A FAMILY OF SUMS OF GIBONACCI POLYNOMIAL PRODUCTS OF
ORDER 4

THOMAS KOSHY

ABSTRACT. We explore sums of glbonacm polynomlal products of order 4 for gan—1, gan,
Jan+1, gan+2, and gan4s in terms of g;,_», g7, and gn+2, where ¢, denotes the nth gibonacci
polynomial, 0 < 4,4,k < 4, and i+ j+k = 4. Correspondingly, they yield formulas for G4y,—1,
Gan, Gant1, Gany2, and Gapy3, where GG, denotes the nth gibonacci number. In addition,
they have Pell implications.

1. INTRODUCTION

Gibonacci polynomials z,(x) are defined by the recurrence z,,12(x) = a(x)z,+1(x)+b(z) 2, (),
where x is an arbitrary complex variable; a(zx), b(x), zo(x), and z;(x) are arbitrary complex
polynomials; and n > 0.

Suppose a(z) = x and b(z) = 1. When zy(x) = 0 and z1(x) = 1, z,(z) = fu(x), the
nth Fibonacci polynomial; and when zp(x) = 2 and z1(z) = z, z,(x) =1 ( ), the nth Lucas
polynomial. Clearly, f,(1) = F,, the nth Fibonacci number; and [,,(1) = L, the nth Lucas
number [1, 5, 6].

The nth Pell polynomial p,(xz) and the nth Pell-Lucas polynomial gy, (z) are defined by
pn(x) = fn(22) and ¢, (x) = [,(22), respectively. Correspondingly, the nth Pell number P,
and the nth Pell-Lucas number @Q,, are given by P, = p,(1) and 2Q,, = ¢, (1), respectively [5].

In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation, when there is no ambiguity; so z, will mean z,(z). We let g, = f,, or l,,, b, = p,, or
Gn, Gn = F,, or Ly, B, = P, or Q,, and omit a lot of basic algebra.

A gibonacci polynomial product of order m is a product of gibonacci polynomials g,1x of
the form H 9n+kv where ) s; =m [7, 8].

kezZ s;>1

1.1. Sums of Fibonacci Polynomial Products of Order 3. The following sums of gi-
bonacci polynomial products of order 3 play a pivotal role in our discourse [3]:

B fan = 3f20fn— 222 +5) faraf2 + @2+ 1) f2 + (22 + 1) f2 fros; (1.1)
3 fans1 = foio =3[ ofn+ 2202+ 3) fagafi— (@2 + 1) — 2% f2 fase; (1.2
2 fanpa = foro — 2fnt2fi 4 fifa2, (1.3)

where f, = fn(x).

2. SuMS OF GIBONACCI PoLyNOMIAL PrRoODUCTS OF ORDER 4

In addition to the above identities, our discussion also hinges on gibonacci recurrence iden-

tities fn+2+fn 2 = (I‘ +2)fna fn+2 fn 2 = -'Eln, fn+1+fn 1= na fn = (x2+1)fn72+$fn737
fon = faln, fong1 = f21 + f2, and the gibonacci addition formula [5]

Ja+b = fa+1gb + fagp—1-
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With this background, we begin our exploration with 3 fy, 2.

2.1. A Gibonacci Sum for z3fy,, ;2. By the Fibonacci addition formula, and identities (1.2)
and (1.3), we have

f4n+2
903f 4An+2

Jant2fns1 + fant1fn;
= (@® fant2) (@fni1) + (2° f3ng1) fn
= (fis2 = 2fns2fi + frfo2) (Fasz — fu)
+ [fio = 3f0afn — (207 4 3) fugafs — (&° + 1) f3 — 2 2 fu2] fn
= frro— 5f§+2f§ + (222 4 5) fatafp + for2fafa—o — (® + 1) fo
— (@ + 1) f fao- (2.1)

Next, we develop an alternate formula for a2 fy, 0.

An Alternate Formula. Because lon+1 = font2 + fon, we have

Tlont1 = (fag2 = fo)(fags2 + fn) + fa(fag2 — fa—2)
= f7%+2 + fn+2fn - fﬁ - fnfan-

Consequently,

Tfinre =  font1(2lony1)

= (fla + 1) @lang);
l'3f4n+2 = [(fn+2 - fn)Q + $2f7ﬂ |:f13+2 + fn+2fn - ff% - fnfan]
= flo+A+B+C+E+F+G,
where

A = —foofat (@ = 2)fhafs — fivafafa
- 2+2fn(fn+2 + fnf2) + (12 - 2) 3+2f7%
_f1%+2fn [(xz =+ 2)fn] + (372 - 2) 721,+2f13

= —Af2 o f
B = (x2 + 2)fn+2f2
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5Ufn+2f7%(fn+1 - fnfl) + fn+2fr%(fn+2 - xfnJrl) + fn+2f7?z)
= —fui2f2(@fa1) + foiof2 + faiafl
— a2 (fn = fn-2) + friafn + fasafd

2 i+ o fr faas

C = 2fnrafifn2

fniafy — 2 fy

Tfny1 + fn)fr?; - 552f4

fé + 90f7?§fn—1

= fa @ fi e afr o faa
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F o= —(@*+1)ffno
= —fifo-2(fare — Tfar1) — 22 o2
—furofnfn-o + xfuirfofo2 — 22 fi oo
~foi2 i fa—2 + T f2 fam1 fa—2i
G = —f»
—fg(l“fn—l + fn—2)2
—a fafn 1 =2 fn furfaa — fR17
Thus,
T fansa = foyo — 3fniofis + 2fnsafrfn—a + o — frfio o (2.2)
It follows from identities (2.1) and (2.2) that
2fmvofn + forafifa—z + (@ +2) fo + (@ + D f3 faz = (22° 4+ 5) fusafn + [afro s (2.3)
This can be confirmed independently. To this end, let

A" = fupafifo2 = 207 +5) farafi + furafifao
fn+2fg[2fn+2 - (2332 +5) fn + fn-2]
fn+2f72L[fn+2 + ($2 +2) fn — (2$2 +5) fn]
Fas2fnlfavz — (2 + 3) fa]
_fn+2fr%(fn + fn-2);
B = @%ﬂv4<ﬁ+nﬁm4—ﬁﬁ4
fal@® +2)f2 + (@ + 1) ffa—o — f7-5]
{ fn+2+fn 2)+fn 2[( )fn_fn—2]}
[ (fna2 + fo2) + fn 2($ Jn+Tfn- 1)]
= fo (favafo+ fafo2+ T for1fa2)
= fn+2f7%(fn + fan)'

Then A* + B* = 0; this confirms identity (2.3), as desired.
Identities (2.1) and (2.2) yield

Fingo = FEiio—5F2  F2 4+ TFoF2 + FopoF2F, o —2F —2F3F,_o;  (2.4)
Finyo = FE} o —3F2 ,F2+2F, 2FiF, o+ F, — FF?_,

respectively; see [2, 4] for a graph-theoretic proof of identity (2.5) using path graphs.
Next, we find a similar formula for z* fant1-

2.2. A Gibonacci Sum for 2*fy,,1. By the gibonacci addition formula, and identities (1.1)
and (1.2), we have

2 a1 = (@7 fans1) (@ far1) + 22 (27 f3n)
= (for2 — fo) [ 2+2 - 3f3+2fn + (227 + 3) fagofr — (* + 1) f7 — 332f2fn—2]
+w%ﬁ%&ﬂw%ﬁ+$hmﬁ—hmhnq+@Wmﬁﬁwﬁ+nﬁna]
= faso = 4fnsafu + 20207 +3) fr o fr — (@' + 627 + 4) farafy — 207 friafh o
+ (@ + 12 f + (2" 4 22°) [ fua. (2.6)
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In particular, we have

Finp1 = Eio—AF GF, +10F2 4 F2 — 11F, 2 Fp — 2F, 9 F3F, 5
+ 4F,;1 +3F3F, _o. (2.7)

Next, we explore a formula for 23 f4,,.

2.3. A Gibonacci Sum for z3fy,. By identities (2.2) and (2.6), and the addition formula,
we have
933f4n = $3f4n+2 - $4f4n+1
= (far2 = 30aln + 2 ni2fifaz + fu = F2172)
= fnve = Afasafn +2020% 4 3) f110f7 — (a8 + 62° + 4) fugaf,)
= 2% fuga i fna + (@ + 12 + (2 + 20%) [l fn o]
= Afiofn— (427 +9) [ o f7 4 (2t + 60 +4) fugafn +2(2° + 1) fryafi a2
= (2 +20°) f — (" + 20°) f fo2 = Frfrsr (2:8)
An Alternate Version. Using the identity fon, = fnln, we can develop an alternate formula for
22 fan:
fan = fon(font1 + fon—1)
= foln [(f2 + £2) + (2 + f20)]
P = fa(@ln) [(@far1)? + 2222 + (2 fno1)?]
= falforz = fa2) [(fave = f2)? + 202 £7 + (fo — fn—2)?]
= fopafn = 2002t = fiiafufu—2 + 2" + D fasafy + faafafi s
= 2@+ Dz 200 fr s — fafia (2.9)
It follows by identities (2.8) and (2.9) that

Fiy, = AF3  F, —13F2 ,F? + 11F, o Fs + 4F, 2 F2F, o

— 3F} —3F3F, » — F2F2_,; (2.10)
= F2.,F,—2F ,F —F? +2F F_9+4F, oF3 4+ FpoF,F2_,
— 4F3Fn72 + 2F5F3_2 - FnFn—27 (211)

respectively.
It also follows by identities (2.8) and (2.9) that

3fivakn — (422 + 1) fiiofn + fivofnfu—2+ (" +42° +2) foiaf;
+ Q(x + 1)fn+2fnfn72 - fn+2fnfn 2~ (:C + 2z )fg
(@ =) 3 o = 3L2f2 ot P, = O
This yields

3f7? (4:3 +7) +2fn+fn+2fn 2+($ ‘|‘433' +2)fn+2f
+ 2(2® + 1) fasafufo2 — farafoe 2—<x + 227 f3
— (@ = 2)f2 fua = Bfufi,+ 2, = O (2.12)
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This can be confirmed independently using the identity fy, 1o+ fn_o = (2 +2)f, [5]. To this
end, we let

A = 3fn+2 (42® + 7)f2+2fn + friofa—2
= n+2 [3(frs2 — — (42 + 4) fr + [ 2]

n+2 [3xfn+1 41' +3)fn — T fn 1]
= fio[2fni — (327 +3) f]
= —fas2 [(@® +3)fu — 22fn]
= —fap2 (@ + V) fa+2fn2];

B = (z'+42° +2)forafr + 22 + 1) farafafo2 — fasafi—s
= (2" + 4% + 2 fasafi + farafa-z [(20% + 1) fo + 2 fo]
= (2% +42% + 2) fusaf2 + farafo2 (Fare + 22 fn)
= friofn2+ (@' +42% +2) furaf + 2% faiafofoo;

C = (@' +22?)f] (2" = 2)f3 2
= —fu [#(fa+ fa2) + 2(2% fr — fa2)]
= “2fuiafi = (@' = Of - 2 f s

E = =3fufio+ i,
= —2fufi o—f2 s [fn+2 —(®+ 1)fn]
= faszfo2(—fao2) + (@® = D) fufi_y
= for2fa2 [far2 — @ +2)fa] + (@ — D) fufr s
= [ ofn2— (2% +2)farafnfo2+ (2% = 1) fuf2s;

B+C+E = 2fiofuat F—2fuafafoe— (@' = 4)f) = fifao + (2® = 1) fuf7 s,

where
F = (2" 4+42°) furaf;
= (x4 + 327 — 1)fn+2f72z + (372 + 1)fn+2fn(fn+2 - 5Ufn+1)
= (@ +Dfrofa+ (@ +32% = 1) fagafr — (2° +2) fara fas1 fo-
Then
B+C+E=f2,[(a*+1)fa+2fn2] +G+H+IT+J+K+L,
where

G = (@' +32% = 1) furaf;

= Jfnt2/n [(x4 + 2x2)fn] + (x2 - 1)fn+2f72L

= 372fn2+2fn + men—i-anfn—Q + (xz - 1)fn+2fn2§
H = —(&°+)forafuirfn

= (@D frafn+ @+ 1) furafi;
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I = _2fn+2fnfn—2§
J o= —@' - 9f;
K = *x4f13fn72

—-T2fnfn Z(fn+2 2fn+fn 2)
= —Z fn+2fnfn 2—|—2£L'2f frn—2—x fn n—2;
L = (517 _1)fnfnf2'

We then have
G+H+K+L=M+N+O,

where
M = - 1%+2fn
= —(@® +2) fasafyp + for2fnfu2;
N = 2% f(faro + fn2)
= @it )
O = —fn 7%72
= for2fofn—2— ($2 + 2)f7%fn72.
Consequently,
M+1 = —(&®+2)furafn = fasafofo—2;
N+J = (2242)%f3
G+H+I+J+K+L = (M+I+O) (N +J)
B+C+E = ,§+2 (2% + 1) fr +2fn_2] +0
= A
A+B+C+E = 0,
as desired.

It follows from equation (2.12) that
3F2 g+ FioFy o+ TF,oF;
+ AFyoFyFy o+ FiFy o+ Fo_y = 11F2 oF, + FopoF2 5+ 3F + 3F,F2,.  (2.13)

Next, we investigate a formula for z# f4, 3.

2.4. A Gibonacci Sum for z*fy, 3. Using the Fibonacci recurrence, and identities (2.2)
and (2.6), we have
2 finys = 22(2° fanya) + 2 fansa
= 2 (fay2 = 3fasafn + 2furafufua + fn = fafa-2)
+ [fara = 4farafa +2(22° + 3) o f7 — (2% +62° + 4) fuia fy
- 2$2fn+2f2fn—2 + (22 + 1) f 4 (@ +22%) [ o]
= (@ + Dfnra —Afasafo+ (2 +6)f7 0 f7 — (@ +62° +4) fuiafy
+ (2 + 32 + 1) fy + (2" + 20%) fl fu2 — 2P R 7o (2.14)
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Consequently,
Finys =2F5 o —AFs o F, + TF2 o F2 — 11F, o Fs + 5F + 3F2F,_o — F2F2_,.  (2.15)

We now explore a gibonacci sum for z2 fy,,_1.

2.5. A Gibonacci Sum for x*fy, 1. Using the gibonacci recurrence, and identities (2.6)
and (2.8), we have

x4f4n—1 = [fn+2 4fn+2fn + 2(2m +3) +2f2 (x4 +62” + 4)fn+2f3
— 2% fugafr fra + (2% + 12 + (2 + 22%) £} 2]
— 2 [Af5 o fn — (407 + 9) f7 o f7 + (2% + 627 +4) fuya i
+ 2(2® + 1) faya o foo — (2 +22%) f — (2% + 22*) £ f2 — [2 fro)
= S — 4@+ 1) [ o fo + (2t + 1387 4+ 6) f2 o f7
— (2% 4+ 72t 1022 + 4) frpof3 — 202 + 222) friof2 fro
+ @43zt 222 + D 4+ (28 + 32t + 202 3 f 0 + 22 f2f2 5. (2.16)

In particular,

Fin1 = Fj o —8F3 ,F, +23F2 ,F2 — 22F, 2F> — 6F,2F2F, o
+ 7F,;1 +6F3F, o+ F2F2_,, (2.17)

Next, we find a gibonacci sum for x*ly,,.

2.6. A Gibonacci Sum for z%ly,. Using the identity f,+1 + fn_1 = ln, and identities (2.6)
and (2.16), we have

My, = 334f4n+1 + 2t fan1

= [frso = Af0 o fu +2(20° +3) fo o f7 — (¢ + 627 + 4) frya fr
— 2% fupafrfuo + (2% + 1) fr + (a + 20%) 7 fr 2]
+ [fre — 4@ + 1) f3 o fn + (42 +132% +6) f7 o/
— (2% + 72t + 1022 + 4) frpof3 — 202 + 222) friof2 fro
+ (2% 432" 4+ 227 + 1) fy + (2° + 32" + 20%) [ o + 27 [ [

= 2fpio — 4@ +2) [0 fn + (42t 1170 +12) f71f7
— (a° + 82" +162° 4 8) furafy — 2(¢* + 32%) fuyafr fn2
+ (2% + 42 + 42 + 2)fE 4 (28 +dat + 42 2 f o + 2222, (2.18)

This implies

Lin = 2F} 5 —12F3 ,F, +33F2 ,F? — 33F, 1 oF2 — 8F,2F2F,
+ 11Fs +9F3F, o+ F2F?_,. (2.19)
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2.7. A Gibonacci Sum for 2314, 1. Using the identity f, 11+ fn_1 = ln, and identities (2.2)
and (2.8), we have

L lpt1 = 22 fango + 2% fan
= (foyo = 3f2iaft + 2 niafifua+ fa— f2f2 s)
+ [Afniafn — (A2 +9) oo f7 + (@' 4 62° + 4) fuyafy + 22 + 1) faraf7 fra
— (2 +20%) f = (2" + 20%) 3} fra — F7 7]
nio T A4S0 o fn — 4a? +3) f1 o fr + (2 + 627 +4) fuya i
+ 22?4 2) farafifoo — (2t + 20" = 1) fy — (&' +20°) [ fa 2 — 200 f0 5. (2:20)

It then follows that

Liny1 = Foo+4F2  F, — 16F2 ,F2 + 11F, o Fs + 6Fy o F2F,_o — 2F}
— 3F3F,_ o — 2F?F? ,. (2.21)

2.8. A Gibonacci Sum for x3l4, 1. Using gibonacci recurrence, and identities (2.18) and
(2.20), we have

Bl 1 = Pl — 2 lan

= [foro AL ofn — 4@ +3) 2o f2 + (2" + 62 + 4) fuyafi
+ 2027 +2) frpafrfooz — (&t + 227 = 1) f = (2" + 202 f3 fro — 212 f7 )
- [2f7§+2 - (x +2) +2fn (433 +172% + 12) +2f2
— (25 + 82 + 1622 + 8) frpof> — 2(xt + 322) fryof2 fao
+ (20 + 4t + 42” + 2) fr + (2% + 42t + 427) f2 fra + 2P F2f2 )

= —fruia T A@®+3)f2 o fn — (42t + 2127 + 24) f2 o f2
+ (2% 4+ 92% + 2202 + 12) frraf? + 2(a* + 42 + 2) foao f2 fro
— (xG + 52 4+ 622 + 1)ff; — (.176 5t 4 6:U2)f2fn,2 — (x2 + 2)f7%f3_2. (2.22)

This implies

Loy = —FE},+16F ,F, —49F; +2F2 + 44F, 4o F2 + 14F, o F2F,y s
— 13F} —12F3F,_» — 3F?F?,,. (2.23)

Next, we express $4l4n+2 as a gibonacci sum.
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2.9. A Gibonacci Sum for z%ly,, 2. The gibonacci recurrence, coupled with identities (2.18)
and (2.20), yields

x4l4n+2 = x5l4n+1 + 2ty
= @?[fria + 4fniafn — 4@ +3) o fh 4+ (! + 627 + 4) fusa fr

+ 2(2% 4 2) fugafi fame — (28 + 207 = 1) f — (2" + 22%) [} fao — 23 ]

+ [2fh =A@+ 2) f3 o o+ (At + 1722 4 12) f2, f2

— (28 + 821 + 1627 + 8) fryaf — 2(zt 4 322) fruiof2 fruo

+ (2% +dat 40?1 2) f + (20 + dat - 4a?) [ foa + 20 0 fr o)
= (@*+ 2)f§+2 - 8f3+2fn + (52” + 12)f3+2f7% —2(z" + 62” + 4) fryafy

— 2% fuyafn fuma + (22" 4 52% + 2) f + 2(2" + 22%) [ o — 2 f2 [, (2:24)

This yields
Liny2 = 3Fyo—8F o F, + 1TF2, ,F? — 22F, oF2 — 2F, 2 F2F, o
+ 9F} + 6F3F, o — F?F2 . (2.25)

Finally, we express 231,43 as a gibonacci sum.

2.10. A Gibonacci Sum for z3l4,.3. Using gibonacci recurrence, and identities (2.20) and
(2.24), we have
x3l4n+3 = x4l4n+2 =+ x314n+1
= | 3—1—2 + 4fn3+2fn - 4(352 +3) 34—2]% + (m4 + 627 + 4)fn+2f7§
+2(2® +2) fsafifoz — (@ + 207 = ) f = (2" + 20%) [l o2 — 2£3 17
+ [(@® +2) fapo — 8fnyafn + (52 +12) 2 o 2 — 2(2" + 627 + 4) frraf;)
= 20° fupafn fua + (22" 4 50° + 2) f + 2(a" + 20%) [ fa — 2 1 F2 ]
= (P43 frya — Ao fn + 2[R0 f2 — (@h 4+ 627 +4) fyaf]
+ dfnrafifoz + (@' + 307+ 3) f + (a8 + 20%) [l o2
— (2® +2) [ f7 s (2.26)

In particular, we then have

Linys = A4Fy o —AF2 JFy + F2 0 F2 — 11F,2F2 + AF, o F2F, 5
+ TFY + 3F3F, o — 3F2F2_,. (2.27)

3. CONCLUSION

Because b,(x) = g,(2x), the Pell versions, polynomial and numeric, follow from the gi-
bonacci identities. In the interest of brevity, we omit them.
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