LUCAS SEQUENCES CONTAINING FEW PRIMES

MARK BRODERIUS AND JOHN GREENE

ABSTRACT. Whereas proving that a Lucas sequence contains infinitely many primes is a
difficult problem, there are many Lucas sequences that contain no primes or finitely many
primes. We give two families of Lucas sequences containing only finitely many primes. We
conjecture that all other Lucas sequences without obvious obstructions contain infinitely many
primes.

1. INTRODUCTION

It is well known [1, 4, 7] that for positive integers a and d, an arithmetic sequence a, a + d,
a + 2d, ... contains infinitely many primes when gecd(a,d) = 1, exactly one prime when a is
prime and ged(a,d) > 1, and no primes when a is not prime and ged(a,d) > 1. A similar
classification can be made if one does not restrict a and d to the positive integers, assuming
numbers such as —7 are viewed as primes. If one translates to recurrence relations, we could
say that prime numbers in the recurrence

apg=a, a,=a,_1+d forn>1
are well understood. However, even the slightest generalization, say to
ap=a, ap=can_1+d forn>1

makes the problem intractable with current methods. For example, when ¢ =2, a =0, d =1,
and a, = 2" — 1, we have the Mersenne numbers. Heuristically [10], one expects infinitely
many primes in this sequence, but at present there is no proof.

The nonhomogeneous recurrence above can be converted to a second order homogeneous
recurrence relation, a, = (¢ + 1)a,—1 — cap—2. In this paper, we look at primes in more
general second order homogeneous recurrence relations. Again, with one trivial exception,
we are unable to prove that any such sequence contains infinitely many primes, but there
are sequences that contain no primes or few primes. We attempt to categorize some of these
sequences here.

Following usual conventions [7, 8], for integers P and (), we define the Lucas sequence
U, = U,(P,Q) by

Uo = 0, U1 = 1, Un = PUn_l - QUn_Q for n > 2. (1.1)

Associated with sequences U, are sequences V, satisfying the same recurrence, but with initial
conditions Vo = 2 and V; = P. If the characteristic polynomial of the recurrence, 22 — Pz + Q,
has zeros x and y, then

_ ozt —y" _ noo: .
{Un— T—y 9 Vn—x +y b lf.f#y, (12)

Up =na™ 1, V, =2z, ifz=y.

When stressing x and y, we write Uy, (z + y, xy), because P = z + y and Q = xy.
Just as a and d must be relatively prime for arithmetic sequences to contain infinitely
many primes, P and ) must be relatively prime for Lucas sequences to contain infinitely
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many primes. This is because if d = ged(P,Q), then d"/2 divides Un(P,Q). Thus, for
n > 4, U, (P, Q) cannot be prime unless P and @ are relatively prime, a fact we use throughout
this paper. However, even when P and () are relatively prime, we show that certain Lucas
sequences contain only finitely many primes. That is, although it is beyond current techniques
to prove any Lucas sequences other than U, (2,1) or U,(—2,1) contain infinitely many primes,
we have the following negative results.

Theorem 1.1. If P and Q) are integers and Q is a square, then the sequence U, (P, Q) contains
only finitely many primes.

Theorem 1.2. If x and y are complex numbers, not both 1 and not both -1, for which xy and
x+y are integers and k > 1 is an integer, then Uy, (z* +y*, xFy*) contains only finitely many
primes.

When z and y are real, we can say more.
Theorem 1.3. If P2 > 4Q and Q a square, then U, (P, Q) can only be prime when n = 2.

Theorem 1.4. Suppose x and y are real, xy and x +y are integers, and k > 1 is an integer.
Then, Un(xk =+ yk,mkyk) can only be prime when n = p and k = p" for some prime p and
positive integer .

Lucas sequences satisfy a large number of identities. We will make use of the following
identities.

Um+n == UmUn+1 - QUm—lUn; (13)
Uzp1 = Upyy — QU (1.4)
Un(x +y,2y) = 2Up_1(z +y,2y) +y" L (1.5)

Of these, formula (1.3) is well-known [7, (IV.4), p. 57] and formula (1.4) is an immediate
consequence of it (with m = n+1). Formula (1.5) follows easily from formula (1.2). We need
the following connections between the sequences U,, and V,, [7, (IV.2), p. 56, (IV.11), p. 59].

Vn = Un+1 - QUn—l (16)
[n/2]
Un=> Q" Wi o =Vo1 + QVos + Q*Vys + - . (1.7)
k=1
Lucas sequences are divisibility sequences. That is, they satisfy the arithmetic property:
Uy divides U,, when Fk divides n. (1.8)
A simple calculation using formula (1.2) gives the following formula.
U (@ + v, 2y) = Up(z + 3, 2y)Upp (¥ + %, 2%9"). (1.9)

Because z* 4 y* = Vi(z 4 y, ry) is an integer, Uy, can be explicitly written as Uy times an
integer. An iteration of formula (1.9) gives

Un(z +y,zy) Up(z" + y", 2™y"™)

Un(zF 4+ yF, 2Fyk) = . 1.10
When P and @ are relatively prime, the result in (1.8) can be strengthened to
ng(Um7 Un) - Ugcd(m,n)a (111)

as found in [7, (IV.26), p. 64]. In particular, if gcd(m,n) = 1, then ged(Up,, U,) = 1, when P
and @) are relatively prime.
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Given complex numbers = and y, we define the nth cyclotomic number for  and y to be

Cu(ey)= [] @-y),

ged(r,n)=1
1<r<n

where ( is a primitive nth root of unity. Cyclotomic numbers have the following properties [7,
p. 82], [9].

Theorem 1.5. If x and y are zeros of 2> — Pz + Q, then
a. for all natural numbers n, ®,(z,y) is an integer,

b. for all natural numbers n, Uy, (P, Q) = H Dy(z,y).
dn,d>1

Critical to this study, we need a condition on the growth of cyclotomic numbers. With ¢(n)
representing Euler’s totient function, we quote the following result from Stewart [9], Theorem
4.2.

Theorem 1.6. If zy and (x + y)? are integers and x/y is not a root of unity, then there is
an effectively computable positive number ¢ for which

P (2, y)| > |a|?M)/2 (1.12)
for allm > c.

At the other extreme, it is easy to characterize the cases where U, is small.

Theorem 1.7. Let S be the set {(0,0), (£1,0), (0, £1),(£1,1)}. Then, |U,(P,Q)| <1 for all
n if and only if (P,Q) € S.

Proof. 1t is easy to see that for (P, Q) in the given set, |U,(P, Q)| is 0 or 1 for every n. In
the other direction, because Us(P,Q) = P, we must have |P| < 1. Because U,(—P,Q) =
(—=1)"U,(P, @), without loss of generality, let P be 0 or 1. If P = 0, then U3 = —Q forces
Q=0,£1. If P=1, then U3 =1 — Q forces Q = 0 or Q = 2. Finally, if (P,Q) = (1,2), then
|U4‘ =3>1. |

Most of our attention is focused on Lucas sequences U, (P, Q) where n is prime. This is
because, as mentioned in Theorem 2.1, there is a known finite list of composite n for which
Un(P,Q) can be prime. In Section 3, we compare heuristic estimates to our data. We prove
Theorem 1.1 and Theorem 1.2 in Section 4. In Section 5, we prove Theorem 1.3 and Theorem
1.4. We conclude this section by characterizing those Lucas sequences for which z/y is a root
of unity. This material is well-known, but we include it here in our notation.

Lemma 1.8. If P and Q are integers, then x/y is a root of unity if and only if P? = kQ,
where k € {0,1,2,3,4}.

Proof. Tt is easy to see that x/y is a root of unity when P? = kQ with k € {0,1,2,3,4}.

On the other hand, suppose that z/y is a root of unity. Because z/y is at worst quadratic,
ifx/y = e2mi3/™ for relatively prime integers j and m, then ¢(m) is 1 or 2, because the degree
of 2mii/m ig ¢(m). Consequently, m has one of the values 1, 2, 3,4, or 6. If m =1, thenx =y
and P2 =4Q. If m =2, = —y and P = 0. When m = 4, P = (1 £4)y and Q = +iy? gives
P? = 2Q. When m = 3, z is wy or w?y, where w is a primitive cube root of unity. In each
case, P? = Q. Finally, if m = 6, then * = —wy or x = —w?y. In either case, P? = 3Q. O

Theorem 1.9. If P and Q are relatively prime and x/y is a root of unity, then (P,Q) €
{(0,£1), (£1,1), (£2, 1)}
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Proof. If P =0, then Q = +1. If P # 0 and P? = kQ, then any prime divisor of Q is also a
divisor of P. This forces @ = 1. By Lemma 1.8, P=+1if k=1, and P = 42 if k = 4, and
these are the only possibilities. O

2. Lucas PRIMES WITH COMPOSITE INDEX

Because Lucas sequences are divisibility sequences, one might think n must be prime for
U, to be prime. A Wikipedia article [11] makes this explicit claim. However, even among the
Fibonacci numbers, Fy = 3. Prime Lucas numbers of composite index are mostly classified.

Theorem 2.1. For composite n, a Lucas number Uy, (P, Q) can only be prime for
n € {4,6,8,9,10, 15,25, 26,65}.

Moreover, forn € {6,8,10,15,25,26,65}, there are only finitely many P, Q for which Uy (P, Q)
is prime, and this list of (n, P, Q) is known.

Proof. The proof, with the list of values (n, P, @), is given in Theorem 3.1 of [6]. O

When P? — 4Q > 0, we can say more.

Theorem 2.2. If P and Q are integers and P?> — 4Q > 0, then U, is composite for all
composite n > 4.

Proof. As mentioned in Lemma 5.1, for P? — 4Q > 0, U, is increasing for all n > 2. Thus,
for n = km with k > m > 1, by hypothesis, k£ > 2, so U,, > Uy > 1. Because U,, has Uy as a
factor, U, is composite. O

Because Uy (P, Q) = P(P?—2Q), this expression is prime for infinitely many (P, Q). In par-
ticular, U4(1, %(1 + q)) is prime for all odd primes ¢ and Uy (P, %(P2 + 1)) is prime, whenever
P is an odd prime.

We have a partial characterization of P, for which Uy is prime.

Theorem 2.3. For integers P > 0 and Q, Uyg(P, Q) is prime if and only if one of the two
conditions hold:

Q=P +1 and 3PS +9P* +6P? -1 s prime,

or
Q=P -1 and 3PS —9P*4+6P2+1 s prime.

Proof. We have Ug(P, Q) = (P? — Q)(P% — 6P*Q + 9P? — Q3). This second expression can be
written as (P2 —3PQ)%—Q?3, or m?—n3 for some integers m and n. Now m? = n?—1hasm =0,
n = 1 as its only integer solution and m? = n®+1 has only (m,n) = (—1,0), (0, £1), (2, £3) as
integer solutions. These results date back to Euler, see [2, pp. 533-534]. None of the solutions
to m? = n3+1 lead to a case where |P% —6P*Q+9P%— Q3| = 1, with P, (Q integers and P > 0.
Thus, to be prime, we need P? — ) = +1, which leads to the given characterization. O

By Bouniakowski’s conjecture [1, Hypothesis H, p. 15], we expect infinitely many cases of
P, @ for which Uy is prime.
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3. HEURISTIC EXPECTATIONS

Let p be a prime number. In [10], it is stated that the expected probability that a Mersenne
number M, = 2P — 1 be prime is
2 108(2p)
log M,,’
where v is the Euler-Mascheroni constant. The argument is as follows (see [10] or [1, p. 23]
for a more careful argument). First, by the Prime Number Theorem, the expected probability
that a random number N is prime is @. However, M,, is not a random number. Any prime

divisor of M, must be congruent to 1 modulo p. Thus, M, is not divisible by any prime
g < 2p+ 1. This is expected to increase the probability that M, be prime by a factor of
Hq <2pt1 qiil, and this product is asymptotic to e¥log(2p) by Mertens Theorem [1, Theorem
1.4.2, p. 32].

In the case where P and @) are relatively prime, if p does not divide ) or D, then one should
have the same heuristic probability that U, (P, @) is prime. That is, aside from the exceptions

named in Theorem 1.1 and Theorem 1.2, one expects Uy (P, Q) to be prime with probability

o log(2p)
log | Uy |
For 1 < P <100, —100 < @ < 100, and 1 < n < 1000, we found all pairs (P, Q,n) where n is

prime and U, (P, @) is a probable prime. We tested our data against heuristic expectations in

log(2p) :
log|T7,] OVer all P,Q in our range

to get an “expected” number of primes U, and compared this against the actual number of
prime U, in our data set. A least squares fit gave

(3.1)

two different ways. First, for each prime p < 1000 we added

Actual number of prime U,

= 1.632 — .000036p.
Estimated number of prime U, b

Because we left off the scaling factor €” ~ 1.781, we expected the constant term to be closer
to 1.781. However, this fit did not take Theorem 1.1 or Theorem 1.2 into account. When
we modified our expectation to only sum over those P, not subject to these theorems, the
constant rose to 1.733, still a bit below e?. This might be because of the influence of the
smallest primes p. If we exclude the first 10 primes, the fit becomes 1.771 — .000030p.

We also examined the total number of primes found in our search vs. the expected number.
All told, we found 43,683 triples (P,Q,p) for which p is prime and U,(P, Q) is a probable
prime. Summing the expression in (3.1) over all triples (P, @, p) gives 54,053, off by about
24%. There are two confounding effects: the effect of small primes, and the effect of those
(P, Q) known to contain only finitely many primes in their Lucas sequences. If we ignore the
first 10 primes, and those (P, Q) covered by Theorem 1.1 or Theorem 1.2, the expected number
of primes (found by summing (3.1) over the allowable (P, Q) with p > 29) was 22,834 and the
number of primes found in our search was 22,352, pretty good matches.

4. PROOFS OF THEOREM 1.1 AND THEOREM 1.2

A Proof of Theorem 1.2. As usual, without loss of generality, we may assume P > 0. More-
over, we need not consider any (P,Q) in S, the set in Theorem 1.7, and we may assume
ged(P,Q) = 1. Because we are assuming x and y are not both 1, by Theorem 1.9, we may
assume z/y is not a root of unity. Recalling formula (1.10),

Un(z +y, zy) Up(z™ + y", 2"y™)

Un(aF + ¥, aFyF) =
wle 9y Uk(z +y, 2y)

i
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we fix k, so C = |Ug(z + y,zy)| is a fixed nonzero integer. By Theorem 1.6, |U,(z + y, zy)| >
|®,,(x,y)| > C for n sufficiently large. Similarly,

Ukn(I + Y, Cﬂy) o Hd|k’n, d>1 q)d(llf, y)
Ur(z +y, zy) Ian, as1 alz, y)

is divisible by |®,(z,y)| > C for sufficiently large n. Thus, U, (z* + y*, 2*y*) is composite
for all large n. U

A Proof of Theorem 1.1. We may again ignore cases where P or @ is 0, or when |P| = |Q] = 1.
Let 2 and y be zeros of 22 — Pz + @, and select complex numbers u and v satisfying u? = z
and v?2 = y. Then, (u +v)%? = P+ 2Q, an integer, and Theorem 1.6 applies. By Theorem 2.1,
only finitely many primes can occur when n is even, so we restrict our attention to odd n. By
formula (1.4), if n = 2m + 1, then U,, = (Upnt1 — VQU)(Ums1 + VQU,,). That is, U, is the
product of two integers. We have

(L’erl . m+1 rm —
Uni1 + QU = x_z +uw x—z
u2m+1 _ U2m+1

=————— = Uppr1(u + v,uv)
uU—v

and
2m+1 2m+1
U +v Ugmao(u + v, uv
Uni1 — V/QUy, = _ Utmeaf ).
u+v Uam+1(u + v, uv)

By Theorem 1.5, ®9,,11(u, v) divides Upy11 + QU and @ypi2(u, v) divides Upyt1 — vVQUp,.
By Theorem 1.6, for sufficiently large n, each term is larger than 1. Consequently, U, is
composite for all large n. O

5. THE REAL CASE

In this section, we provide elementary proofs (that is, proofs not relying on the theory of
linear forms in logarithms of algebraic numbers) for Theorem 1.3 and Theorem 1.4. We assume
that « and vy, the zeros of 22 — Pz + @ are real. That is, we assume P? —4Q > 0.

Lemma 5.1. If P # 0 and P? > 4Q, then |U,(P,Q)| is a strictly increasing function of n for
n > 2 and |V, (P, Q)| is increasing for all n > 1.

Proof. This is the result of Lemma 3 from [5]. O

A Proof of Theorem 1.8. Without loss of generality, we may assume P > 0 and = > y > 0.
Now, P? —4Q = (P — 2y/Q)(P + 2/Q) > 0. Thus, P > 2y/Q. In particular, P > 3. Because
Uy = P, Uy will be prime when P is prime. Note that U3 = P2 —Q = (P — /Q)(P + vQ).
Because P — +/Q > /Q > 1, both factors are larger than 1, showing Uj is never prime.
Similarly, because P > 3 and Uy = P(P? — 2Q), Uy is not prime. Thus, by Theorem 2.2,
U, will not be prime for any composite n. Suppose n is prime and n > 3. Since n is odd,
n =2k + 1 for some k > 2 and U,, = (Ug11 — vVQUk)(Uks1 + vVQUy). This second term is an
integer larger than 1. For the first,

U1 — QUi = 2Uy — JzyUy, + y* = Va(Vz — Vy)Us + "
Note that
(Vr—\y)l=z+y—2y/zy=P—2,/Q>1.

Consequently, v/ > 1, /a—,/y > 1, Uy > Us > 1, and y* is positive. Thus, Uy41—+/QUj > 1,
so Uy, is not prime. This completes the proof. O
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We next study Ug(z™ + y™, 2"y") as a function of n.
Lemma 5.2. If x >y > 0, then
U(a" +y",2"y") > Up(a" ! " a1y )
forallk > 2 and n > 2.

Proof. Because y > 0, we have Q > 0, meaning Q > 1. Thus, Q' > @7 for all i > j. Also,
V(@™ y™) = Vin(2,9) > Vinr(z,y) = Vi(z" 1,y 1), provided n > 1 by Lemma 5.1. Using
equation (1.7), we have

[k/2]

Uk(x'n,yn) _ Z Qn(j—l)VkJrlin(xn oy, 2y
j=1

[k/2]
> Z Q(n_l)(j_l)Vk+1_2j($n_1 + yn—l’xn—lyn—l)
j=1

= Uiy ey,
as desired. O
The same proof shows a little more.
Lemma 5.3. For all x >y, if n is even, then Ug(z™,y™) > Ur(z™,y™) for all0 < m < n.

Proof. We have

[k/2]
Uk(SEm + ym’xmym) _ Z Qm(]_l)vk—i-l—Qj(xm + ym’xmym)
j=1
w2
< Z Q™Y Vi1 (a™ + y™, 2™y™)
j=1

k2
< Z Q"D Vi1 —j (2™ + y", 2"y")
j=1

2
— Z Qn(j_l)vk+1—2j(l'n _|_yn7$nyn)
j=1

Finally, we have the following theorem.
Theorem 5.4. For alln >1 and k > 1,
‘Uk(.%'n + ynjwnyn)’ > ‘Uk(xnfl + ynfljxnflynfl)‘_

Proof. Without loss of generality, we may assume P > 0, x > y, and « > 0. We have verified
the result for y > 0 and also for n even, so suppose n is odd and y < 0. Then, Q < 0. The
proof follows by induction on k. When k = 0, Ug(z",y") = 0 = Ug(z,y), and when k = 1,
Uk(z™,y") = 1 = Ug(z,y). Moreover, Us(z™,y") = 2™ +y" > x +y = Us(x,y). Assuming
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that Up, (2™, y") > Uy (2"~ L,y" 1) for all m with 2 < m < k — 1, by the defining recurrence
(1.1), we have
Ue(@",y") = Va2, y)Up—1 (2", y") — Q"Uk—2(",y")

= Va(2,y)Us-1(2", y") + Q" Up—2(2", y")

> Vo1 (2, 9) U1 (@7 ") 4+ Q" Uk 2 (2™ 1y )

> Ve (2,9) U1 (@™ 1) = Q7 W (2™ y" )

= Up(z"1 9",
as desired. O

A Proof of Theorem 1.4. Without loss of generality, we assume P > 0 and z > y, © > 0. First
note that

so by Lemma 5.1, Uy(2¥ + y* 2%y*) is not prime. Consequently, by Theorem 2.2, we may
restrict ourselves to the case where n is a prime number. By formula (1.10), Lemma 5.1, and
Theorem 5.4, when n > k, Un(xk + yk,mkyk) is composite. For n < k, suppose k is divisible
by a prime ¢ # n, say k = gm. An application of formula (1.10) with variables z™ and y™
and with ¢ in place of k gives

Up(a® + 3 2t y*) = Un((a™)7 + (y™)7, ((2y)™)?)
_ Un(@™ +y™ amy™)Ug (™ +y™", (xy)™")
o Uq(xm + ym’ l.mym) :
Because ¢ is prime to n, Uy is prime to U, in this product, so Uy(2™ + y™,z™y™) properly
divides Uy (z™" + y™", (xy)™"), showing U, (z* + y*, 2¥y*) is composite. Thus, for U, (z* +
y*, 2Fy*) to be prime, it must be that n is prime and k is a power of n. This completes the
proof. O

6. COMMENTS

With regard to Theorem 1.2 and Theorem 1.4, when n = p and k = p™ for some prime p
and positive integer m, then

Up(z:pm + ypm, :Upmypm) = Opm(z,y).

As a consequence of the Bouniakowski’s conjecture [1, Hypothesis H, p. 15|, for any fixed p
and m, we expect this polynomial to be prime for infinitely many x and y.

In our data, as is to be expected, the slower U,, grew with n, the more primes tended to
occur in the sequence. Because U, (2,1) = n, this sequence produces a prime for all 168 primes
n < 1000. The sequence U, (1,2) was prime for 33 values of n and U, (2,5) was prime for 24
values. These sequences are aided because x and y are complex, so the oscillating nature of U,
gives many small values. For real x and y, the best performers were the Fibonacci numbers
((P,Q) = (1,-1)) and U,(2,—1), each prime for 21 values of n.

At the other extreme, in our search, we found 658 pairs (P, Q) with 1 < P < 100, —100 <
Q < 100, ged(P,Q) = 1 for which U,(P,Q) was composite for all n < 1000. Taking into
account Theorem 1.1, Theorem 1.2, and expanding the search to all n < 10,000, the number
of pairs (P, Q) dropped to 97. If we include cases where P is prime, so Us(P, Q) is prime,
but U, is not prime for any other values of n < 10,000, then there were 156 examples. The
examples with smallest P and |Q| were (6,—29) and (13,—19). Is there something special
about U, (6, —29) or U,(5,33) that they should never be prime for n > 37 We suspect that
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this was a statistical artifact. That is, we tested 12,174 pairs (P, Q) so, even if it is likely that
a given sequence contain primes, it is not surprising that some did not, in a limited search up
to only n = 10, 000.

Ronald L. Graham [3] exhibited a Fibonacci-like sequence (A, = A,—1 + A,—2, but with
specific, well chosen initial conditions) that contained no primes. His method used covering
congruences to show that there was a list of 18 primes with the property that each A, was
divisible by at least one of those primes. Such an approach is not possible here due to formula
(1.11), which forbids the existence of a finite set of primes with at least one dividing each
sufficiently large U,. Consequently, we think Theorem 1.1 and Theorem 1.2 are the only
obstructions to infinitely many primes in a Lucas sequence. That is, we make the following
conjecture.

Conjecture 1. If x and y are complex numbers, where P = x + 1y and QQ = xy are relatively
prime integers and

o (P,Q)Z{(0,£1),(£1,1),(£2,1)},

e () is not a square,

e there are no complexr numbers a and 5 with the property that a4 and af are integers
and for some integer k > 1, x = o, y = ¥,

then there are infinitely many prime numbers p for which Uy(P, Q) is prime.
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