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ABSTRACT. We investigate two gibonacci sums of polynomial products of order 3, and their
Pell and Jacobsthal counterparts.

1. INTRODUCTION

Ezxtended gibonacci polynomials z,(x) are defined by the recurrence z,12(z) = a(x)zp4+1(x)+
b(x)zy (), where x is an arbitrary complex variable, a(x), b(x), zo(x), and z1(x) are arbitrary
complex polynomials, and n > 0.

Fibonacci polynomials fy(x), Lucas polynomials 1, (x), Pell polynomials py(x), Pell-Lucas
polynomials qn(x), Jacobsthal polynomials J,(x), and Jacobsthal-Lucas polynomials j,(x)
belong to this family {z,(x)}. Their numeric counterparts are F,, = f,(1), L, = (1),
P, =pn(1), 2Qn, = qn(1), Jn, = Ju(x), and j, = jn(2), respectively [4, 3].

As in [3], in the interest of brevity, clarity, and convenience, we omit the argument in the
functional notation, when there is no ambiguity; so z, will mean z,(x). We let g, = f,, or I,
bp, = pp, OF qp, and ¢, = J,(x) or j,(z). Correspondingly, let G,, = F), or L,, B, = P, or Qn,
and C,, = J, or j,.

An extended gibonacci polynomial product of order m is a product of gibonacci polynomials
Zp4k of the form H ziﬁrk, where Y s; =m [2, 3].

k>0 s;>1

We now explore two gibonacci sums of polynomial products of order 3, and their Pell and

Jacobsthal counterparts.

2. A GiBoNAccCI SUM OF PoLyNOMIAL PRODUCTS OF ORDER 3

Our investigation hinges on the identity [5]

G + g8 — gy = {gAg o (2.1)
and the gibonacci recurrence
nt6 = (2° + 32)gn+3 + gn, (2:2)
where A% = 22 4 4.
Theorem 2.1. Let g, = f, orl,. Then,
- + gan + 2, if gn = fo:
(e +3) <:1; kzo G+ G + gz) - {i’ggj’3n+§3l gsn — 2) + 4(z + 2)(2? + 3), ot}erwisfen.
(2.3)
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Proof. By recurrence (2.2), we have
n n n
(z* + 3x) Z 93k+3 + Z g3k = Z 93k+6
k=0 k=0 k=0

n n n
(«° + 32) (Z 93k + g3nt3 — 90) + Z 93k = Z 93k + 93n+6 + g3n+3 — 93 — 9o,
k=0 k=0 k=0

n
(@ +32) > g3k = g3nt3 + gan — g3 + (2® + 3z — 1)go.

k=0
Case 1. Suppose g, = fn. Then,

(2% + 3x) Z f3k = fan4s + fan — (2% +1).
k=0

Consequently, by identity (2.1), we have
n n n n
Zfl?+1+$2fl§—2f1§—1 = $2f3k7
k=0 k=0 k=0 k=0

(2* +3) (fUZfl? + fag1 + fS) = fants + fan + 2.

k=0
Case 2. Suppose g, = l,. Then,
n
(x3 + 3z) Z Isk, = lspgs+1lzn — (ac3 +3x) + 2(353 + 3z —1)
k=0

I3n+3 + lan + 2 + 32 — 2.
By identity (2.1), we have

n n n n
Z oy +a Z I, — Z By = zA? Z I3k,
k=0 k=0 k=0 k=0

" x A2
xkzolz+li+l+l2+x3_8 - m(l3n+3—l—l3n—l—x3+3x—2)7
(2* +3) (le%+l2+1+li> = A’(Ianys + lsn — 2) + 4z + 2) (27 + 3).
k=0

Combining the two cases yields the desired result.
This theorem has interesting byproducts. It follows from formula (2.3) that

= Gsp, Gsp, 2, if G, = n;
4 ZGi+Gi+l+GfL _ 3n+3 + Gan + 1 .
Pt 5(G3nt3 + Gsn — 2) + 48,  otherwise;

n .
G - 3G 2 f G, = Fy;
42 :G% +4G§L—1 { 3n+3 3n + 2, 1 n n;
k=0

5(G3nt3 — 3Gsy) + 38,  otherwise;

n .
- 1 f =L :
23 G 4o, = (Gt L Gn =D
o 5G3n—1 + 19, otherwise.

(2.4)

(2.5)

(2.8)
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Formula (2.7) implies that G3,,43+G3, = 2 (mod 4). Formula (2.8), with G,, = F},, appears
in [8].
Next, we investigate the Pell implications of Theorem 2.1.

3. PELL IMPLICATIONS

Because b, (x) = gn(22), formula (2.3) has a Pell counterpart:

- ban+3 + b3n + 2 if by = pp;
127+3) (20 3 b0} 183 ) = ’ ’
(4z°+3)( 2 kzzo kT 0p 10y 4(2% + 1)(b3ns3 + ban — 2) + 8(x + 1)(42? + 3), otherwise.

This yields

n .
B B 2 f B, = Py;
7 QZBg—i-BgH-i-Bg = 3n+3 + D3n + 2, 1 n ‘ ns (3.1)
k=0 2(Bsp+3 + Bsy) + 12, otherwise.
Because B,,3 = 12B,, + 5B,,_1 and

2B3y, if B, = n;

B3, +2B3-B3 | =
ntl " n-l 4Bs,, otherwise

by formula (2.1) [5], it then follows that

n .
5B3,-1 — B 1 f B, = Py;
7 E:Bg_Bg‘i‘Bz,l _ 3n—1 3n 1+ 1, L D ‘ n;
Py 10Bs,,—1 — 2B3, + 12, otherwise.

Next, we explore the Jacobsthal ramifications of Theorem 2.1.

4. JACOBSTHAL CONSEQUENCES

Identity (2.1) has a Jacobsthal counterpart [6]:

3 3 3,3 C3ns if ¢n = Jn(2);
c +xc, —x°Cp_1 = 4.1
ntl " nl {(496 + 1)csp, otherwise. (4.1)
This implies
Cs it C,, = Jp;
Cl . +2C)—8CE_ =4 " toom 4.2
el " n—l 9C3,, otherwise. (42)
By the Jacobsthal recurrence, we have ¢, 16 = (32 + 1)c,13 + 23¢,. Consequently,
n n n
Br+1)) caps+2° Y ez = C3k+6)
k=0 k=0 k=0
n n n
3z +1) (Z C3k + Cant3 — Co) +a®> ea = > Cak + Canpo + Cangs — ¢z — co,
k=0 k=0 k=0
n
(* + 32) Z C3k = C3p+6 — 3TC3p43 — €3+ 3xC
k=0
= 343+ T3C3, — 3 + 3200 (4.3)
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Case 1. Suppose ¢, = Jy(z). Then,

(@® +32) Y Jsn(x) = Janis(x) + 2°Jan(z) — 2 — 1.
k=0

Because Jy(z) =0 and J_1(x) = 1/x, it then follows by identity (4.1) that

Z Jl§+1($) tz Z Jl?(d’”) - Z J/?-1(55) = Z Jak(z)
— — k=0 k=0

2 +32) |(L+a—2%)Y JP(@)+ Jo (@) +2°T2(x) — 1| = Jsnus(@) + 2 Ja(z) —2 — 1,
i (
(2 +32) |[(1+2—2® ZJk )+ Jo )+x3JfL’(a¢)] = J3ni3(2) + 2° T30 (2)
+ 2% 4+ 2x — 1. (4.4)

Case 2. Suppose ¢, = jn(x). By equation (4.3), we have
n
(2% +32) > jae(@) = jsnss(x) + % jsn(x) + 32 — 1.

Because jo(xz) =2 and j_;(x) = —1/x, it follows by identity (4.1) that

ij’H(x) ta ijw — 2 () = e+ 1)) janla)
k=0 k=0

4r +1

3.3
(1+z—a° Z]k )+ g )+$Jn(33)—7:m

[j3n+3(l’) + x3j3n(a:) + 3z — 1] ,

(2 4+ 32) |[(1+2— a3 Z]k +na (@) + 2%50(2) | = (4o + 1) [fants(x) + 2%jsn(z)]

+ 723 1227 + 202 — 1. (4.5)
Combining the two cases, we get the following result.

Theorem 4.1. Let ¢, = Jy(z) or jn(x). Then,

(x® +32) |(1 + 2z —2® Z i (@) + g () + 2% ()| = Alesngs(x) + 2°can(z)] + B, (4.6)
where
1, if ¢, = Ju(x); 3422 — 1, if ¢, = Ju(x);
= ) and B = 3 9 .
4x 4+ 1, otherwise Tx° + 122 4+ 20z — 1, otherwise.
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Clearly, equation (2.7) follows from formula (4.6). When x = 2, using equation (4.2), it
yields

14 (ij+1 +8J3 -5 J,‘;”) = A*J3u43+ 8J3, + BY; (4.7)
k=0

14 <6J3 +8J3 =5 J,i’) = A*Janyz — 6.J3, + B, (4.8)
k=0

where A* = A(2) and B* = B(2).

It follows, from identities (4.7) and (4.8), that J3,,13+8J3, =3 (mod 14) and j3p43+8j3, =
9 (mod 14), respectively.

Next, we explore an extended gibonacci sum of polynomial products of order 3.

5. SECOND GIBONACCI SUM OF PoLYNOMIAL ProbpucCTS OF ORDER 3

Using the identity [5]

2 3 93n, it g, = fn;
ze4+1 +3 1=
( J9n + 39n+19ngn-1 {A2ggn, otherwise,
we have
n n n
3) griigrgi—1 = ED gsm— (@7 +1)> g},
k=0 k=0 k=0
n n n
30 +32) Y gegg 1 = B +30)Y g — @+ 1D +30) Y gl (5.1)
k=0 k=0 k=0
where

E:{L it g, = fn:

A% otherwise.

Case 1. Suppose g, = fn. Then, by formula (2.4), this yields

n

3(z3 + 3z) Z ferrfufeor = (2% 4 32) Z far — (@ +1)(2® + 3x) Z fi

k=0 k=0 k=0
= (fangs + fan —a® — 1)
— (@ +1) [(fants + fan +2) — (& +3) (o1 + f3)]
= @+ D)@+ 3) (a1 + f2) — 2 (fanrs + fan) = 3(2® + 1),
Case 2. Let g, = l,,. Again by formulas (2.4) and (5.1), we have

3(2° +32) > hepilelemr = AP +32) ) Iy — (2P + 1)(2* +32) > 13
k=0 k=0 k=0

= A%(lgpis +lgn +2° + 32— 2) — (2% + 1) [A%(I3n13 + l30 — 2)]
+ (2? +1) [(@® +3)(13,, +13) — 4(z +2) (2 + 3)]

= (@ + 1)@ +3)(lpy + 1) — 2° A% (Ings + I3n)
— 3(2® 4 22" 4 423 4+ T2% 4 4 + 4).

Combining the two cases yields the next result.
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Theorem 5.1. Let g, = f, orl,. Then,

n
3(2® +32) > grar1gkge-1 = (@” +1)(2° +3)(g5 11 + g5) — Ex*(ganys + g3n) — 3F,  (5.2)

k=0
where
1, if gn = fu 241 if gn = fn;
E: 72 1 gn 'fn7 andF: .’IJ5+ 74 5 ) I gn .fna
A“  otherwise x° 4 2z* + 4x° + Tx* + 4o + 4, otherwise.
It follows from Theorem 5.1 that
n
12) " G GrGro1 = 8(Go 1y + G3) — E*(Ganys + Gay) — 6F, (5.3)
k=0

where E* = E(1) and F* = F(1).
When G,, = F,, this yields

n
12 Z Fro1FyFroy = 8(F2 +F3) — Fapi3— F3,— 6
k=0

= 8(F2,, + F2) — (3Fs, + 2F3,_1) — F3, — 6,

n
62Fk+1Fka_1 = 2F3, — F3, 1+ 4F7§—1 -3,
k=0

using the Lucas identity Fio, | + F3 — Fo_| = F, [5].

On the other hand, with G,, = L,, and the Long identity L3, + L3 — L3 | = 5L3, [5], we
get

n
12) " LppaLpley = 8(L3 4 + L3) — 5(Lants + Lan) — 66
k=0

= 8(5L3p + L3 ) —5(3L3, + 2L3,_1) — 5L3, — 66,

n
6 Lip1LpLr—y = 10Lgy —5L3u 1 + 4L | — 33.
k=0
Thus,
n
6>  Gra1GrGr1 = E*(2G3y, — Gan1) + 4G5 _| — 3F™. (5.4)
k=0

Using the recurrence G435 = 3Gy, +2G,—1 and identity (2.1), we can rewrite equation (5.4)
in a different way:

6 Gii1GiGror = 2Chyy +Gh + Gy) = B'GY,y = 3F™. (5.5)
k=0

Formula (5.5), with G, = F,,, appears in [1] in a slightly different form.
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5.1. Pell Implications. By virtue of the relationship b, (x) = g,(2x), Theorem 5.1 has a Pell
byproduct:
6(22° + 32) Y bparbrbror = (42® + 1)(42® + 3) (6, + b3) — 4G2® (b3n13 + bgn) — 3H, (5.6)
k=0

where

1, if by, = pu; 422 +1, if by, = pu;
= 2 . and H = 5 4 3 2 .
4(x* + 1), otherwise 4(8z° + 8z* + 8z° 4+ Tx* 4+ 2x + 1, otherwise.

It then follows that
n
30>  Bi41BpByr_1 = 35(B3, | + BY) — 4G*(Bsny3 + Bsn) — 3H",
k=0

where G* = G(1) and H* = H(1).
Next, we investigate the Jacobsthal counterpart of Theorem 5.1.

6. JACOBSTHAL COMPANION

We have from [6] that

C3n, if ¢, = Jn(aj)a
r+1)c +3zchi1cncn1 = 6.1
( Jen el {(4x—i— 1)csn, otherwise; (6.1)
3 3_ .33 _
Cpy1 —Cp—2°Ch_ 1 = 3TCpi1CnCn_1. (6.2)

With A defined as in Theorem 4.1, it follows by identity (6.1) that

n n n
3x chﬂckckq = AZCBk —(z+1) Zci
k=0 k=0 k=0

Case 1. Suppose ¢, = Jp(z). Then, by formulas (4.3) and (4.4), we have

30y Jeprdidkr = Y Jw— (@ +1)) | JF
k=0 k=0 k=0

3x(x® + 32)(1 + 2 — %) Z Jep1JwJir = (1+z—23)(Japas + 23Tz, —z — 1)
k=0
= — (@4 1)(Jnys + 2 Jzn —x — 1)
+ (z+ 1) (2 +32)(J2 4 + 23T — 1)
= —2*(Janys +2°J3n)
+ (v + 1)(2® + 32)(J2 4 + 23 T2) — 3z(x + 1).
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n
Case 2. Suppose ¢, = jn(z). With S = Y jrr1jkjr—1 and jn, = jn(z), again by formulas (4.3)
k=0
and (4.4), we get

n n
328 = (o +1)) ja— (x+1)> i,
k=0 k=0

3x(® 4+ 32) (142 —2%)S = (4o + 1)1 +z—23)(snss + 23j3, + 32 — 1)
— (x+ 1) [(42 + 1) (Janes + 2hsn) + 72 + 1227 + 202 — 1]
+ (2 +1)(2° + 32) (g +2°57)

= —(4z + 1)2%(janss + 2°j3n)
+ (@ + 1)@ + 32) (Gns1 +2°55)
— 34t + 223 + 227 + Tz + 7).
Combining the two cases, we get the next result.

Theorem 6.1. Let ¢, = J(z) or jn(x), and A be as in Theorem 4.1. Then,

n
3x(2®+32)(1+z—2°) Z crrickch—1 = (+1)(234+32) (3 | +a°cd)— Ax® (capis+adesn) — 32K,
k=0

where
e+, if ¢, = Ju(x);
|42t 4223 + 222 + T + 7, otherwise.

Clearly, this yields formula (5.3). It also implies

210 Cry1CiCr1 = 44%(Canys + 8Csy) — 21(C3,; +8CF) — 3K,
k=0

where A* = A(2) and K* = K(2).
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