fole Z nH (23 — 22—z — 1) (23 + 22 4 3z — 1)°

9

9

n=0
2z (528 + 3z* — 1223 — 322 — 1
fll ZTLT Tn+2.Z' = ( 2 ) 29
= (@ —a2?2—z—1)" (23 +22+32-1)
2x (2x7+43:5—33:4+23:3—83:2—43:—1)
12( N1 Thyoa™ = —
fual nz:o e (23 — 22 —x — 1) (23 + 22 4 32 — 1)?

and that

hi(x) = Zn2T3x"
n=0

z(z+1) (411452134 7012448211 +90210 43729 +15728 — 10027 +16420 —2372° + 14121 —442° — 18224 3z—1)
- (23 —22—2—1)% (23 +a22+32—1)° ’

ho(x) = Z n2T2+1a:

x(9x14+16x13+27x12+30x11+99x10+22x9+201x8—4x7+151x6—204x5—179x4+22x3—51x2—10x—1)
- (23 —22—2—1)3 (23+22+32—1)° ’

hs(x) = Z n*T2, 2"

:c(xw +3214 2213419212 46211 477210+ 10829 +-5128 4+ 14027 — 18718 + 7825 — 40324 —290x3 — 6922 —40x—4)
- (23 —22—2—1)3(23+22+3z—1)° ’

o
ha(z) = ZnQT Tt — o (924427212 + 5421 + 93210+ 1429 —928 — 827+ 31264+ 14425 — 5124 +502° + 2722+ 224+1)
4 - nin+1 - ((Eg—wQ—(E—1)3(.’ES+:B2+3:E—1)3 )
n=0
hs(z) = 2 n _ 2x(25212426210 —662°+272% — 1627 +9224+722° 61204+ 7225+ 1822+ 22+ 1)
5(z) = g N dplpy2® = (27— 1) (3t 224 30—1)° ,
n=0
o . - .
he(z) = 2 n _ 2x(8213+424211 4321044829 —572% — 627 —52204-782° + 13624 +302° 43322 +102+1)
6{T) = z :n ntlint2d = (z3—22—2—1)% (23422 +3z—1)° '

n=0
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Because of the calculation

i <§”: k‘2T,f) x"
n=0 \k=0

o(z+1) (424 + 5218+ 7212+ 48211 +90210 43729 +15725 — 10027 +1642° 23705+ 14124 —442° — 1822 +32—1)
(1—z) (23 —22—2—1)% (3 +a2+3z—1)°

= s(z)hy(z)

= Jha(@) + 211 (@) + @) + ho(a) + Lfrala) + 2 folw) — fiofa) — 2fala) — 1nx)

—2f1(w) — 4fa(x) — ho(a) — L i) — 2 ale) — o) — o fola) — sx) + 5(a)

1 o o 7 o (o]
=3 > 0T Thpoa™ +2) T Thi0z” + 5 > TaTpyor™ + > 0PThi1 oo™
n=0 n=0 n=0 n=0

o0 [e.9] o0 oo
13
+4 E OnTn+1Tn+2$n + ? E OTn+1Tn+2.’L’n — E OnTnTn+1x" -2 E OTnTn+1.’L’n
n= n= n—= n=

1 o o o o
- ZZTL2T3$H —2ZnT3:E" —4ZT3:E" - Zn2T2+1x - —Zn 1"
21n:£> 1 :O:O
7 ZTr%—l-l 1 Z”2T2+2$ - —Z” 2t — —Z n+2% +Z$
n=0 n=0

7 13
Z [ < n®+2n + ) T Thyo + <n2 +4n + 7) i1 Toio — (0 +2) TyThiy

1 7 21 1 3 9
- <Zn2—|—2n+4>T3— (n —|—2n—|— 4>T3+1— <Zn2—|—§n 4>T2+2—|—1}

the formula

7 13
Z K212 = < n?+2n + > T Thio + <n2 +4n + 7) Toi1Tnao — (0 +2) TyThiy

1 7 21 1 3 9
— <Zn2+2n+4>T5— <n +on+ 4>T5+1— <Zn2+§n+Z>T2+2+1

is again true by equating coefficients and using the uniqueness of power series expansions.
This is the fifth formula in the theorem. O

4. CONCLUSION

We have presented and proved closed form expressions for the sums > kT, > 1, kT,
and Y ;. k‘2T,f. Moreover, the observations in this paper show that there exist closed form ex-
pressions for Tribonacci sums like Y r_o KTk, Sop_o k2 Tks Sopo T2, > o kT2, and >_p_o k>T7
using only Tribonacci numbers. All these formulas belong to the same family of Tribonacci
summation formulas and have a similar shape.
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The same method can be used for other Tribonacci sums. For example,

- 3 1 3 7 7 10 3
> T = IITE“§§Zg+14‘§§7§+2*‘11737%+1+'55737%+24'117%7§+1+‘§§75+17%+2
k=0
1 ) 10 3
- ﬁTnTgw - ﬁTn+1T3+2 - ﬁTnTn+1Tn+2 + 557
3 15 4 2 7 3 1
=g ln-1+ gpTn + e Dot g Tea T + g Tnna T+ 5Tl + 55 Tn T

1 7 3
+ﬁn4ﬁﬂ—ﬁﬂqnnﬂ+im

where we have used the recurrence relation T),4+2 = T,,—1 + T, + T,+1. This is also equivalent
to

n

ZTg _ (ABT243T, Ty 1 +T2 )T 42(7TT2 =TT Ty 1+ T2 ) T 1 +4(2T0+ Ty 1)T2_ 4373 +3n
k= 22

k=0

for all nonnegative integers n. The proof is analogous to the previous one.
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