ON THE SUM OF DIGITS OF THE ZECKENDORF REPRESENTATIONS
OF TWO CONSECUTIVE NUMBERS

ANTON SHUTOV

ABSTRACT. Let Fo and Fy be sets of natural numbers with even and odd sums of digits of
their Zeckendorf representation. Suppose F; ;(X) =f#{n < X :n € F;,n+1 € F;}. We prove
asymptotic formulas for Fj; ;(X).

1. INTRODUCTION

Let n be a natural number, and
o0
n = Z nka,
k=0
with ng € {0, 1}, be the binary representation of n. Suppose

o
No={n:neN, an =0 (mod 2)},

i=0

and
N; = N\ Np.
The sets N; were first studied by Gelfond [2], who proved the uniform distribution of numbers
from these sets in arithmetic progressions.
Later, many interesting results about N; were proved. For example, Eminyan [1] proved the

following result.

Theorem 1.1. Let N; j(X) be the number of the natural solutions of the equation n —m =1,
nm<X,neN;, meN;, i,7=0,1. Then,
X
N;;(X) = 5 + O(log X),
ifi =7, and
X
Ni,j(X) = ? + O(logX),
ifi# 7.
Now, consider the sequence of Fibonacci numbers {Fy}: Fo =0, F1 =1, Fyio0 = Fiiq + Fy,
and recall that any natural n has Zeckendorf representation [6]

0o
n= kaFk’7
k=2

where fi € {0,1}, fifx+1 =0, and fx = 0 for k > ko(n). An analogue of Gelfond’s result for
the Zeckendorf representation was proved in [3]. Our goal is to prove an analogue of Eminyan’s
result.
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2. MAIN RESULT

Consider the sets

Foz{n:nEN,kaEO (mod 2)} and F; =N\ Fy.
k=0

Let F; ;(X) be the number of the natural solutions of the equation n —m =1, n,m < X,
n €, m€F;,i,7=0,1. In other words,

Fj(X)=#{n<X:neF;, n+1eF;}
Our main result is the following theorem.

Theorem 2.1. For i = j, we have

Fij(X) = {ng + O(log X). (2.1)
For i # j, we have
Fiy(x) =2 _wﬁx + O(log X). (2.2)
Assume
m={ 5 nom

Then, it is easy to see that

Fii(X) = Z (—1)i52(n) +1 (—l)js(n;- 1)+ 1' (2.3)
n<X
Define two sums: S1(X) = > o<, x €(n), and S3(X) = > ., xe(n)e(n +1).
Lemma 2.2. For S1(X), the following estimate holds.
S1(X) = O(log X). (2.4)
Lemma 2.3. For S3(X), the following asymptotic formula holds.
Sa(X) = 2\/%:)_5)( + O(log X). (2.5)

The proof of (2.1) and (2.2) is immediately obtained by substituting (2.4) and (2.5) in (2.3).
So, to prove Theorem 2.1, it is sufficient to prove Lemmas 2.2 and 2.3.

3. PROOF OoF LEMMA 2.2

First, consider a natural n with the Zeckendorf representation

k
n=>Y_ fiF,
i=2
where fi # 0. Suppose n’ = n — Fj, and note that

g(n) = —&(n), (3.1)

because the Zeckendorf representation of n’ can be written as
k—2
n' = Z fil.
i=2
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Further, consider a sum
ST(k) = S1(Fy).
Using (3.1), we have

Fri1-1 Fr_1-1
Si(k+1)=Si(k)+ > en)=5ik)+ > e +F)

n=F} n'/=0

F_1-1

= Si(k)+ Y (—e(n') = Si(k) - Si(k - 1).
So, we get
ST(k+1)=57(k)—S7(k—1).
1i\/?3'

The characteristic polynomial A2 — X + 1 of this recurrence relation has roots A2 = —%
If we note that |A; 2| = 1, we obtain the following result.

Lemma 3.1. There exists a constant C' such that
|ST (k)| < C. (3.2)

By more precise calculations, we can prove that the sequence {S5(k)} is periodic with the
period {2,1,0,0,1,2}, but we do not need this result to prove Lemma 2.2.
Now, suppose that
X =Fy + Fyy+ -+ Fi,

where k; > ki1 4+ 2. Consider the numbers n(*) = Zle Fy,, and represent S;(X) as

l Tl(t>—1 1 Fktfl
S1(X) = Z e(n) = Z Z e(n) = Z Z e(n’ —I—n(t_l)).
n<X t=1 p=pn(t—1) t=1 n’'=0

Similarly, as in (3.1), for """ <n < n® —1, we have
en) = e(n — ntNent=1) = (=1)"Le(n — ntD).

Hence,

l
Sl(X) :Z(_l)tfl Z Z t 1S* kt

t=1 nngfl t=1
Using (3.2), we obtain

Further, note that k1 > [, and therefore,

Using the Binet formula, we have

where ¢ = 1+‘[ is the golden mean. By elementary calculations, we obtain that there exists
a constant Cl such that
[ <logy X + C1.
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Hence, we have
I =0O(log X) (3.3)
and Lemma 2.2 is proved.

4. PROOF OF LEMMA 2.3

Similar to the previous section, consider the sum

53 (k) = Sa(F).

We have
Fri1-1 Fr_1-1
Ssk+1)=S5(k)+ > eme(n+1)=S5(k)+ > e+ F)e(n + F+1).
n=Fj} n'=0

From (3.1), we obtain that e(n'+ Fy,) = —e(n’) for n’ < F_1, and e(n’+ F+1) = —e(n’+1)
for n’ < Fy,_1 — 1. However, it is easy to see that e(n’ + Fy + 1) = e(n’) for n’ = F,_; — 1. So,
we get e(n' + F)e(n'+ F,+1) = e(n')e(n’+1) for n’ < Fy_1—1, and e(n'+ Fy)e(n'+ F+1) =
—e(n)e(n’ + 1) for n’ = Fj,_1 — 1. Therefore,

Fe_1—1
Syk+1)=Ss(k)+ > e(n)e(n +1) = 2e(Fp_y — 1)e(Fro).
n'/=0
Because e(Fj_1) = —1, we have
Ss(k+1)=55(k)+ S5(k— 1)+ 2e(Fr—1 — 1).
Note that the Zeckendorf representation of Fj_; — 1 has the form
Fr1—1=Fy o+ Fr g+ Fret+---

So, we have

So(k+1)=85(k)+ S5(k—1) + 2xa(k), (4.1)
where
B 1, k=2,3 (mod 4);
xa(k) = { —1, k=0,1 (mod 4).

Applying (4.1) four times, we obtain
Ss(k+1)=55(k—1)+S5(k—2)+2S5(k —3) + S5(k —4). (4.2)

The characteristic polynomial of (4.2) has roots Aj o = 1i2\/‘?’, Az4 = £vV/—1, and A5 = —1.
Initial conditions for (4.2) can be found by direct calculations. So, standard techniques from

the theory of the recurrent relations leads to

k k
Sék(k):?’_;/jl(_\/?l)k+?""g/jl(\/jl)k+2—\@(1+\/5> +2+\/5<1_\/5>

5 2 5 2
(4.3)
Equation (4.3) implies the asymptotic formula
* 2 — \/5
S3(k) = TQSk + O(1).
Using the Binet formula, we obtain
2v/5 =5
S3(k) = ‘/;Fk +0(1). (4.4)
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Now, to prove Lemma 2.3, we again assume
X:Fk1 +Fk2+"‘+Fkl,

and nt) = 37! Fy.. So, we can write Sa(X) as

l n®_—1 l Fktfl
Sa(X) = Z g(n)e(n+1) Z Z e(n+1) Z Z e(n' +n e/ +nt=D 41).
n<X t=1 pep(t—1) t=1 n'=0

By the arguments discussed above, we have
l kt_l l
Z Z Je(n' + 1)+ O(1) =Y _ S5 (ki) + O(1).
t=1 n'=0 t=1
Combining this with (3.3) and (4.4), we obtain the required result.

5. CONCLUDING REMARKS

There are two interesting ways to generalize Theorem 2.1.

First, we can replace the equation n —m = 1 in the definition of the sets F; by n — km = h.
For the binary representations, in [5], it was proved that for odd k& > 1, we have N; ;(X) ~ iX .
What we can say about the functions Fj ;(X) in this case?

The second interesting problem is to generalize Theorem 2.1 to other recurrent sequences.

Also in [4], it was proved that there are infinitely many prime numbers in each set N;. What
can we say about the prime numbers in the sets [F;?

REFERENCES

[1] K. M. Eminyan, A binary problem, Mathematical Notes, 60.4 (1996), 478-481.
[2] A.O. Gelfond, Sur les nombres qui ont des propriétés additives et multiplicatives données, Acta Aithmetica,
3 (1968), 259-265.

[3] M. Lamberger and J. W. Thuswaldner, Distribution properties of digital expansions arising from linear
recurrences, Mathematica Slovaca, 53.1 (2003), 1-20.

[4] C. Mauduit and J. Rivat, Sur un probléme de Gelfond: la somme des chiffres des nombres premiers, Annals
of Mathematics, 171.3 (2010), 1591-1646.

[5] A.P. Naumenko, On the number of solutions of some Diophantine equations in positive integers with given
properties of binary expansions, Chebyshevskii Sbornik (in Russian), 12.1 (2011), 140-157.

[6] E. Zeckendorf, Representation des nombres naturels par une somme de nombres de Fibonacci ou de nombres
de Lucas, Bull. Soc. R. Sci. Liege (in French), 41 (1972), 179-182.

MSC2010: 11B39

KHABAROVSK DIVISION, INSTITUTE FOR APPLIED MATHEMATICS, KHABAROVSK, 680000, Russia
Email address: a1981@mail.ru

AUGUST 2020 207



