GRAPH-THEORETIC CONFIRMATIONS OF FOUR SUMS OF
GIBONACCI POLYNOMIAL PRODUCTS OF ORDER 4

THOMAS KOSHY

ABSTRACT. Using graph-theoretic techniques, we confirm four identities involving sums of
gibonacci polynomial products of order 4, investigated in [2].

1. INTRODUCTION

Gibonacci polynomials z,(x) are defined by the recurrence z,,12(x) = a(x)zn+1(x)+b(z) 2z, (),
where x is an arbitrary complex variable; a(zx), b(x), zo(x), and z;(x) are arbitrary complex
polynomials; and n > 0.

Suppose a(z) = x and b(z) = 1. When zp(z) = 0 and z1(x) = 1, z,(z) = fau(x), the
nth Fibonacci polynomial; and when zo(z) = 2 and z1(x) = z, z,(x) = l,(x), the nth Lucas
polynomial. Clearly, f,(1) = F,, the nth Fibonacci number; and [,,(1) = L, the nth Lucas
number [1, 3, 4].

Pell polynomials p,(x) and Pell-Lucas polynomials gy (z) are defined by p,(z) = f,(2z) and
qn(z) = 1, (2z), respectively. In particular, the Pell numbers P, and Pell-Lucas numbers @y
are given by P, = pp(1) = fn(2) and 2Q,, = ¢»(1) = 1,,(2), respectively [3].

In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation, when there is no ambiguity; so z, will mean z,(x). We let g, = f, or l,,, b, = p, or
Gn, and also omit a lot of basic algebra.

Table 1 lists some well-known fundamental Fibonacci identities. We will employ them in
our discourse [3].

fn+1 + fn—l = lp f?n = fnln
1%+1 + f’rZL = font1 ot + fo2 = (JJ2 +2)fn
frt2 = fa—e = iy faro = fat1fo + fafo
Sotkfow— fr = (1) FHLfR

Table 1: Fundamental Fibonacci Identities

The last two identities are the Fibonacci addition formula and the Cassini-like formula, re-
spectively.

1.1. Sums of Gibonacci Polynomial Products of Order 4. Several sums of gibonacci
polynomial products of order 4 are studied in [2]; in the interest of brevity, we focus only on
the sums in equations (2.9), (2.6), (2.24), and (2.26) in [2], and they play a major role in our
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explorations:
P = fiafn = 2friafn = fvafafa—2 + 22" + 1) fagafs + farafufas
22+ 1) f3 frma + 2225 — fafi s (1)
T fanr = fuio = Afpiafn + 20207 +3) [0 fr — (2" + 627 +4) farafi — 207 fraf7 fra
+ (w2+1)2fé+(x4+2x2>f3fn 2; (2)
wlants = (P +2)fnpo = 8fiafn+ (52" +12) 7 o fr — 2(z" + 627 + 4) furaf;)
— 227 fn+zf fra+ (22" + 527 + 2) fy + 2(2* + 20%) [} o — 2P £ f7_0; (3)
$314n+3 = (37 +3) n+2 4f3+2fn+$2f5+2f7%—($4+6$2+4)fn+2f2

+ Afniofi oo+ (@ +322 +3) A+ @t 22 2 fao — (P 2) 212, (4)

The remaining sums can be pursued in a similar manner.
It follows by identities (2.2) and (2.14) in [2] that

T fansa = (@2 +2) oo —Afoofn+ (@ +3)froft — (3" + 627 + 4) faga f3
+ 2fniafi oo + (2t + 32 +2) f + (0! + 207) [l fra — (2® + 1) 7 5. (5)
We will employ this result in Subsection 3.4.
2. SOME GRAPH-THEORETIC TOOLS

Our goal is to confirm the polynomial identities (1) through (4) using graph-theoretic tech-
niques. To this end, consider the Fibonacci digraph D in Figure 1 with vertices v; and wvo,
where a weight is abslgned to each edge [3, 5].

N —

FIGURE 1. Welghted Fibonacci Digraph Dq

It follows from its weighted adjacency matriz QQ = ﬁ (1)] that
no__ fnJrl fn
Q B |: fn fn1:| ’

where n > 1 [3, 5].

A walk from vertex v; to vertex v; is a sequence v;-e;-v;41-- - - -v;_1-€;_1-v; of vertices vy,
and edges ey, where edge ey, is incident with vertices v;, and v41. The walk is closed if v; = vj;
otherwise, it is open. The length of a walk is the number of edges in the walk. The weight of
a walk is the product of the weights of the edges along the walk.

The ijth entry of Q™ gives the sum of the weights of all walks of length n from v; to v; in
the weighted digraph D, where 1 < 4,7 < n [3, 5]. Consequently, the sum of the weights of
closed walks of length n originating at v in the digraph is f, 1 and that of those originating

168 VOLUME 59, NUMBER 2



SUMS OF GIBONACCI POLYNOMIAL PRODUCTS OF ORDER 4

at ve is fp—1. So, the sum of the weights of all closed walks of length n in the digraph is
fn+1 + fn—1 = l,. These facts play a pivotal role in the graph-theoretic proofs.

Let A, B, C, and D denote the sets of walks of varying lengths originating at a vertex
v, respectively. Then, the sum of the weights of the elements (a,b,c,d) in the product set
A X B x C x D is defined as the product of the sums of weights from each component [5].

With these tools at our finger tips, we are now ready for the graph-theoretic proofs.

3. GRAPH-THEORETIC PROOFS

3.1. Confirmation of Identity (1).
Proof. Let S denote the sum of the weights of closed walks of length 4n — 1 in the digraph D
originating (and ending) at v;. Then S = fy,, and hence 23S = 23 fy,.

We will now compute the sum 23S in a different way. To this end, let w be an arbitrary
closed walk of length 4n — 1 from v; to v1. It can land at v; or vy at the nth, 2nth, and 3nth
steps:

w = 'Ul_..._/U vV— - — 0 v— *+++ — 0 'U_"'_Ul s
~~ —

subwalk of length n subwalk of length n subwalk of length n subwalk of length n—1

where v = v1 or vs.
Table 2 shows the various possible cases and the respective sums of weights of closed walks
originating at v, of length 4n — 1.

w lands at v at | w lands at v; at | w lands at vy at w lands at vy at sum of the weights
the nth step? the 2nth step? | the 3nth step? | the (4n — 1)st step? of walks w
yes yes yes yes 3 1fn
yes yes no yes fEifnfna
yes no yes yes fnt1 f;;3
yes no no yes Fo1faf2 1
no yes yes yes fnirf2
no yes no yes f3fn1
no no yes yes 3 fu1
no no no yes fnf3_4

Table 2: Sums of the Weights of Closed Walks Originating at v; of Length 4n — 1.

It follows from the table that the sum S of the weights of all walks w is given by

S = ffat i fafact 2 niifo 4 Forifufoos + 20 facr + fafiy
23S = A+B+C+D+E+F,
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where
A =2 S+1fn
= (farz = fa)*fa
= fiiofa—3fiafi+ 3 nsafs — fos
B = x3f72z+1fnfn—1
= (fn+2 - fn)2fn(fn - fnf2)
= Jriafh = Fivafafn-a = 2fiafi + 2 ns2fn famz + fo = Jifa2i
C = 2°fufy
202 3 (fut2 — f)
20 fuafiy — 20" f;
D = 2fupfufry
= (fn+2 - fn)fn(fn - fn—2)2
= farafy = 2fnrafnfo2 + farafufn—s = fa + 2fnfa2 = fafnai
E = 22%f3f. 1
= 2$2f7§(fn — fn2)
= 227 fy — 207 ) fua;
F = ngnfr?fl
= falfa— fa-2)’
= fa =3t 3fafn s~ ffi s
Consequently,
28 = fupafo = 2fnsafy = fasafafa—z + 2% + 1) farafi + farafufis
— 2@+ )2 faa +2f0f0 s — fafio
Equating this value of 3 with its earlier value yields identity (1), as desired. [l

3.2. Confirmation of Identity (2).
Proof. Let S’ denote the sum of the weights of closed walks of length 4n originating at v in
the digraph. Then S’ = fin41, and hence 245" = 2 f4,,11.

We will now compute S’ in a different way, and then equate the two values. To achieve
this, we let w be an arbitrary closed walk of length 4n originating at v1. It can land at vy or
vo at the nth, 2nth, and 3nth steps:

w= vy — - —v Ve - —0 V— - —0 v— o —v

-~

subwalk of length n subwalk of length n subwalk of length n subwalk of length n

where v = v1 or vs.
Table 3 summarizes the possible cases and the sums of the weights of the closed walks
originating at v of length 4n.
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w lands at v; at | w lands at v; at | w lands at v; at | w lands at v; at || sum of the weights
the nth step? the 2nth step? the 3nth step? the 4nth step? of walks w
yes yes yes yes fa 11
yes yes o yes S22
yes no yes yes faifr
yes no o yes Fartf2 fur
no yes yes yes 2 11 12
no yes no yes fi
no no yes yes FENRY oy L
no no no yes 272,

Table 3: Sums of the Weights of Closed Walks Originating at vy of Length 4n.

It follows from the table that

S = fap T3 fr 2 r o oy fa + oS
18" = G+H+I+J+K,
where
G = o é+1
= (fn+2 - fn)4
= f3+2 - 4fr?:+2f73 + 6f13+2f73 - 4fn+2f3 + fﬁ;
H = 3a'f2,,f2
= 32°f2(far2 — fn)?
= 327 f) ofn — 62 fuyafi + 327 f;
I = 22 foi1f2 fu
= 202 f2(fos2 — fu)(fa — fa—2)
= 222 fuiaf) — 20 frpa fh fuma — 207 f + 207 f3 frs;
J = 2* é;
K = 2'f2f2
= 2 [} (fn — fn2)?
= 2°fy =227 fi fua+ 2210 s,
Thus,
#'S' = faie —Afnafn + 3+ 2) fiafr — 4@ + 1) fusafy — 22 farafn foo
+ @+ 1)+ 2o (6)
Now let
L=a?f2of2 — (2" +22°) furafi + (2" + 20°) f3 fra — 2 f2 f7 . (7)

Using the identity f,i2 + frn_2 = (2% + 2)fn, we have

L = x2fn+2f2 [fn+2 - (372 + 2)fn] + foT% 721,72 [(.CU2 + 2)fn - fn—Q]
= 0.
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Consequently, adding the value of L in equation (7) to that of %5’ in equation (6), we get

alS' = fo = AL o fa 420227 +3) 2o fr — (2t 4+ 62° +4) friafp — 207 friafrfa—2
+ (@® + 1% fn + (2" + 227 fR f2 .

This value of 2*5’, coupled with its original value, yields identity (2), as expected. O

3.3. Confirmation of Identity (3).
Proof. Let S* denote the sum of the weights of all closed walks of length 4n 42 in the digraph.
Then S* = l4y42, and hence 8% = :c4l4n+2.

We will now compute z4S* in a different way, and then equate the two values. Let w be an
arbitrary closed walk of length 4n + 2.

Case 1. Suppose w originates (and ends) at v;. It can land at v; or ve at the (n + 1)st,
(2n + 2)nd, and (3n + 2)nd steps:

w = ’Ul_..._v v— - — U v— - — U ’U_"‘_’Ul,

——— ———
subwalk of length n+1 subwalk of length n+1 subwalk of length n subwalk of length n

where v = vy or vs.
Using Tables 1 and 4, it follows that the sum S} of the weights of all such walks w is given
by
ST = frafon + faaln + favafasifa+ farafosifafaor + fava + 2fncifn + fari fafar
( 72L+2 + f§+1) ( 72L+1 + fg) + fn+1fn(f7l+2 + fn)(fn-i—l + fn—l)
= f2n+3f2n+1 + f2n+2f2n

= f4n+3-
w lands at vp at w lands at v, at w lands at v, at w lands at vy at sum of the weights
the (n + 1)st step? | the (2n + 2)nd step? | the (3n + 2)nd step? | the (4n + 2)nd step? of walks w

yes yes yes yes f,% 12 ffL 11
yes yes no yes f?L 12 f,%
yes no yes yes f"l+2f727.+1fn
yes no no yes a2 fat1fnfn—1
no yes yes yes fﬁ+1
no yes no yes ffb 11 f,%
no no yes yes f5+1f,%
no no no yes frn+1 fEfEPI

Table 4: Sums of the Weights of Closed Walks Originating at v; of Length 4n + 2

Case 2. Suppose w originates at ve. It also can land at v; or vy at the (n + 1)st, (2n + 2)nd,
and (3n + 2)nd steps:

w = 1)2_..._1} v— - — U v— - — U 1)_"'_1)2,

~——— —_— —~—
subwalk of length n+1 subwalk of length n+1 subwalk of length n subwalk of length n

where v = vq or vs.
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Using Tables 1 and 5, it follows that the sum S5 of the weights of all such walks w is given by

S5 = farefipifat farafosifafo-1 + 2000 f3 4 flafaoa + e fafae1 + fo + fifa
Fattfo(fasz + fa) (fas1 + fac1) + (Fo + £2) (f2+ f22)
= fons2fon + font1fon—1

= f4n+1-
w lands at v at w lands at v at w lands at v, at w lands at v at sum of the weights

the (n + 1)st step? | the (2n + 2)nd step? | the (3n + 2)nd step? | the (4n + 2)nd step? of walks w
yes yes yes yes fnt2 21 fn
yes yes no yes Fot2farifofni
yes no yes yes ffL 11 12
yes no no yes fg 11 571
no yes yes yes fﬁ 41 12
no yes no yes Frs1 2 fn
no no yes yes s
no no no yes 22,

Table 5: Sums of the Weights of Closed Walks Originating at ve of Length 4n + 2

Using the identities (2.6) and (2.14)

2 fangr = favo = Afafn +220° +3) 7 o fn — (2 + 627 + 4) farafi — 207 farafr faa
+ (@ + 12 f + (2 +22%) £ foo;
4 _ 2 4 3 2 2 2 4 2 3
z f4n+3 - (:U + 1)fn+2 - 4fn+2fn + (.CC + 6) n+2fn - (:U + 627 + 4)fn+2fn

+ (2t + 322 + ) fy + (2 + 20%) fl e — PSSR,
in [2], we get
2'S* = S+ atSs
= (2® +2) o — 8fniafn + (52 +12) fo o f7 — 2(z" + 62° + 4) frs2 ]
= 20% fupa f faa + (22" + 522 + 2) fyy + 2(a" + 22%) [l oz — B 117 -
Equating the two values of 245* yields identity (3), as desired. O
Finally, we turn to the graph-theoretic confirmation of identity (4).

3.4. Confirmation of Identity (4).
Proof. Let S denote the sum of the weights of all closed walks of length 4n 4+ 3 in the digraph.
Then S = l4n+3; so 238 = x3l4n+3.

We will now compute 35 in a different way. To this end, let w be an arbitrary walk of
length 4n + 3.

Case 1. Suppose w originates (and ends) at v;. It can land at v; or vy at the (n + 1)st,
(2n + 2)nd, and (3n + 3)rd steps:

w = ful_..._fU v— - — v— - — U fU_..._/Ul R
——— — ~~
subwalk of length n+1 subwalk of length n+1 subwalk of length n+1 subwalk of length n

where v = v1 or vs.
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It follows by Tables 1 and 6 that the sum S of the weights of all such walks w is given by
St o= fiiofnrt + favafasifo + 22 foiy + fasafuiifn + 203 fn + Faia ks
= for1 (fRo 220+ 1) (far2 + fo)
fonto (f?urz + 2f72L+1 + fﬁ)
= fons2(fonts + fons1)

= fanta.
w lands at v, at w lands at v at w lands at v at w lands at v1 at sum of the weights

the (n + 1)st step? | the (2n + 2)nd step? | the (3n + 3)rd step? | the (4n + 3)rd step? of walks w
yes yes yes yes I3 o1
yes yes no yes S2 o Fns1fn
yes no yes yes frn+2 ff{ +1
yes no no yes Frv2faiif2
no yes yes yes frn+2 ff; 1
no yes no yes fﬁ 11fn
no no yes yes fg +1fn
no no no yes a1 f3

Table 6: Sums of the Weights of Closed Walks Originating at v; of Length 4n + 3.

Case 2. Suppose w originates at va. It also can land at vy or vy at the (n + 1)st, (2n + 2)nd,
and (3n + 3)rd steps:
w = 1)2_..._/1) v— *+++ — 0 vV— - — 0 U_“’_UQ,

S —_———
subwalk of length n+1 subwalk of length n+1 subwalk of length n+1 subwalk of length n

where v = v1 or vs.

It follows by Tables 1 and 7 that the sum Sy of the weights of all such walks w is given by
So = farafuiifo+ Favafiiifar + fusafoirfy + Fupifo + 2fp i fafot + fasi S + fifa

= fan1 (fn+2fn + fn+1fn—1) (fn+2 + fn) + ( 3+1 + fg) fn(fn—i-l + fn—l)
Jant1(font2 + fon)

= fanto
w lands at v1 at w lands at v1 at w lands at v; at w lands at vy at sum of the weights
the (n + 1)st step? | the (2n + 2)nd step? | the (3n + 3)rd step? | the (4n + 3)rd step? of walks w

yes yes yes yes f2ofnt1fn
yes yes no yes fn+2f72l+1fn71
yes no yes yes fg 1fn
yes no no yes f72l+1fn fn—1
no yes yes yes fn+2fn+1f721
no yes no yes f?L +1Snfn—1
no no yes yes a1 f3
no no no yes P2 fr1

Table 7: Sums of the Weights of Closed Walks Originating at vy of Length 4n + 3.

Using the result (2.2)
T fanvz = Fuvo = 3fnali + 2hniafifaz + fo = fifias
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in [2] and identity (5), we then have
28 = 23S, + 23S,
= & fanta +2° fanso
(@ +3) fra — 4fnsafn + 22 friafn — (& +62% +4) foiafy
+ Afnafifaa + (@ 4327 4 3) f + (2 + 20%) ffoa — (2% + 2) fafra:

This value of 23S, coupled with its earlier version, yields the desired result, as expected. [

4. CONCLUSION

Because g¢,(1) = F, or L,, the graph-theoretic confirmations of the numeric versions of
the gibonacci identities (1) through (4) follow from the above arguments; and so do their Pell
counterparts because b, (z) = g, (2z).
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