ON EXACTLY 3-DEFICIENT-PERFECT NUMBERS
SARALEE AURSUKAREE AND PRAPANPONG PONGSRIIAM

ABSTRACT. Let n and k be positive integers and o(n) the sum of all positive divisors of
n. We call n an exactly k-deficient-perfect number with deficient divisors di,dz,...,dy if
di,dz,...,d, are distinct proper divisors of n and o(n) = 2n — (di +d2 + -+ + di). In
this article, we show that the only odd exactly 3-deficient-perfect number with at most two
distinct prime factors is 1521 = 32 - 132

1. INTRODUCTION

Throughout this article, let n be a positive integer, o(n) the sum of all positive divisors of
n, and w(n) the number of distinct prime factors of n. We say that n is perfect if o(n) = 2n.
It is well-known that n is even and perfect if and only if n = 2P~ (2” — 1), where p and 2P — 1
are primes. It has also been a longstanding conjecture that there are infinitely many even
perfect numbers and that an odd perfect number does not exist. Attempting to understand
perfect numbers, mathematicians have studied other closely related concepts. Recall that if
o(n) < 2n, then n is said to be deficient; if o(n) > 2n, then n is abundant; if o(n) = 2n + 1,
then n is quasiperfect; if o(n) = 2n — 1, then n is almost perfect. For more information on this
topic, see for example the work of Cohen [5, 6], Hagis and Cohen [11], Kishore [14], Ochem
and Rao [18], Yamada [36], and the online databases GIMPS [10] and OEIS [30].

Sierpiniski [29] called n pseudoperfect if n can be written as a sum of some of its proper
divisors. Pollack and Shevelev [21] have recently initiated the study of a subclass of pseudop-
erfect numbers leading to an active investigation. We summarize this work in the following
definition.

Definition 1.1. Let n and k be positive integers. We say that n is near-perfect if n is the
sum of all of its proper divisors except one of them. In addition, n is k-near-perfect if n can
be written as a sum of all of its proper divisors with at most k exceptions. Moreover, n is
exactly k-near-perfect if n is expressible as a sum of all of its proper divisors with exactly k
exceptions. The exceptional divisors are said to be redundant. In other words,

n is near-perfect with a redundant divisor d<<1<d <mn, d|n, and o(n) =2n+d;
n is 1-near-perfect < n is perfect or n is near-perfect;

n is exactly k-near-perfect with redundant divisors dyi,ds,...,d; <

dy,ds,...,dy are distinct proper divisors of n and o(n) =2n+dy +da + -+ + di.

Motivated by the concept of near-perfect numbers, Tang, Ren, and Li [35] define the notion
of deficient-perfect numbers, which also leads to an interesting research problem.

Definition 1.2. Let n,k € N. Then, n is called a deficient-perfect number with a deficient
divisor d if d is a proper divisor of n and o(n) = 2n—d. Furthermore, n is exactly k-deficient-
perfect with deficient divisors dy,ds,...,dy if di,ds,...,d, are distinct proper divisors of n
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and o(n) =2n — (dy +da + - - + di). In addition, n is k-deficient-perfect if n is perfect or n
is exactly £-deficient-perfect for some £ =1,2,... k.

In 2012, Pollack and Shevelev [21] showed that the number of near-perfect numbers not
exceeding z is < x%/6t°(1) as & — 0o, and that if k is fixed and is large enough, then there are
infinitely many exactly k-near-perfect numbers. A year later, Ren and Chen [27] determined all
near-perfect numbers n that have w(n) = 2, and we can see from this classification that all such
n are even. In the same year, Tang, Ren, and Li [35] proved that there is no odd near-perfect
number n with w(n) = 3 and found all deficient-perfect numbers m with w(m) < 2. After
that, Tang and Feng [33] extended this result by showing that there is no odd deficient-perfect
number n with w(n) = 3. In 2016, Tang, Ma, and Feng [34] found the only odd near-perfect
number with w(n) = 4, namely, n = 3*-7%2-112.192, whereas in 2019, Sun and He [32] asserted
that the only odd deficient-perfect number n with w(n) = 4 is n = 3% - 72 - 112 - 132, Cohen,
et al. [7] have recently improved the estimate of Pollack and Shevelev [21] on the number of
near-perfect numbers < x. Hence, most results in the literature are devoted to characterizing,
only when k = 1, the exactly k-near-perfect or exactly k-deficient-perfect numbers. Chen [4]
started a slightly new direction by determining all 2-deficient-perfect numbers n with w(n) < 2.

In this article, we continue the investigation on odd 3-deficient-perfect numbers n with
w(n) < 2. We found that the only such n is n = 1521 = 3% - 132, For other articles related to
the divisor functions or divisibility problems, see examples in [1, 2, 3, 8, 9, 12, 13, 15, 16, 17,
19, 20, 22, 23, 24, 25, 26, 28, 31, 36].

2. MAIN RESULTS

By the definition, n is deficient-perfect if and only if n is exactly 1-deficient-perfect. Tang
and Feng [33, Lemma 2.1] showed that if n is deficient-perfect and n is odd, then n is a square.
We can extend their result to the following form.

Lemma 2.1. Let n and k be positive integers. Suppose that n is exactly k-deficient-perfect
and n is odd. Then, n is a square if and only if k is odd. In particular, if n is odd and exactly
3-deficient-perfect, then n is a square.

Proof. Because 1 has no proper divisor, we can assume that n > 1 and write n = pi*p3? - - - p2~,
where p1, ..., p, are distinct odd primes and o, ao, ..., «, are positive integers. Let dy,ds, ..., dx
be distinct proper divisors of n such that
T T
2n — dl — d2 — = dk = a(n) = Hd(p?i) = H(l +pi+--- +p?i). (2.1)
i=1 i=1

Because n is odd, d; and p; are odd for every ¢ = 1,2,...,k and j = 1,2,...,r. Reducing
(2.1) mod 2, we obtain k = [[;_;(a; + 1) (mod 2). From this, we have the equivalence k is
odd < «; is even for all i < n is a square, which proves our lemma. O

Tang, Ren, and Li [35] determine all deficient-perfect numbers n with w(n) < 2. In partic-
ular, they show that if w(n) = 1 and n is deficient-perfect, then n is a power of 2. We can
extend this for exactly k-deficient-perfect numbers as follows.

Lemma 2.2. Let n > 2, k > 1 be integers. If n is exactly k-deficient-perfect and w(n) = 1,
then k =1 and n is a power of 2. Consequently, if n is exactly k-deficient-perfect and k > 2,
then n has at least two distinct prime divisors. In particular, every exactly 3-deficient-perfect
number n has w(n) > 2.
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Proof. Suppose n = p® and the deficient divisors of n are dy = pP, dy = p™2, ..., di, = p°*,
where a > 81 > B2 > -+ > B > 0. Because (p®™t —1)/(p—1) =0o(n) =2n—dy — --- — dy,
we obtain
(di+do+-- +dp)(p—1) — 1 =p*(p—2). (2.2)
If p > 3, then
P*<p*(p—2)=(di +da+--+dp)(p—1)—1

<p

<SP P TP+ - ) — 1 =pt —p* T 1,

which is impossible. Therefore, p = 2 and n is a power of 2. By (2.2), we also obtain

di 4 -+ +di = 1, which implies £k = 1 and $; = 0. O
We now give the main result of this paper.

Theorem 2.3. The only odd exactly 3-deficient-perfect number that has w(n) = 2 is 1521 =
32 .132, with three deficient divisors di = 507, dy = 117, and ds = 39.

Proof. Tt is easy to check that if n = 1521 and dj, d2, d3 are as above, then w(n) = 2,
n is odd, dy, da, ds are proper divisors of n, o(n) = 2n — dy — ds — ds, and so n is exactly
3-deficient-perfect. For the other direction, assume that n is odd, w(n) = 2, and n is exactly 3-
deficient-perfect. By Lemma 2.1, n is a square, so we can write n = p%o‘pgﬁ , where 2 < p1 < po
and «, 8 > 1. In addition, let d; > ds > d3 be the deficient divisors of n, and let D; = n/d;,
Dy =n/dy, D3 =n/ds. Then py < D1 < Dy < D3 < n. Because o(n) = 2n —d; — ds — ds, we
obtain
O'(TL) d1 d2 d3

0= T L Ty 22y
n n n n
B (p120c+1 _ 1)(p226+1 _ 1) N 1 N 1 N 1
(pr— D(p2 — Vp3ep3” D1 D2 Dy

p1p2 1 1 1
+— =+ .
(pr—1(@2—1) D1 Dy Ds
prl 2 57 then pl/(pl - 1) é 5/47 D2 2 77 p2/(p2 - 1) é 7/67 Dl 2 57 D2 2 77 D3 2 257 and
(2.3) implies that

(2.3)

5 7 1 1 1
2<—--—4+-+-+4+—=18411...
S16 5 73 ’
which is a contradiction. So, p; = 3. For convenience, let po = p. Then, n = 32%p?? and (2.3)

becomes

1,1 1
2(]? — 1) D1 D2 Dg‘
If p > 83, then (2.4) leads to 2 < (3/2)(83/82) +1/3 4+ 1/9 + 1/27 = 1.9997..., which is
impossible. So, 5 < p < 79. Recall that the primes in [5,79] are 5, 7, 11, 13, 17, 19, 23, 29,
31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79. If p > 11 and Dy > 3, then Dy > 9, Dy > 11,
D3 > 27, and (2.4) gives 2 < (3/2)(11/10) +1/9 + 1/11 + 1/27 = 1.8890.. ., which is false.
Therefore,

2 <

(2.4)

if p > 11, then D; = 3. (2.5)
Similarly, if p > 23 and Dy > 9, then 2 < (3/2)(23/22)+1/3+1/23+1/27 = 1.9820.. ., which
is not true. Thus,

if p > 23, then Dy = 9. (2.6)
Next, we divide our calculations into 11 cases according to the value of p. In addition, we
write the possible values of Dy, Dy, D3 in increasing order.
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Case 1. 47 < p < 79. By (2.5) and (2.6), we have D; = 3, Dy = 9, and the possible
values of D3 in increasing order are D3 = 27,p,81,.... If D3 > p, then (2.4) implies 2 <
(3/2)(47/46) + 1/3 +1/9 + 1/47 = 1.9983..., which is false. So, D3 = 27. Then, 2a > 3,
dl — Tl/Dl — 320{—1p2ﬁ7 d2 — 32(){—2p2ﬁ7 d3 — 3204—3])267 and

(32a+1 _ 1) (p26+1 _ 1)
2(p—1)

= o(3%p?) = 2.3%p? 4y —dy — ds

=3279p¥(2.3% -3 —3 1) = 413273,

This leads to
260+1 1
g3 - __P . (2.7)
(82 — p)p?? — 81
The left side of (2.7) is an integer, and we get a contradiction by showing that the right side
of (2.7) is not an integer. From this point on, let A be the number on the right side of (2.7).

If p =47, then A is equal to

47476 —1 N 1247 480 12+ (80/47%9) € (1.2)
35-4726 —81 ©  35.4726 —81 35— (81/47%P) e
and so A ¢ Z. Similarly,

- 24p%8 4 80

lfp:53, thenAzl—l—m E( ,2),

- 13p?# + 161

lfp:597 thenA:2+m 6( ,3),

- 19p?# + 161

lfp:61, thenAzQ—i—m € (2,3),

. 7%’ + 323

lfp:67, thenA:Zl—l—m S (4,5)

The remaining cases p = 71,73,79 lead to A € (6,7), A € (8,9), and A € (26,27), respectively.
In any case, A ¢ Z and we have a contradiction. Hence, this case does not lead to a solution.

Case 2. p € {37,41,43}. By (2.5) and (2.6), we have D; = 3, Dy = 9, and D3 =
27,p,81,.... If D3 > 81, then (2.4) implies 2 < (3/2)(37/36) +1/3+1/9+1/81 =1.9984...,
which is not possible. So, D3 = {27, p}.

Case 2.1. D; =3, Dy =9, and D3 = 27. Then 2« > 3, (2.7) holds, and the calculations
in Case 1 work in this case too. Because (2.7) holds, we still let A be the right side of
(2.7). Therefore, if p = 37, then A € (0,1) and if p € {41,43}, then A € (1,2), which is a
contradiction.

Case 2.2. D; =3, Dy =9, and D3 = p. Then,

(32a+1 _ 1) (p25+1 _ 1)
2(p—1)

= U(32ap26) = a(n) =2n —dl — d2 — dg

—9. 32ap2ﬁ o 32a—1p26 o 32a—2p26 . 32ap25—1
— 3205—2p2ﬁ—1(14p _ 9)7

which implies

26+1 1

3202 b . 2.8
(46p — p? — 18)p?A—1 — 27 (28)
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Equality (2.8) can be used in the same way as (2.7). So, let B be the number on the right
side of (2.8). Similar to the previous computation, we see that if p = 37, then B € (4,5) and
if p = 43, then B € (16,17), which contradicts that B = 322 € Z. Suppose p = 41. Then,
B € (8,10), which implies B = 9. Equating the right side of (2.8) with B = 9, substituting
p = 41, and performing a straightforward manipulation leads to 412%~! = 121, which is not
possible. Hence, there is no solution in this case.

Remark 2.4. Before going further, we note that the calculations similar to (2.7) and (2.8)
and their applications occur throughout the proof, and we give less details than those in (2.7)
and (2.8).

Case 3. p € {29,31}. Then by (2.5) and (2.6), D1 = 3, Dy =9, and D3 = 27, p, 81, 3p, 243,
9p, 729, .... If p = 31 and D3 > 243, then (2.4) implies 2 < (3/2)(31/30)+1/3+1/9+1/243 =
1.9985. .., which is false. Similarly, assuming p = 29 and D3 > 729 leads to a false inequality.
Therefore,

if p = 31, then D5 € {27,31,81,93}, (2.9)
if p =29, then D5 € {27,29,81,87,243,261}. (2.10)

Next, we divide our calculations according to the value of Ds.
Case 3.1. D3 = 27. Then, (2.7) holds and the same method still works. We obtain

if p =29, then A — (29p25 _ 1) / (53p25 _ 81) e (0,1);
if p= 31, then A = (31p25 - 1) / (51p25 - 81) € (0,1).

So, A ¢ Z and we get a contradiction.
Case 3.2. D3 =p € {29,31}. Then, (2.8) holds and

if p=29, then B = (841p25—1 - 1) / (475;;25—1 - 27) e (1,2);
if p= 31, then B = (961;;25—1 - 1) / (447;;25—1 . 27) e (1,2),

which is a contradiction.

Case 3.3. D3 = 81. Similar to the calculations for (2.7) and (2.8), we write o(n) =
2n — dy — dg — d3, where dy, dy are the same as before, but ds = n/D3 = 320=428 and 2o > 4.
After a similar algebraic manipulation, we get

28+1
gt P 1 (2.11)
(250 — 7p)p?P — 243
When p = 29 or 31, the right side of (2.11) is in the interval (0,1), which is impossible.

Case 3.4. D3 = 93. By (2.9) and (2.10), we know that p = 31. Similar to Case 3.3 but
with d3 = n/Ds = 329~ 1p?6~1 e start with o(n) = 2n—d; —ds —d3 and perform an algebraic
manipulation to obtain

%02 pPPtt—1 _961p*l -1
~ (34p —p2 —6)p2P-1 —27  87p2F-1 27

€ (11,12),
which is false.

Case 3.5. D3 € {87,243,261}. By (2.9) and (2.10), we have p = 29. Similar to Case 3.3
but with different values of dg = n/Dsy = 320~ 1p26=1 320=5,28 op 3202926~ 1 when Dy = 87,
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243, or 261, respectively. These lead to

2841 _ 1 841201 _ 1
200 > 2 and 3%72 = P _ € (6.7). if Da — &7
o~ an (34p —p2 _ 6)p26—1 —97 139])26_1 o7 ( , )7 1 3 :
26+1 _ 1 2926+1 1
20> 5 and 32075 = p _ L 9). if Dn — 243-
G (754 — 25p)p25 — 729 2026+1 _ 799 € ( ’ )7 1 3 y
o -1 g41p¥-1 — 1
200> 2 and 32072 = P D € (31,33), if Dy — 261.

T (B0p—p2—2)p2T 27 27pP1 27
In any case, we get a contradiction.
Case 4. p = 23. By (2.5) and (2.6), we have D; = 3 and Dy = 9. We start from

BT — 1) —1) =2(p — o (n) =2(p — 1)(2n — dy — dy — ds)
= 28(p — 1)3%*72p* — 2(p — 1)ds.
Writing (3201 — 1)(p?P+! — 1) = 27p32e—2p28 — 32a+1 _ 2641 4 1 the above leads to

(28 — p)32—2p? — g2atl _ 26+ 11 1 9(p — 1)d3 = 0. (2.12)
Multiplying both sides of (2.12) by 28 — p and factoring a part of it gives us
((28 = p)3°*~2 —p) ((28 —p)p”’ — 27) =28(p— 1) —2(28 — p)(p — 1)ds. (2.13)
Substituting p = 23, the equation (2.13) becomes
(5-3%72 _23)(5-23% — 27) = 616 — 220ds. (2.14)

Let A; and As be the expressions on the left and the right side of (2.14), respectively. If o > 2,
then A; > 616, while Ay < 616, which is not the case. So, @ = 1 and A; = —18(5-23%% —27).
Because 3 | A; and 3 1 616, we see that 3 { d3. Because d3 | n and n = 3272328 we obtain
dy = 23% for some b3 > 0. If by = 0, then Ay = 616 — 220 = 5 (mod 23); if b3 > 1, then
A = 18 (mod 23). But, A1 = 3 (mod 23), and so A; = Ay and A; # A (mod 23), which is
not possible.

Case 5. p = 19. By (2.5), Dy = 3. So, {Ds, D3} C {9,19,27,57,...}. If Dy > 19 and
D3 > 57, then (2.4) implies that 2 < (3/2)(19/18) +1/3 +1/19 4 1/57 = 1.9868.. . ., which is
not true. Therefore, (Dy =9) or (D = 19 and D3 = 27).

Case 5.1. Dy =9. Then, the computation in Case 4 still works and (2.13) holds. Substi-
tuting p = 19 in (2.13) and dividing both sides by 9, we obtain

(322 —19)(19% — 3) = 56 — 36ds. (2.15)

Let A3, A4 be the expressions on the left and the right side of (2.15), respectively. If o > 2,
then A3 > 56, while A4 < 56, which is not true. Therefore, « = 1. Then, 11 = A3 = Ay =
—1 4 2ds (mod 19), and so 19 { ds3. Because d3 | n and n = 32*p?% = 32.19%%, we see that
ds = 1,3,9. Substituting d3 = 1,3,9 in (2.15) leads to 5-19%% = 5,41, 149, respectively, which
has no solution.

Case 5.2. Dy =19 and D3 = 27. Similar to the calculations for (2.7) and (2.14) but with
different values of dy and dsz, we obtain, after an algebraic manipulation, that

g2a—3 _ 361 1926-1 1
©117-1928-1 — 81

€ (3,4),

which is not possible.
Case 6. p € {11,13,17}. Then by (2.5), we have Dy = 3. The possible values of Dy and
Ds listed in increasing order are 9, p, 27, 3p, 81, 9p, min{p?, 243}, max{p?,243}, .... We
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can eliminate some cases by using (2.4) as before. If p = 17 and Dy > 27, then (2.4) implies
2 <(3/2)(17/16)+1/3+1/27+1/51 < 2;if p=17,Dy > 17, and D3 > 81, then (2.4) leads to
2 < (3/2)(17/16) +1/3+1/17+41/81 < 2. Similarly, if p = 13, then we must have Dy < 39; if
p =13 and Dy > 27, then it forces D3 < 243; if p = 11, then Dy < 81 or D3 < 243. Therefore,
we obtain

if p =17, then (D9 =9) or (Dg = 17 and D3 € {27,51}); (2.16)
if p = 13, then (Ds € {9,13}) or (Ds = 27 and D5 € {39,81,117,169}); (2.17)
if p =11, then (D2 € {9,11,27,33}) or (D2 = 81 and D3 € {99,121}) or

(Do = 99 and Dy = 121). (2.18)

We divide our calculations according to the values of Dy and Dj listed in (2.16), (2.17), and
(2.18).

Case 6.1. Dy =9 (so p can be any of 11, 13, or 17). Because D; = 3 and Dy = 9, equation
(2.13) holds. Substituting p = 11,13,17 in (2.13), we obtain, respectively

(17-3%072 — 11)(17 - 11%% — 27) = 280 — 340d3 (if p = 11), (2.19)
(15-3%72 —13)(15 - 13%% — 27) = 336 — 360d3 (if p = 13), (2.20)
(11-32072 —17)(11 - 17%% — 27) = 448 — 352d3 (if p = 17), (2.21)

where d3 in (2.19) is a proper divisor of 3211%%, ds in (2.20) is a proper divisor of 32*13%8,
and dz in (2.21) is a proper divisor of 32*17%8. Because «, 3 > 1, the left side of (2.19) and
(2.20) are positive, whereas the right side of (2.19) and (2.20) are negative. So, (2.19) and
(2.20) do not lead to a solution. For (2.21), we have 448 — 352d3 < 96, which implies o = 1.
Then, (2.21) reduces to 3 - 172% + 13 — 16d3 = 0. Reducing this mod 3 and mod 17, we see
that d3 = 1 (mod 3) and d3 = 4 (mod 17). Because ds | 321725, 3t d3, and 17 { d3, we obtain
ds = 1, which contradicts that d3 =4 (mod 17). Thus, there is no solution in this case.
Case 6.2. Dy = p, where p € {11, 13}. Similar to the calculation for (2.13), we have

(= )E* = 1) =2(p — Do(n) =2(p = 1)(2n — dy — dy — ds)
— 2(p _ 1)(2 . 3205p26 _ 32&—11)25 _ 3201p25—1 _ d3)

Let B, = 16p — p? — 6. Following a straightforward algebraic manipulation and multiplying
both sides by B,, the above leads to

(Bp3%~! — p?)(Bpp* ™' —9) = 9p*> — B, — 2B, (p — 1)d3. (2.22)
Substituting p = 11 in (2.22), we obtain
(49 - 32271 —121)(49 - 11271 — 9) = 1040 — 980ds. (2.23)

Because «, 8 > 1, the left side of (2.23) is larger than 60, whereas the right side of (2.23) is at
most 60, so (2.23) does not give a solution. Next, substituting p = 13 in (2.22) and dividing
both sides by 3, we obtain

(3332971 —169)(11 - 13%°71 — 3) = 496 — 264ds. (2.24)
Because the right side of (2.24) is at most 232, we obtain aw = 1 and (2.24) reduces to
35-13%°71 —12d3 + 13 = 0. (2.25)

Recall that ds | n and n = 32°p*8 = 32.13%8. So, d3 = 3%213% for some a3 € {0,1,2} and
bs > 0. Reducing (2.25) modulo 7, we see that 2d3 = 1 (mod 7). If az = 0, then 2ds = 2-13% =
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2(—=1) =2,-2 # 1 (mod 7). If a3 = 2, then 2d3 = 18- 13" = 4(—1) =4, -4 # 1 (mod 7).
Therefore, a3 = 1 and (2.25) becomes

35-13%71 —36.13% + 13 = 0. (2.26)

Suppose, for a contradiction, that 8 > 2. Reducing (2.26) modulo 132, we obtain 36 - 13% =
13 (mod 132). If b3 > 2, then 36 - 13% = 0 # 13 (mod 132). If b3 = 1, then 36 - 13% — 13 =
35-13 # 0 (mod 13%). If by = 0, then 36 - 13% = 36 # 13 (mod 13%). In any case, we
reach a contradiction. Therefore, 8 = 1. Substituting § = 1 in (2.26), we obtain b3 = 1,
and so d3 = 3%313% = 39. This leads to n = 32*p?? = 32 . 132 with the deficient divisors
di =n/Dy =3-132 =507, dy = n/Dy = 32 -13 = 117, and d3 = 39, which we already verified
at the beginning of the proof that this is indeed a solution to our problem. The elimination
for the other cases can be done in a similar way to the previous cases, so we give less details.
Recall that D1 = 3. The other cases are as follows:

(i) p=17, Dy = 17, and D3 € {27,51} (this is the remaining case from (2.16)).

(ii) p =13, Dy = 27, and D3 € {39,81,117,169} (this is the remaining case from (2.17)).

(i) p =11, Dy € {27,33}.

(iv) p =11, Dy =81, and D3 € {99, 121}.

(v) p=11, Dy =99, and D3 = 121.
In (i), (ii), (iv), and (v), we know the values of Dy, Dy, D3, and so we have the values of
dy, dg, d3. We start from the equality o(n) = 2n — d; — do — d3, perform the usual algebraic
manipulation, and try to write the minimum nonnegative power of 3 appearing among dy, ds,

ds in terms of the other variables. We obtain the following results. For (i), we have p = 17,
D1 = 3, D2 = 17, and

if D3 = 27, then 2 > 3 and 32073 = 323879_' 1177226__11__ 811 € (0,1);
if D3 =51, then 320! = 229_ i;g;il__gl € (32,35),
which is a contradiction. For (ii), we have p = 13, D1 = 3, Dy = 27, 2ae > 3, and
if D3 = 39, then 3273 = 11763_' 113322;__11__811 e (0,1);
if D3 = 81, then 2 > 4 and 3274 = % € (0,1);
if D3 = 117, then 3273 = ;g? i;g’;il_; € (5,7);

2197 -1326-2 _ 1
if D3 = 169, then 3273 =
Hs ; baen 141 - 13392 — g1

The first three cases above give a contradiction. The last case implies that
2197 - 132772 — 1 = 27(141 - 132772 — 81),

which leads to 1610 - 13%29~2 = 2186, which is impossible. For (iv), we have p = 11, D; = 3,
Dy =81, 2a0 > 4, and

€ (15,37).

121 -11%-1 1
if Dy =99, then 3°*~% = 1,2);
if D3 =99, then 3 103.1125_1_2436(,),
133111282 1
if D3 = 121, then 32¢~* = 1
s , then 3 773 1122 a3 © (13
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which is false. For (v), we have p =11, Dy = 3, Dy = 99, D3 = 121, which leads to

13311122 — 1
37-1128-2 — 27
which is not possible. We now consider (iii). We have p = 11, D; = 3, Dy € {27,33}. We
know the values of dy, da but not ds. We start with o(n) = 2n — dy — da — d3 and write d3 in
terms of the product of the other variables. Similar to the calculation for (2.13), we obtain

if Dy = 27, then 2a > 3 and (32473 — 1)(112°F1 — 81) = 80 — 20ds; (2.27)
if Dy = 33, then (327! —121)(11%°~! — 1) = 120 — 20ds. (2.28)

In (2.27), 2« is an even integer > 3, so 2« > 4, and thus, the left side of (2.27) is larger than 80,
whereas the right side of (2.27) is less than 80, which is a contradiction. Because the right side
of (2.28) is less than 120, we see that o = 1 and (2.28) reduces to 47 - 112841 —10d3 + 13 = 0.
Reducing this modulo 11, we see that 10ds = 2 (mod 11), and therefore, ds = 9 (mod 11).
So, 11 f ds. Because d3 | n and n = 32%p?? = 3%2.11%%, we have d3 = 1,3,9. Because
d3 =9 (mod 11), d3 = 9 only. Then 47 - 112+1 — 90 4- 13 = 0. This leads to 47 - 112541 = 77,
which has no solution.

Case 7. p = 7. Then, {Dy, Dy, D3} C {3,7,9,21,...}. If D; > 7 and Dy > 21, then (2.4)
implies 2 < (3/2)(7/6) +1/7+1/21 4+ 1/21 < 2, which is impossible. So, (D1 =3) or (D; =7
and Dy = 9). If Dy = 3, then d; = 3271727 and we have

0=12(c(n) —2n+dy + da + d3)

= (3%F ) (7P 1) — 24n + 12(d;y + da + d3)

— g2aq28 (21 _3/7% 732 _ 24) 4+ 14 12(dy + da + ds)

=1+12d; (1 + do/dy + d3/dy) — 3%°7*%(3 + 3/7%° + 7/3%*)

> 1+ 12d; — 3227734 3/7% +7/3?)

> 12d; — 3272 (4) = 0,
which is a contradiction. So, D1 = 7 and Dy = 9. We start with o(n) = 2n — d; — dy — ds,
substitute d; = 3207281 dy = 32072728 and do the usual algebraic manipulation to obtain

(3271 — 49)(7%P71 — 9) = 440 — 12d5. (2.29)

If « > 3 and 8 > 2, then the left side of (2.29) is larger than 440, whereas the right side of
(2.29) is smaller than 440. Therefore, (o € {1,2}) or (o > 3 and 8 = 1). Because ds | n and
n = 320728 ds = 39875 for some as, bg > 0.

Case 7.1. a > 3 and 8 = 1. Then, (2.29) reduces to

3201 L 171 =6 3%7%, (2.30)

Because 32071 4+ 171 = 32(3%2¢73 4 19), we obtain 32 || 6d3, which implies a3 = 1. Dividing
both sides of (2.30) by 9, we obtain 3273 + 19 = 2. 7%, Reducing this modulo 3, we have a
contradiction.

Case 7.2. a € {1,2}. If & = 2, then (2.29) leads to d3 = 0 (mod 11), which contradicts that
dy = 3%7%. So, @ = 1. Then, a3 € {0,1,2} and (2.29) reduces to 23 - 725~1 — 6ds + 13 = 0.
From this, we see that 7 1 ds. So, b3 = 0, d3 = 3%, and the above equation becomes
23.728=1 _6.3% 4 13 = 0. Substituting a3 = 0,1, 2, we obtain 23 - 72#~1 = —7,5,41, which
is not possible. Hence, there is no solution in this case.

3201—2 —

€ (35,37) U {133},
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Case 8. p = 5. Then, the possible values of D, Dy, D3 listed in increasing order are
3,5,9,15,25,.... If Dy > 25, then (2.4) implies 2 < (3/2)(5/4) + 1/25 + 1/25 +1/25 < 2,
which is false. Therefore, Dy € {3,5,9,15}. It is possible to obtain bounds for Dy and D3 as
in the other cases, but the same method will lead to a longer calculation. In this case, it is
better to get a bound only for Dy and go back to di, do, d3. Let di = 3™ 501 dy = 392502
and ds = 3235 where a;,b; > 0, and recall that n > d; > dg > d3 > 1 and d;, da, ds are the
deficient divisors of n = 32%52%. In addition, from o(n) = 2n — (dy + dz + d3), we get

(3201 _ 1) (5% — 1) = 16 - 3225%° — 8(dy + dy + d3)
= 16 - 320527 — (315" + 3925b2 4 3ea5hs), (2.31)
From (2.31), we see that 8(dy + dg + d3) = 3225%% 4 32a+1 1 526+1 _ 1 which implies

8 3 )
1< 320528 (di +do+ds) <1+ = 72t < 2. (2.32)
Because D; € {3,5,9,15} and d; = n/D;, we see that
(alybl) = (20[ - 1725)7 (20[725 - 1)7 (20[ - 272ﬁ)7 or (20[ - 1725 - 1) (233)

Observe that 3* = 1 (mod 5), 52 = 1 (mod 3), and the exponents 4 and 2 are the smallest
positive integers satisfying each congruence. From this, it is not difficult to verify that the left
side of (2.31) satisfies

(32041 _ 1)(520+1 _ 1) = 3 (mod 5), if ais even; (2.30)
4 (mod 5), if o is odd,
(3%+1 _ 1)(5%5+1 — 1) = 2 (mod 3). (2.35)

Because 5 does not divide the left side of (2.31), at least one of dj, da, ds is not divisible by
5, that is, at least one of by, by, b3 is zero. By (2.33), we see that by # 0. Thus,

by # 0 and min{bs, b3} = 0. (2.36)

Suppose, for a contradiction, that a; = as = az = 0. That is, d; = 5%, dy = 52, dg = 5.
Because d; > dy > d3, we have by > by > b3. So by (2.36), b3 = 0 and b; > by > 0. Then, the
right side of (2.31) is = 2 (mod 5), contradicting (2.34). So, one of ai, ag, a3 is not zero. By
(2.35) and (2.31), one of dj, dg, d3 is not divisible by 3, and so one of aj, a9, a3 is zero. We
conclude that

max{a1, az,az} > 1 and min{a,az,a3} = 0. (2.37)
The right side of (2.31) is congruent to

(0404 5%) (mod 3), if a; # 0,as # 0, and a3 = 0;
(04 5% 4-0) (mod 3), if a; # 0,as = 0, and a3 # 0;
(5" +040) (mod 3), ifa; =0,as # 0, and a3 # 0; (2.38)
(5% 4 5% 4+ 0) (mod 3), if a; = ay = 0, and ag # 0; '
(5% 4+ 04 5%) (mod 3), if a; = a3 =0, and ag # 0;

(04 5% 4-5%) (mod 3), if ay = a3 =0, and a; # 0.

By comparing (2.31), (2.35), and (2.38), we obtain the parities of by, by, b3 as follows. If
5 = 2 (mod 3), then b is odd. If 5 +5Y = 2 (mod 3), then 2 and y are even. For convenience,
for each i € {1,2,3}, if b; is odd, we write b} for b;; if b; is even, then we replace b; by b
Therefore, for each i € {1,2,3}, b, b/ > 0, b, = b; is odd, and b/ = b; is even, and there are
six cases to consider as follows:
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Case 8.1. dy =315 dy = 39252 dy = 5%, qy £0, ag # 0, and a3 = 0,

Case 8.2. dy =315 dy = 5%, dy = 3955 ) £0, ag = 0, and a3 # 0,

Case 8.3. dy = 5%, dy = 39252 dy = 3%5b ¢, =0, ag # 0, and a3 # 0,

Case 8.4. di = 5b/1/, dy = 5b/2/, ds = 3%5% a; =ay =0, and ag # 0,

Case 8.5. di = 5b/1/, dy = 3%25%2 (g = 5b/3/, a1 = a3z =0, and as # 0,

Case 8.6. d; = 395" dy = 5b/2/, ds = 5b/3/, as =az =0, and a1 # 0.

Some cases are shorter, but we will begin with Case 8.1.

Case 8.1. Because b # 0, we obtain, by (2.36), that b; # 0 and by = 0. By (2.33), there
are four cases to consider. If a; = 2o — 1 and b; = 2, then

8(dy + do + ds)/(3%°5%%) = 8 (326*—1525 +392 4 5b’3) / (32@52/3) >8/3>2,
which contradicts (2.32). Next, suppose that a; = 2a and b; = 23 — 1. Because 3%2 = dy >
ds = 5% > 5, we obtain ag > 2. Thus,
0=28(o(n) —2n+d; +dy + d3) = 8(dy + dg + d3) — 3225%° — g2afl _520+1 1
= (329! —25)(5%9~1 — 1) 487 > 0,

which is false. Next, consider the case (a1,b1) = (2a—2,203). Because a; # 0, o > 2. If § > 2,
then (2.32) implies that

8

1< 32a 526

(32&—2526 +3a2 _'_51)%) < 320{8526 (3201—252ﬁ +320¢ +525—1>

oL (NS N .
“\FETm im )=t \F s ters) <
which is a contradiction. So, § = 1. Then, d3 = 5.
Starting with 0 = 8(o(n) —2n + dy + d2 + d3), and then simplifying leads to 2 - 3% =
13 - 32972 4 21. Because 13- 3272 + 21 > 232271 we obtain as = 2o. But, then 21 =

232 —13-3%72 =5.3272 =0 (mod 5), a contradiction. Next, we consider the last case:
(a1,b1) = 2a—1,28 —1). If @ > 2 or > 2, then (2.32) implies

1<

32a8525 <32a—1525—1 + 392 +5bg>

<8<i+max{i+L i+L}) <1

- 15 25  3*.5'5%  32.5 ’

which is impossible. So, « =1 = . Then, a1 = 1 = b;. Because 15 =dy > 32 =dy > d3 =
5% = 5, we have dy = 9. Now, it is easy to verify that o(n) — 2n + dy + da + d3 = —18 # 0.
So, there is no solution in this case.

Case 8.2. Because by = b, # 0, we obtain, by (2.36), that b3 = 0. Similar to Case 8.1, we
divide our calculation into four cases according to the values of a; and b; as given in (2.33). If
(a1,b1) = (2a —1,2p), then 8(dy + da + d3)/(3%*5%8) > 8d; /(3225%%) > 8/3 > 2, contradicting
(2.32). If (a1,b1) = (20,28 — 1), then do > 5, d3 > 3, and

0=28(c(n) —2n+d; +dy + d3) = 8(dy + do + d3) — 32¥5%° — g2aFl _520+1 1

= (3%+L —25)(5%°1 — 1) +40 > 0,
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which is not possible. Suppose (a1,b1) = (2a — 2,23). Because a1 # 0, we have a > 2. If
B > 2, then (2.32) implies

1< (32072528 4 5b2 4 399)

32a52ﬁ
8 1 1 1

< 320-2528 | 5261 32a) ) = <1,
_32‘”525< + + - 9+3 5+54

which is false. So, = 1. Then, ds =5 and d3 = 3.

Starting from 8 (o(n) — 2n + dy + dg + d3) = 0 and then simplifying leads to 13-32972 415 =
0, which is impossible. The last case of (2.33) is (a1,b1) = 2a—1,26—1). fa>2or § > 2,
then (2.32) implies

8
32a526

<8 < SR i)
15 320.5 528
<8<i+maX{L+i L+ = }) <1,
- 15 3.5 ' 52732.5 ' 54
which is not true. Thus, « =8 =1. So, a1 =b; =1, dy =5, and d3 = 3. Now, it is easy to
verify that o(n) — 2n + dy + dy + d3 = —24 # 0. So, there is no solution in this case.
Case 8.3. By (2.32), we obtain 1 < 8(3dy)/(32%52%) < 24 . 526-1/(3%8520) < 24/45 < 1, a

contradiction.
Case 8.4. By (2.32), we obtain

1<

<32a—1525—1 1 5bh +3a3)

8 8 b by
1< 32a52ﬁ (d1 + 2d2) 32a525 (5 T4+ 2.5% )
< — 2. < - 1
< g5 +2:577) <8 (gt g | <L

which is not possible.
Case 8.5. If a > 2, then (2.32) implies that

8
1< (2d; +d3) <

2 1
TasTs 2. 5% + 5%~ 2)<8< ><1,

32 525( 34 34 .52

which is false. Therefore, & = 1. Then the left side of (2.31) is = 4 (mod 5), whereas the
right side is = 2(d; + dy + d3) = 2(3%25" + 5%) (mod 5). By (2.36), by = 0 or by = 0. If
by = 0 and b3 # 0, then 52 < d3 < do = 3%2, and so ay > 3, contradicting that dp | n and
n = 320520 = 32.528 1f by # 0 and b3 = 0, then 2(3%25%2 + 5% ) = 2 (mod 5), which is not
the case. Because a = 1, ag € {1,2}. So if by = b3 = 0, then 2(3%25" + 5% ) = 3,0 (mod 5),
which is not true. So there is no solution in this case.

Case 8.6. Because 5% = dy > d3 > 1, we have by # 0. By (2.36), we see that b3 = 0.
Then, the right side of (2.31) is = 2(3%5% + 5% + 5b3) = 2 (mod 5), contradicting (2.34).

This completes the proof of this theorem. O
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