SECOND-ORDER LINEAR RECURRENCES HAVING ARBITRARILY
LARGE DEFECT MODULO p

LAWRENCE SOMER AND MICHAL KRIZEK

ABSTRACT. Let (w) = w(a,b) denote the second-order linear recurrence satisfying wpy2 =
aWwn+1 + bwy, where wo, w1, and a are integers, b = £1, and D = a2 + 4b is the discriminant.
We distinguish the Lucas sequences u(a, b) and v(a,b) with initial terms ug = 0, u1 = 1, and
vo = 2, v1 = a, respectively. Let p be a prime. Given the recurrence w(a,b), let 6., (p), called
the defect of w(a,b) modulo p, denote the number of residues not appearing in (w) modulo
p. It is known that for the recurrence w(a, 1), d,,(p) > 1if p > 7 and pt D. Given the fixed
recurrence w(a, 1), where w(a,1) = u(a,1) or v(a,1), we will show that lim,_ e dw(p) = oo.
Further, given the arbitrary recurrence w(a, —1), we will demonstrate that limp_, o 0w (p) = 00
and limy 00 0w (p)/p > 3. We will also prove that for the arbitrary recurrence w(a,=1), we
have that lim sup,,_, 6w (p)/p = 1.

1. INTRODUCTION

Given the set J of integers and a modulus p, where p is a prime, we say that J forms a
complete residue system modulo p if for all 4 € {0,1,...,p — 1} there exists j € J such that
j =i (mod p). Further, J forms a reduced residue system modulo p if for alli € {1,...,p—1}
there exists j € J such that j =4 (mod p). Sets that do not form a complete residue system
modulo p are called p-defective. The p-defect of the set J, denoted by 0;(p) = d(p), is the
number of distinct residues modulo p not appearing in J modulo p.

In this paper, we will be concerned with the situation in which the sets J are certain second-
order linear recurrence sequences. In many of these cases, we will show that lim, ,~ 0, (p) =
oo. Throughout this paper, p will denote a prime and ¢ will specify an element from {—1,1}.

Let F(a,b) denote the set of all recurrences (w) = w(a, b) satisfying the recursion relation

Wpt2 = QWp+1 + bwy, (1.1)

where the parameters a and b and the initial terms wg and w; are all integers. The recurrence
w(a,b) is said to be trivial if wy = w; = 0. We distinguish two special recurrences in F(a,b),
the Lucas sequence of the first kind (LSFK) u(a, b) and the Lucas sequence of the second kind
(LSSK) v(a,b) with initial terms ug = 0, u; = 1 and vyg = 2, v; = a, respectively. We will be
particularly interested in the case in which b = +1. Associated with the recurrence w(a,b) is
the characteristic polynomial

f(x) =2 —ax b (1.2)

with characteristic roots a and 3 and discriminant D = (o — 3)? = a? + 4b. By the Binet
formulas,

am — IBTL " .
Up = ————, vVp=0a"+8"if D#Q, (1.3)
a—p
and
Uy = na™ "t v, =2a" if D =0. (1.4)
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It was shown in [7, pp. 344-345] that w(a, b) is purely periodic modulo p if p  b. From here
on, we assume that p {1 b. In particular, we assume that b = —af # 0.

The period of w(a,b) modulo p, denoted by A = A, (p), is the least positive integer m such
that wy4m = wy, (mod p) for all n > 0. The restricted period of w(a,b) modulo p, denoted
by h = hy(p), is the least positive integer r such that w4, = Mw, (mod p) for some fixed
nonzero residue M modulo p. Here, M = M, (p) is called the multiplier of w(a,b) modulo p.
It is seen that if h = hy(p), then

Wy hi = M'w, (mod p) (1.5)

for all n > 0. Because the LSFK wu(a,b) is purely periodic modulo p and has initial terms
ug = 0, up = 1, it follows that h,(p) is the least positive integer r such that u, =0 (mod p).
It is proved in [7, pp. 354-355] that h,(p) | Aw(p). Let

Aw(Pp)
haw(p)

Then by [7, pp. 354-355], E,(p) is the multiplicative order of M, (p) modulo p. Given the
consecutive terms wy,, wyp4+1 of w(a,b), the preceding term

E= Ew(p) =

Wpt1 — QW
b
is uniquely determined. Thus, we will treat {w,}5 _ . as a doubly infinite sequence. Note
that when b = £1, each term of {w, }72 _ is an integer.
Given the residue 0 < d < p —1, we let Ay (d) denote the number of times that d appears
in a shortest period of (w) modulo p. We let

Ny(p)=#{d | 0<d<p—-1, Ay(d) > 0}.

Wn—1 =

Then
duw(p) =p — Nu(p). (1.6)
It is clear that
Nw(p) < )\w(p)- (1.7)
It follows from (1.7) that if A(p) < p, then
dw(p) =p = Nuw(p) = p — Au(p)- (1.8)

The recurrence w(a,b) with characteristic roots « and [ is called degenerate if aff = 0
or a/f3 is a root of unity. Given the LSFK w(a,b), it follows from the Binet formulas (1.3)
and (1.4) that u, = 0 for n > 0 only if u(a,b) is degenerate. Theorem 1.1 characterizes the
degenerate recurrences w(a, b) when b = +£1.

Theorem 1.1. Consider the recurrence w(a,b) with discriminant D and characteristic roots
a and B, where b = *1.
(i) w(a,b) is degenerate if and only if (a,b) = (0,1), (0,—1), (1,-1), (—-1,-1), (2,-1),
or (—=2,-1).

(ii) If (a,b) = (0,1), then wa, = wp, wap+1 = wy for n > 0.

(iii) If (a,b) = (0,—1), then w4y = Wo, Wipt1 = Wi, Whpt2 = —Wo, Wints = —wy for
n > 0.

(iv) If (a,b) = (1, 1), then wen = wo, Wen+1 = W1, Wen+2 = W1 — W, Went+3 = —Wo,
Wen 4 = —W1, Wents = —w1 +wo for n > 0.

(v) If (a,b) = (=1, =1), then w3, = wo, Wap+1 = W1, Want2 = —w1 — wo for n > 0.

(vi) If (a,b) = (2,—-1), thena =5 =1, D =0, and w, = nw; — (n — 1)wy forn > 0.
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(vii) If (a,b) = (—2,—1), then a = —1, D =0, and w, = n(—=1)""1w; — (n — 1)(=1)"wy
forn > 0.

Proof. Part (i) follows from [27, p. 613]. Parts (ii)—(vii) follow by induction. O

Corollary 1.2. Consider the nontrivial recurrence w(a,+1) with discriminant D and char-
acteristic roots o and f3.
(i) w(a, 1) is nondegenerate if and only if |a| > 1.
(ii) w(a,—1) is nondegenerate if and only if |a| > 3.
(iii) If w(a,+x1) is nondegenerate, then D > 0, D is not a square, and o and 3 are real and
irrational.

Proof. Parts (i) and (ii) follow from Theorem 1.1. Part (iii) follows from parts (i) and (ii) and
that the parameter b = +1. O

We now define equivalence relations on F(a,b) and F(a,b) modulo p, respectively, where p
is a fixed prime. The recurrences w(a,b) and w'(a,b) are said to be equivalent if there exist
nonzero integers ¢ and m and fixed integer s such that fw, = mwj,, for all nonnegative
integers n.

Let p be a fixed prime and let w(a,b) and w'(a,b) be recurrences. We say that w’(a,b) is
p-equivalent to w(a,b) if there exist a fixed integer s and nonzero residue g modulo p such
that w], = gw,+s (mod p) for all n > 0.

It is evident that the following proposition holds.

Proposition 1.3. Let w(a,b) and w'(a,b) be p-equivalent recurrences. Then,
hw (p) = hw(p),  Aw(p) = Aw(p),  Ew(p) = Euw(p),
My (p) = My(p) (mod p), Nu(p) = Nuw(p), and 0w (p) = bu(p)-
Suppose that w(a,b) is nontrivial modulo p and w'(a,b) is equivalent to w(a,b). It is
evident that w'(a,b) is trivial modulo p or w'(a,b) is p-equivalent to w(a,b). Noting that

dw (p) = p — 1 if w'(a,b) is trivial modulo p, we see by Proposition 1.3 that the following
proposition is satisfied.

Proposition 1.4. Suppose that w(a,b) is nontrivial modulo p and w'(a,b) is equivalent to
w(a,b). Then,

du (P) = 0w (p).-
Remark 1.5. Given the recurrence w(a,b), our main results will be concerned with lower
bounds for d,,(p). Thus, by Proposition 1.4, in obtaining nontrivial lower bounds for d,,(p), we
also get nontrivial lower bounds for d,,(p) whenever w’(a,b) is equivalent to w(a,b). Hence,

for example, if w'(a,b) is equivalent to u(a,b), we need only find nontrivial lower bounds for
du(p) to obtain nontrivial lower bounds for &, (p).

A recurrence w(a, b) is called regular modulo p, or p-regular for short, if
A(w) = w? — wows = w} — wo(aw; + bwp) = wi — awew; — bwa #0 (mod p). (1.9)

Otherwise, w(a,b) is called p-irreqular. It is easy to see that w(a,b) is p-irregular if and only
if it satisfies a recursion relation modulo p of order less than two.

Remark 1.6. We observe by (1.9) that A(w) = 0 if and only if

+ Va2t b
wy = wo%, (1.10)
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which occurs if and only if wo = 0, in which case w(a, b) is trivial, or D = a® + 4b is a perfect
square. In these cases, w1 = woa or wy = wp3, where o and (8 are the characteristic roots of
w(a,b) and are both integers. We note that o = —b # 0.

Lemma 1.7. Consider the set F(a,b) of recurrences w(a,b) with characteristic roots o and
B. Suppose that w(a,b) is p-irregular. Then o and [ are in the field Z, of integers modulo
p, and the Legendre symbol (D/p) = 0 or 1. Let ordym denote the multiplicative order of m
modulo p. Then the following holds:

(i) Aw(0) > 1 if and only if wo = 0 (mod p). In this case, (w) is the trivial recurrence
modulo p and w, =0 (mod p) for all n.

(i1) Suppose that wy # 0 (mod p). Then, either w, = a"wy (mod p) or w, = ["wy
(mod p) for all n > 0. Additionally, hy,(p) =1, Ny(p) = A\yw(p), where Ay (p) = ord,o
or Ay(p) = ord, B3, and 6,(p) = p — Aw(p).

This is proved in [5, pp. 694-695].

Lemma 1.8. Suppose that w(a,b) and w'(a,b) are both p-regular. Then hy(p) = hy (p),
My (p) = My (p) (mod p), Auw(p) = Aw(p), and Ey(p) = Euw (p)-

This follows from the discussion in [5, p. 695].

Lemma 1.9. Let p be a prime and let w(a,b) and w'(a,b) be recurrences. Then, w'(a,b) is
p-regular if and only if w(a,b) is p-regular.

This follows from the discussion in [5, p. 694].

Theorem 1.10. Let w(a,b) be a p-reqular recurrence with discriminant D such that p | D.
Then, 6,(p) = 0.

This is proved in [4] and [28].

Remark 1.11. Consider the nondegenerate recurrence w(a,£1) with discriminant D. Our
main result will show in many cases that lim, . d,(p) = oo.

Suppose that wg # 0 (mod p), w(a,£1) is p-irregular, and ord,w;/wo = p — 1. Then by
Lemma 1.7, d,,(p) = 1. Furthermore, by Theorem 1.10, if p | D and w(a, £1) is p-regular, then
dw(p) = 0. However, by Corollary 1.2 and Remark 1.6, D - A(w) # 0. Thus, D - A(w) =0
(mod p) for only finitely many primes p. Hence, we can assume that p { D-A(w) in establishing
that

lim d,,(p) = oc.
pP—00

Shah [14] proved that for the Fibonacci sequence { F,,} = u(1,1), d(p) > 1if p = £1 (mod 10)
or p = 13 or 17 (mod 20). Bruckner [3] proved the remaining cases that 6(p) > 1 for {F,}
if p> 7 with p =3 or 7 (mod 20). Somer [16] partially generalized the results of Shah and
Bruckner by showing for the recurrence w(a, 1) that 6,(p) > 1if p > 7, pt D = a® + 4, and
p # 1 or9 (mod 20). Schinzel [13] completely generalized the results of Shah and Bruckner
by proving that for the recurrence w(a,1), d,(p) > 1if pt a®> +4 and p > 7. Li [12] also
obtained Schinzel’s results by extending the methods of Somer [16]. Somer [16] also proved
that for the recurrence w(a, —1), d,(p) > 1if p > 5 and p{ D = a? — 4. In Section 2, we will
considerably extend these results by showing for the Lucas sequences u(a,+1) and v(a, £1),
limy, o0 0y (p) = 00. Further results along these lines will also be presented in Section 2.
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2. MAIN RESULTS

Theorem 2.1. Let w(a,b) with discriminant D be trivial or a degenerate recurrence for which
D #0 and b = +£1. Then, either wp = w; =0 or (a,b) = (0,1), (0,—-1), (1,—1), or (—1,—1).
Then, limy_;o 6, (p) = 00 and
i 22 @)
im ——=

p—0o0 p

=1.
Moreover, the following hold:
(i) If w(a,=+1) is trivial, then 0, (p) =p — 1 for all p.
(ii) If (a,b) = (0,1), then p —2 < 0y(p) < p—1 for p>3.
(iii) If (a,b) = (0,—1), then 6y (p) > p—4 forp > 5.
(iv) If (a,b) = (1,—1), then 6y(p) > p—6 forp >T7.
(v) If (a,b) = (—1,—1), then 0, (p) > p—3 forp > 5.

This follows from Theorem 1.1 (i)—(v).

Theorem 2.2. Let w(a,b) be a nontrivial and degenerate recurrence with discriminant D = 0
and characteristic roots a and (3, where b = +1. Then, either (a,b) = (2,—1) and a = =1
or (a,b) = (=2,—1) and a = f = —1.
(i) Suppose that (a,b) = (2,—1) and a = = 1.
(a) If wo = wr, then lim,_ o 6,(p) =
dw(p) =p—1 for all p.
(b) If wo # w1, then o,(p) = 0 for all p such that p 4 w1 — wy. In particular,
limy, 00 0y (p) = limpy—so0 84y (p)/p = 0.
(ii) Suppose that (a,b) = (-2,—-1) and o = f = —1.
(a) If wo = —w1, then limy, o 0y (p) = 00 and limy, o0 6,(p)/p = 1. Moreover,
dw(p) =p—2 forp > 3.
(b) If wy # —wsy, then §,(p) = 0 for all p such that p { wy + wy. In particular,
limy, 00 0 (p) = limpy—oo 5(p)/p =0.

Proof. This follows from Theorem 1.1 (vi) and (vii) and Theorem 1.10. O

oo and limy, o 0 (p)/p = 1. Moreover,

Theorem 2.3. Let w(a,—1) be a nontrivial and nondegenerate recurrence with discriminant
D and characteristic roots a and 3, where |o| > |B|. Then, a and B are real, |a] > 1, and
B=at Let0<e<0.4 ands=168/172. Let n; = %e2/(53).

(i) limp o0 0uw(p) = 00 and lim inf,0odu(p)/p > 5. Moreover, if p t D - A(w), then
Ouw(p) = (p—=3)/2 forp = 5.

(ii) lim sup, ,..0w(p)/p = 1. Moreover, there exists a prime p' < ||a|™ /v/D] such that
dw(@)/p 21—

Theorem 2.4. Let w(a,1) be a nontrivial and nondegenerate recurrence with discriminant
D and characteristic roots o and 3. Then, a and B are real, |o| > 1, and B = —a~'. Let
0< e <04 and r =22067/22071. Let ny = Le¥/(7).

(i) Let Ay ={p | p=3 (mod 4) or p=1 (mod 4) and (D/p) = —1}. Then,
li dw(p) = o0.
peAll,nz}Hoo (p) >
(ii) Let Ay = {p|p = 3 (mod 4) and (D/p) = 1}, where (D/p) denotes the Legendre
symbol and (D/p) =0 if p| D. Then,

lim inf & >
A inf w(p)/p >

ool w
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Moreover, if p1 A(w), then

3p—1
8 )

W3 ifp=7 (mod 8)

if p=3 (mod 8);
ouw(p) =

forp>3 and p € As.
(iii) Let A3 = {p | p =3 (mod 4) and (D/p) = —1}. Then, lim inf,c 4, p—o0du(p)/p >
Moreover,

W=

P30 if p=3 (mod 8);
Sulp) = 4 *
L ifp=7 (mod 8)
forp>3 and p € As.
(iv) Let Ay = {p|p =1 (mod 4) and (D/p) = —1}. Let C be a positive integer. Then,
dw(p) > C forpe Ay if

p>22L%J+3<L¥J+1>—3 and ptA(w).

(v) Let As ={p|p=1 (mod4) and (D/p) =1}. If p € A5, p > 13, and p t A(w), then
0w (p) = 5.
(vi) limsup,_,6w(p)/p = 1. Moreover, there exists a prime

[

Theorem 2.5. Let w(a, 1) be a nontrivial and nondegenerate recurrence with discriminant D
such that w(a, 1) is equivalent to u(a,1) or v(a,1).
(1) limp_00 6 (p) = 00.
(ii) Let As = {p|p =1 (mod 4) and (D/p) = 1}. Then, lim infpec 45, p—socduw(p)/p >
Moreover, if pt A(w), then

such that 6,,(p")/p" > 1 —e.

DO

el if p=1 (mod 8);
Sulp) 2 § e
p3 ifp=5 (mod 8)

forp>13 and p € As.

3. PRELIMINARIES

In this section, we present some results and definitions that will be needed for the proofs of
the main results in Section 6.

Theorem 3.1. Let p be a fized odd prime. Consider the p-regular recurrence w(a,b) with
discriminant D and characteristic roots o and . Let h = hy(p) and A = A\y(p). Let P be a
prime ideal in Q(v/D) dividing p. If (D/p) = 1, we will identify P with p.
(i) h|p—(D/p).

(ii) If (D/p) =0, then h = p.

(iii) If pt D, then h | (p — (D/p))/2 if and only if (—b/p) = 1.

(iv) If w(a,b) = u(a,b), then u, =0 (mod p) if and only if h | n.
(v) If (D/p) =1, then A\ | p— 1.
(vi) A is the least common multiple of the multiplicative orders of o and 8 modulo P.
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(vii) Ay (0) > 1 if and only if w(a,b) is p-equivalent to u(a,b).

Proof. Parts (i)—(v) are proven in Theorem 3.15 of [25]. Part (vi) is proved in Theorem 6 of
[15]. Part (vii) is proved in Lemma 2.4 of [23]. O

Theorem 3.2. Let w(a, 1) be a p-regular recurrence with discriminant D. Then,

() Bulp) € {1, 2, 4}.
(ii) Ew(p) = 1 if and only if hy(p) = 2 (mod 4). Moreover, if Ey(p) = 1, then (D/p) = 1.
(iii) Ey(p) = 2 if and only if hy(p) = 0 (mod 4). Moreover, if Ey(p) = 2, then (D/p) =
(=1/p).
(iv) Ew(p) =4 if and only if hy(p) is odd. Moreover, if Ey(p) =4, then p =1 (mod 4).
v) If p=3 (mod 4) and (D/p) =1, then hy(p) =2 (mod 4) and E,(p) = 1.
(vi) pr =3 (mod 4) and (D/p) = 71 then hy(p) =0 (mod 4) and Ey(p) = 2.
(vii) If p=1 (mod 4) and (D/p) = 71, then hy(p) is odd and Ey(p) = 4.

(viii) If (D/p) = —1, then hy(p) | 2(p + 1).
This is proved in Theorem 3.16 of [25].

Theorem 3.3. Let w(a,-1) be a p-reqular recurrence with discriminant D. Then,
() Bulp) € {1, 2.
(ii) Suppose that hy(p) is odd. Then, E,(p) € {1, 2}. If E,(p) = 1, then Ay (p) is odd. If
E,(p) =2, then A\y(p) =2 (mod 4).
(i) Suppose that hy(p) is even. Then, Ey(p) =2 and Ay(p) =0 (mod 4).
(iv) If pt D, then hy(p) | (p — (D/p))/2 and Aw(p) | p — (D/p).

This is proved in Theorem 3.17 of [25].

Theorem 3.4. Let w(a,b) be a p-reqular recurrence, and let w'(a,b) be another recurrence.
Then,

Aw () | A (p)- (3.1)
Proof. If w'(a, b) is trivial modulo p, then (3.1) is clearly satisfied. The result now follows from
Theorem 3.1 (vi), Lemma 1.7, and Lemma 1.8. O

Suppose that p is an odd prime for which h,(a,b) is even and (—b/p) = 1. In this case, we
specify a third recurrence t(a,b) in the set F(a,b), in addition to the recurrences u(a,b) and
v(a, b), with initial terms to = 1 and t; = V', where (b')?> = —b (mod p) and 1 < ¥ < (p—1)/2.
We note that if in place of ¥, in the definition of ¢(a,b), we use the square root b” of —b
modulo p satisfying (p — 1)/2 < b’ < p — 1, then by [20, pp. 534-535], the resulting sequence
is p-equivalent to t(a,b).

Lemma 3.5. Let p be an odd prime. Consider the recurrences u(a,b), v(a,b), and t(a,b)
modulo p with discriminant D.

(i) u(a,b) is p-reqular for all p.
(ii) v(a,b) is p-regular if and only if p1 D.
(iii) t(a,b) is p-regular when it is defined.

£(
Proof. (i) We note that
Au) = uf —ugug =12 —0-a = 1,
and u(a, b) is p-regular for all p odd.
(ii) We observe that

A(v) = U% — VU2 = a® — 2((12 +2b) = —a? —4b = -D,
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and v(a,b) is p-regular if and only if p 1 D.
(iii) This follows from [23, p. 7]. O
Lemma 3.6. Let p be an odd prime. Consider the recurrences u(a,1), v(a,1), and t(a,1)

modulo p with discriminant D, where p + D. Then, u(a,1), v(a,1), and t(a,1) are all p-
reqular. Let h = hy(p) = hy(p) = he(p) and M = M, (p) = My,(p) = My(p) modulo p.

(i) Unin = (—=1)"" My, (mod p) for 0 < n < hi.
(i) vhi—n = (=1)"M,, (mod p) for 0 < n < hi.
(iii) wnign = (=1t upi_y, (mod p) for 0 < n < hi.
(iv) Vhivn = (=1)"vpi—pn (mod p) for 0 < n < hi.

(V) the1—n = (=1)"V'Mt, (mod p) for 0 <n < h+1.

Proof. Parts (i), (ii), and (v) follow from Lemma 5 of [20] and can be established by induction.
Parts (iii) and (iv) follow from Lemmas 2.6 (ii) and 2.7 (ii) of [12]. O
Lemma 3.7. Let w(a,1) = u(a,1) orv(a,1). Let p be an odd prime, and let h = h,(p). Let
n and c¢ be integers such that 0 <n < n+c < h and wpWp1cWh—pWh—n—c Z 0 (mod p). Then,

Wnte Whon — (1) (mod p).
Wy Wh—n—c

Proof. This follows from Theorem 3.6 (i) and (ii). O

Lemma 3.8. Let w(a,b) be a p-reqular recurrence with restricted period h modulo p. Let ¢ be
a fixed integer such that 1 <c < h—1. Let

R, .= Yntc (mod p),
Wn,

where we let Ry, . = oo (mod p) if w, =0 (mod p). Then, the ratios R, . are distinct modulo
p for 0 <r < h—1. Moreover, Ry = Ry (mod p) for all n.

This is proved in Lemma 2 of [20].

Lemma 3.9. Let w(a,b) and w'(a,b) be p-reqular recurrences. Then, h = hy(p) = hy (D).
Let ¢ be an integer such that 1 < ¢ < h —1. If w(a,b) and w'(a,b) are p-equivalent, then the

sets ,
e g (e
w; Ji=0 w; Ji=0
are identical modulo p. If w'(a,b) is not p-equivalent to w(a,b), then the sets

Ws h—1 w' h—1
Pt md {50
w; Ji=0 w; Ji=0

/
(2

are disjoint modulo p.
This is proved in Lemma 3 of [20].

Lemma 3.10. Suppose that the recurrence t(a,1) is defined modulo p. Then, p =1 (mod 4)
and (D/p) = 1.

Proof. By the definition of ¢(a,1), we have (—1/p) = 1. Then, p = 1 (mod 4). Moreover,
by Theorem 3.1 (iii), ht(p) | (p — (D/p))/2. Because h.(p) is even by definition, we see that
(D/p) = 1. 0
Lemma 3.11. Consider the recurrences u(a, 1), v(a,1), and t(a,1) with discriminant D. Let
p be an odd prime such that p ¥ D. Then, u(a,b), v(a,b), and t(a,b) are all p-reqular and

h = hy(p) = ho(p) = he(p).
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(i) u(a,b) and v(a,b) are p-equivalent if and only if h is even.
(ii) t(a,b) is not p-equivalent to u(a,b) or v(a,b).

Proof. Part (i) is proved in Lemma 2 (i) of [21], whereas part (ii) is proved in Lemma 6 (vi)
of [20]. O

Lemma 3.12. Let p be an odd prime. Let u(a,b) be a LSFK with discriminant D such that
p1 D and restricted period h = hy(p). Then, h | p — (D/p). Let
. p=(D/p)
(i) There exist exactly i(p) p-equivalence classes of p-reqular recurrences in F(a,b).
(ii) Suppose that i(p) =1 and w(a,b) is p-reqular. Then, w(a,b) is p-equivalent to u(a,b).
(iii) Suppose that i(p) =2 and w(a,b) is p-reqular. Then, A (0) > 1 if and only if

(AU~ 1.

p

(iv) Suppose that i(p) =2 and h is odd. If w(a,b) is p-reqular, then w(a,b) is p-equivalent
to u(a,1) orv(a,l).

(v) Suppose that i(p) = 2, p = 1 (mod 4), and h is even. If w(a,b) is p-regular, then
w(a, b) is p-equivalent to u(a,b) or t(a,b).

(vi) If w(a,b) is p-reqular and w(a,b) is not p-equivalent to u(a,b), v(a,b), or t(a,b), then
i(p) = 3 and hy(p) < (p = (D/p))/3.

Proof. Part (i) is proved in Theorem 2.14 of [5], Parts (ii), (iv), and (v) follow from (i) of this
lemma and from Lemma 3.11. Part (iii) follows from Theorem 1.4 of [23]. Part (vi) follows
from parts (ii), (iv), and (v).

Lemma 3.13. Let p = 1 (mod 4) be a prime. Consider the Lucas sequences u(a,1) and
v(a, 1) with discriminant D such that (D/p) = —1. Then, u(a,1) and v(a,1) are p-regular,
and h = hy(p) = hy(p). Suppose that h = (p+1)/2. Then, the set {wu; ", }1=) U {vo; Y Yo,
form a reduced residue system modulo p.

Proof. Because pt D and h is odd, we see that u(a,1) and v(a, 1) are p-regular, v(a,1) is not
p-equivalent to u(a,1), and A,(0) = 0. Moreover, by Theorem 3.1 (iv), u; # 0 (mod p) for
1 <i < h—1. By Lemma 3.9 and inspection, the sets {u;u; "Y'=} and {v;v; !} are disjoint
modulo p and together, contain p — 1 elements. The result now follows. O

Lemma 3.14. Let w(a,1) = u(a,1) or v(a,1). Let p = 1 (mod 4) be a prime such that
(D/p) = —=1. Then, h = hy(p) = 1 (mod 2). Moreover, w, # Fwpi2. (mod p) for any
integer n and ¢ such that 0 <n <n+ 2c < h.

This follows from Lemma 7 (ii) of [16], in the case in which w(a,1) = u(a,1) and from
Lemma 7 of [21], in the case in which w(a, 1) = v(a, 1).

Lemma 3.15. Let w(a,1) = u(a,1) or v(a,1). Let p = 1 (mod 4) be a prime such that
(D/p) = —1. Then, there do not exist three integers i, j, and k such that 0 <i < j <k < h,
w; = +w; (mod p), and w, = fw; (mod p).

Proof. Suppose that w; = +w; (mod p) and wy, = +w; (mod p), where 0 < i < j < k < h.
Then by Lemma 3.14, j —i =1 (mod 2) and k —j = 1 (mod 2). Hence, £k —i =0 (mod 2),
which contradicts Lemma 3.14. O
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Lemma 3.16. Let w(a,b) be a p-reqular recurrence. Let M = M,,(p) (mod p), E = E,(p),
h = hy(p), and A = A\y(p).
(i) If w(a,b) is p-equivalent to u(a,b), then Ny,(p) = 1 (mod E) and é,(p) = p — 1
(mod FE).
(ii) If w(a,b) is not p-equivalent to wu(a,b), then Ny(p) = 0 (mod E) and d,(p) = p
(mod FE).

Proof. We observe that £ = ord,M and A\ = Eh. Consider the term w,, where w, # 0
(mod p) and 0 < n < A—1= Eh—1. By (1.5), wyyn; = Mw, fori =0,1,..., E—1. We also
observe that if n + hi > A = Eh, then w,1p;—x = w, (mod p), where 0 <n+hi — X < A —1.
Noting that A,,(0) > 1 if and only if w(a,b) is p-equivalent to u(a,b), we see that N, (p) =1
(mod FE), if w(a,b) is p-equivalent to u(a,b) and N, (p) = 0 (mod E), if w(a,bd) is not p-
equivalent to wu(a,b). The consequences for &, (p) modulo E now follow upon noting that
w(p) = p — Nu(p). 0

Theorem 3.17. Let p > 5, and let w(a,1) be a p-reqular recurrence such that (D/p) = 1
and w(a, 1) is not p-equivalent to u(a,1). Then, A\y(p) | p — 1 and A,(0) = 0. Furthermore,
{wo, w1, ..., wxr_1} does not form a reduced residue system modulo p. In particular, Ny, (p) <
p—1 and é,(p) > 2.

This follows from Proposition 4.2 of [12]. A proof of Theorem 3.17 is given in the case of
the Fibonacci sequence in Theorem 4.2 of [2].

[
Lemma 3.18. Let p =1 (mod 4). Let w(a,1) be a p-regular recurrence such that w(a,1) is
not p-equivalent to u(a, 1), (D/p) =1, hy(p) = (p — 1)/4, and Ey(p) = 4. Then, §,(p) > 5.

Proof. We observe that A = A\, (p) = 4h = p — 1. It follows, from Theorem 3.17 and Lemma
3.16, that Ny(p) < p — 1 and Ny (p) = 0 (mod 4). Thus, Ny(p) < p — 5, because p = 1
(mod 4). Hence, 0,(p) = p — Nyw(p) > 5. O

Lemma 3.19. Suppose that the recurrence t(a,1) is defined modulo p. Then, p =1 (mod 4)
and (D/p) = 1. Suppose further that E = Ei(p) =2, M = M;(p) (mod p), and h = hy(p) =
(p—1)/2. Then, &(p) =1 (mod 4) and 0;(p) > 5.

Proof. Because t(a, 1) is defined modulo p, it follows, from the definition of ¢(a, 1) and Lemma
3.10, that h is even, (—1/p) = 1, and (D/p) = 1. Thus, p = 1 (mod 4). It follows, from
Lemma 3.11 (ii) and Theorem 3.1 (vii), that A;(0) = 0. Because E = 2, A = 2h = p — 1.
Let 72 = —1 (mod p), where 0 < r < (p — 1)/2. Then, ord,r = 4. We will prove that if
0<n<A—1and 1< j <3, then there exists an integer m such that 0 < m < XA —1 and
tm = r7t, (mod p). It will then follow that N;(p) = 0 (mod 4). Noting that p = 1 (mod 4),
we then see that d;(p) = 1 (mod 4). Because E = 2, we observe that M = —1 (mod p) and
tn+h = —tn (mod p). We now notice that

{to, tl, th, th—i—l} = {1, r, —1, —T‘} (mod p).
Thus, we can assume that n ¢ {0,1,h,h + 1}. Suppose that 2 < n < 1. Then by Lemma 3.6
(v),

thit-n = (=1)"Mrt, = (-1)""" (mod p),

thin = —tn, (mod p), and topy1-—n = —tht1—n (mod p).

Similarly, if h +2 <n <X —1=2h — 1, then top+1_,, = £rt, (mod p), t,—p = —t, (mod p),
and t3pi1-n = —topr1-n (mod p). It now follows that Ny(p) = 0 (mod 4) and d&(p) = 1
(mod 4). By Theorem 3.17, d;(p) > 2. Hence, &:(p) > 5. O
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Lemma 3.20. Let w(a,—1) be a p-regular recurrence that is not p-equivalent to u(a,—1),
v(a,—1), or t(a,—1). Then, Ay(d) <1 for 0 < d < p—1. Moreover, Ny(p) = A\w(p) and
ow(p) =p — Au(p).

This follows from Theorem 2 (i) of [20].

Lemma 3.21. Consider the LSFK u(a,1) and the LSSK v(a, 1) with discriminant D = a®+4.
Let D # 0 and e be a fized positive odd integer. Let {ul,}, {ulr}, {v]}, and {v]} be defined by
UL = Upte — Up, U = Upte + Un, V) = Upte — Upn, and Ul = vpye + Un. Then, {ul,}, {ul'},
{vl,}, and {v'} all satisfy the same second-order recursion relation as u(a,1). Moreover, the
following hold:

(1) U2n = UnUn,

(i) (U;z)2 - Ugm—lulm-l = (=1)"(te—1 + tlet1) = (—1)"ve,
(i) (upp)® = up_qupyq = (=1)" o,

(iv) (v;z)Q - U7/1—1v7/1+1 = (_1)n+1(a2 + 4)ve = (_1)n+1DUe:
(v) (o) = vp_1opgy = (=1)™(a® + 4)ve = (=1)" De.

Proof. Tt is evident that {u) }, {u”}, {v]}, and {v/'} all satisfy the same recursion relation as
u(a, 1). Parts (i)—(v) follow from the Binet formulas given in (1.3). Parts (ii)—(v) also follow
from the results given in [12, pp. 276, 277, and 279].

Lemma 3.22. Consider the LSFK u(a, 1) and the LSSK v(a, 1) with discriminant D = a®+4.
Let p be a prime such that p =1 (mod 4), (D/p) = —1, and h = hy(p) = (p + 1)/2. Then,
u(a,1) and v(a,1) are p-reqular and h = hy(p). Let e be an odd integer such that 1 < e < h.
Let {ul}, {ull}, {v.}, and {v]} be defined as in Lemma 3.21. Let w(a,1) = {ul} or {ull},
and let w'(a,1) = {v},} or {v/'}. Then,

(i) Ay(0) > 1 if and only if (ve/p) =1,

(ii) Aw (0) > 1 if and only if (ve/p) = —1.
Proof. By Lemmas 1.8 and 3.5, u(a,1) and v(a,1) are p-regular. We note, by Theorem 3.1
(vii), that A, (0) > 1 if and only if w(a,1) is trivial modulo p or w(a,1) is p-equivalent to
u(a,1). Similarly, A,/(0) > 1 if and only if (w') is trivial modulo p or (w’) is p-equivalent to
u(a, 1).

(i) Because e < h < A\,(p), we see that (w) and (w’) are nontrivial modulo p. By Lemma

3.12 (iii) and Lemma 3.21 (ii) and (iii), it follows that

(57) =t o= () (5)

Because p =1 (mod 4) and thus, (—1/p) = 1, we observe that (i) holds.
(i) Similar to the proof of part (i), we see that

A(u/)) N2 ;. <i1)<a2+4> (ve)

—) = (w})" —wywh = ( — —).

(5,7) = ) —whut = (“5) (=) (

Because ((a®? +4)/p) = —1, it follows that part (ii) also holds. O

Lemma 3.23. Let u(a,—1) be a nondegenerate LSFK with discriminant D = a® — 4 and
characteristic roots a and B, where |a| > |B|. Then,

und = [ 155 (32)

Proof. Because u(a, —1) is nondegenerate, |a| > 5, D > 0, a and 3 are real, « > 1, = 1/q,
and |B] < 1, It now follows, from the Binet formula (1.3), that (3.2) holds. O
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Lemma 3.24. Let u(a, 1) be a nondegenerate LSFK with discriminant D = a® + 4 and char-
acteristic roots a and 3, where || > |B]. Then,

ual =[] < ] 41 (33)
Up| = | —= u . .
n \/5 — n

Proof. Since u(a,1) is nondegenerate, |a| > 1, D > 0, « and f are real, |a] > 1, f = —1/a,
and |3] < 1. We now see, by the Binet formula (1.3), that (3.3) holds. O

Lemma 3.25. Consider the LSFK u(a,b) with discriminant D > 0, where a # 0. Then, |uy)|
is strictly increasing for n > 2.

This is proved in Lemma 3 of [9].

Lemma 3.26. Let w(a,1) = u(a,1) or v(a,1). Let p = 1 (mod 4) be a prime such that
(D/p) = =1 and h = hy(p) = (p +1)/2. Then, E = E,(p) = 4. Let A = A\y(p) and
M = My (p). Let A denote the number of positive odd integers e < h for which there exists an
integer n such that 0 <n <n-+e < h and wyy. = tw, (mod p). Then,

Nu(p) =2(h—1—2A)+1=p— 44, §,(p) = 44, (3.4)

whereas

Ny(p) =2(h+1—-2A)=p+3—4A, bu.(p)=4A-3. (3.5)

Proof. Because h = (p + 1)/2 is odd, it follows, from Theorem 3.1 (vii) and Lemma 3.11 (i),
that v(a,1) is not p-equivalent to u(a,1) and thus, 4,(0) = 0. We also see, by Theorems 3.1
(iv) and 3.2 (iv), that £ = 4 and u, = 0 (mod p) if and only if h | n. Thus, we cannot have
that ue = +ug or up, = tup_e (mod p) for any positive integer e < h. We also note, by Lemma
3.14, that if 0 < n < n+ ¢ < h and w4+, = tw, (mod p), then ¢ is odd. Furthermore, by
Lemma 3.6 (iii) and (iv), if 0 < n < A = 4h, then there exists an integer ¢ such that 0 <i < h
and w; = +w, (mod p). Because E = 4, M? = —1 (mod p), and w, 2, = —w, (mod p) for
all n. Moreover, by Lemmas 3.7 and 3.8, given a fixed positive integer e < h for which there
exists an integer ¢ € {0,1,...,h — e} such that

Wi+e

=¢ (mod p);
” (mod p);
there also exists exactly one integer j € {0,1,...,h — e} such that
Wite _ _, (mod p).
W

In particular, j = h — i — e. Additionally, by Lemma 3.15, given an integer ¢ € {0,1,...,h},
there exists at most one integer j # i such that 0 < j < h and w; = tw; (mod p). It now
follows, from our above discussion, that (3.4) and (3.5) both hold. O

Lemma 3.27. Let w(a,1) = u(a,1) or v(a,1). Let p = 1 (mod 4) be a prime such that
(D/p) = =1 and h = hy(p) = (p+1)/2 is odd. Let Gy denote the number of positive odd
integers e < h such that (ve/p) = 1, and let Gy denote the number of positive odd integers
e < h such that (ve/p) = —1. Then,

5u(p) = 2G1> (36)

whereas

5v(p):{2G2—3, if p=1 (mod 8); (3.7)

2Go—1, ifp=5 (mod8).
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Proof. Let B denote the number of positive odd integers e less than h for which there exists
an integer n such that 0 <n < h — 1 and wyp4 = tw, (mod p). Then by Lemma 3.22,

p{G ) e o
Let A be defined as in Lemma 3.26. We will show that
g, if w(a,1) =u(a,l);
A=<¢E  ifw(a1)=v(a1)andp=1 (mod 8); (3.9)
B

B if w(a,1) =v(a,1) and p=5 (mod 8).

It will then follow, from (3.8), (3.9), (3.4), and (3.5), that (3.6) and (3.7) both hold.
Let e < h be a fixed positive odd integer. First, suppose that 0 <n<h<n+e=h+r
and wy4e = Twy, (mod p), where r > 1. Then by Lemma 3.6 (iii) and (iv),

Wy = TWpte = Whayr = Twp—  (mod p),
where 3 < h—r < h—1, because 1 < e < h — 2. We shall find an integer i # n such that
0<i<h-—1, wj=4w, (modp) and |[n —i| =e; =1 (mod 2), and 1 < e; < e. We observe
that (h+7)—(h—7) =2r. Thus, h—r Zn (mod 2), since h+r—n =e =1 (mod 2). Hence,
In—(h—7)|=e1 =1 (mod 2).
Now, suppose that h > h —r > n. Then,
e—er=(h+r—n)—(h—r—n)=2r>0.
Next, suppose that h > n > h —r. Then,
e—e;=2h—n) >0

and again e > ej.

We next suppose that n is the largest integer such that 1 < n—e < n < h—1 and
wy, = Twp—e (mod p). By a similar argument to that given above, we can find an integer ¢
and an odd integer eg such that 1 <i<h—1,1<e< ey < h,i+ey > h, w; = tw, (mod p),
and Wjte, = Tw; (mod p).

We now treat the final case in which n =0 or h, and

wop = ew, (mod p). (3.10)
By Lemma 3.7, (3.10) can occur if and only if
wp = —ewp— (mod p). (3.11)

By the proof of Lemma 3.26, we must then have that wowy, # 0 (mod p) and w(a, 1) = v(a, 1).
We now observe, by Lemmas 3.15 and 3.6 (ii), that

w; = fwp  (mod p) (3.12)
for i € {0,1,...,2h} if and only if i € {0,e,2h — e, 2h}, whereas
w; = twp,  (mod p) (3.13)

fori e {0,1,...,2h} if and only if i € {h — e, h,h + e}.

We note, by Lemma 3.13, that for each positive odd integer e < h, there exists an integer n
such that 0 <n < h—1= (p—1)/2 and either u, . = tu, (mod p) or v, = +v, (mod p).
Let

E=#{e|1<e<h, e=1 (mod2)}.
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By our previous discussion, A = B/2,if E=0 (mod 2) and A= (B+1)/2,if E=1 (mod 2).
We observe that £ = (p — 1)/4. Hence,

5= 0 (mod2), ifp=1 (mod8);
|1 (mod?2), ifp=5 (mod8).

From our argument above, we see that (3.9) holds and the result follows. (]

Lemma 3.28. Let v(a,1) be a LSSK. Let p =1 (mod 4) be a prime such that (D/p) = —1.
Let h = hy(p). Then, (v,/p) = 1.

Proof. By Theorem 3.2 (vii), E = 4. Thus, M = +v/—1 (mod p) and v, = Mvy = 2M
(mod p). By the law of quadratic reciprocity, (2/p) =1, if p=1 (mod 8) and (2/p) = —1, if
p =5 (mod 8). Moreover, (M/p) =1, if p=1 (mod 8) and (M/p) = —1, if p =5 (mod 8).
Thus, (vy/p) = 1. O

Lemma 3.29. Let p; denote the kth prime. Then,
pr > k(lnk+Inlnk — 1) (3.14)
for k > 2.
This is proved in [8].
Corollary 3.30. For k > 2, we have
pr—1>klnk. (3.15)
Proof. By examination, (3.15) holds for 2 < k£ < 17. By Lemma 3.29,
pr—1>klnk+Ek(lnlnk —1) — 1 for k > 2. (3.16)
It suffices to prove that
1nlnk—1—%20f0rk:218. (3.17)

By inspection, (3.17) holds for k& = 18. Clearly, this implies that (3.17) is also satisfied for
k> 18. O

Let w(a,b) be a recurrence. Then p is a primitive prime divisor of wy, if p | w, and p { w;
for any 4 such that 0 <1i < n and w; # 0.

Theorem 3.31. Let u(a,b) be a nondegenerate LSFK for which ged(a,b) = 1 and the char-
acteristic roots o and 3 are real. Then, there exist at most four indices n such that w, has no
primitive prime divisor. Moreover, each of these indices is less than or equal to 12.

This is proved in Theorem XXI of [6].

Theorem 3.32. Let u(a,b) be a nondegenerate LSFK for which ged(a,b) = 1. Then, there
exist at most nine indices n such that u, has no primitive prime divisor. Further, each of
these indices is less than or equal to 30.

This follows from Theorem 1.4 and Tables 1 and 3 of [1].
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4. THE UNBOUNDEDNESS OF (p — (D/p))/h

Consider the nondegenerate LSFK wu(a, b), where gcd(a,b) = 1. Recall, by Theorem 3.1 (i),
that hy(p) | p— (D/p). Theorem 4.1 shows that (p — (D/p))/hyu(p) is unbounded as p grows
arbitrarily large.

Theorem 4.1. Let u(a,b) be a nondegenerate LSFK such that gcd(a,b) = 1. Then,
p—(D/p)

lim sup————~ = ©
p—00 hu(p)

Proof. Let a and B be the characteristic roots of u(a,b). Let

R 4, if a and B are real;
~ 19, if @ and 3 are imaginary.

By Theorems 3.31 and 3.32, there exist at most R indices n for which w, does not have a
primitive prime divisor. Let n > R be an arbitrary integer. It now follows that there are at
least n — R different primes that divide uy for k € {1,...,n}.

Hence, there exists a prime p,, such that hy(p,) < n and m > n — R. By Theorem 3.29,
we see that for every n > R,

pm — (D/p) S P~ 1 S mlnm S (n—R)In(n — R)
h(pm) — h — mn — n

and the theorem follows. O

(4.1)

Vinson [26] proved Theorem 4.1 in the case of the Fibonacci sequence. Our proof is adapted
from his proof. Two further proofs of Theorem 4.1, in the case of the Fibonacci numbers, are
given by [11] and [10].

Theorem 4.2. Let w(a, 1) be a nondegenerate recurrence with characteristic roots o and f3,
where |a| > |B|. Then, a and B are real and

lim sup Lw ()
P—>00 p

Let 0 < e <0.4, and let r = 22067/22071. Let
ny — Few(w)]

Then, there exists a prime p' such that

=1 (4.2)

<[

and
5“’75?’,) >1—ec. (4.3)
Proof. By Theorem 4.1, we have that
lim inf "2®) _ (4.4)
p=oo P

We claim that this suffices to establish that (4.2) holds. Because A, (p) < 4hy(p), by The-
orem 3.2 (i) and Ay(p) | Au(p) by Theorem 3.4 and Lemma 3.5 (i), it would then follow
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that liminf, ;oA (p)/p = 0. Noting by (1.8) that d,(p) > p — Aw(p), it then follows that

lim supp—oo0uw(p)/p = 1.
We now find a prime

ni /
p < P%-‘ and %) >1—e.

It suffices to show that

(4.5)

for such a prime p’, because d§,,(p’) = p' — Ny (p') and Ny (p') < A (p') < 4hy(p'). Moreover,
(4.5) holds if and only if

/
P 4
> —. 4.6
= (46)
Let n > 4 be an arbitrary integer. We note that hy,(p') | hy(p") by Theorem 3.4. We now see,
by (4.1) in the proof of Theorem 4.1, that there exists m > n — 4 such that h,(p,) < n and

Pm_ o Pm_ Pm—1_ (n—4)In(n—4)
hw(pm) o hu(pm) o hu(pm) - n
We wish to find n such that

(4.7)

(n—4)In(n —4)

4
0.4

v

=10. (4.8)

4
>
T €

We also observe that if n = ny, then

ny = {164/(570-‘ > [164/(0‘47~)-‘ _ Few/r-‘ _ 99071,
T r r
We will show that if n = ny, then (4.8) holds. We observe that
ny —4 ny—4 22067 22067
ot = 20
22071 22071

nl) = rln(rny). (4.9)

ni ni

We claim that

o]

rin(rng) > —. (4.10)
We note that (4.10) holds if and only if
eln(rnl) =rng > e4/(ar)’

which is satisfied by the definition of n.
By (4.7), there exists m > n; — 4 such that hy(pm) = s < n; and
Pm__ o Pm (n1 —4)In(ny —4)

hw(Pm) — hu(pm) ny

>

SRS

Then, pp, | us. Because |us| < |up,| by Lemma 3.25, we find, by Lemma 3.24, that

ny

VD

The result follows upon letting p’ = py,. O
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Theorem 4.3. Let w(a, —1) be a nondegenerate recurrence with characteristic roots o and f3,
where |a| > |B|. Then, a and 8 are real and

)
lim sup Sulp) _ L. (4.11)
p—00 p
Let 0 < e <0.4 and let s = 168/172. Let
ny — [162/@5)}'
s
Then, there exists a prime p” such that
no 5 /!
p//g \‘|Oé| J and w(f) 21—8
VD P
Proof. We observe by Theorem 3.3 (i) that A, (p) < 2hy(p). The remainder of the proof is
completely similar to that of Theorem 4.2. O

5. VALUES OF 0, (p) FOR w(a,+1) MODULO p

Theorems 5.1-5.11 will provide lower bounds for d,,(p), given the prime p and the p-regular
sequence w(a, £1). The proof of these theorems make use of results that provide upper bounds
for Ny (p). We note that d,(p) = p — Ny (p). In the statements of Theorems 5.1-5.11, we will
accordingly frequently express d,(p) in the form p — ¢(p), where ¢(p) is an expression for
Ny (p). In Theorems 5.1-5.11, we let h = hy(p), A = Ay(p), M = My(p), E = Ey(p), and the
recurrence w(a, 1) will always be considered to be nondegenerate.

In Theorems 5.1-5.3, we consider the nondegenerate recurrence w(a,—1). We recall that
by Theorem 3.3, £ =1 or 2.

Theorem 5.1. Consider the p-reqular recurrence w(a,—1) such that h is odd, E = 1, and
ptD. Then, h|(p—(D/p))/2.
(1) u(a,—1) is not p-equivalent to v(a, —1). Moreover, if h = (p—(D/p))/2, then w(a,—1)
is p-equivalent to u(a, —1) or v(a,—1).
(ii)) If w(a,—1) is p-equivalent to u(a,—1), then d,,(p) =p—h > (p+ (D/p))/2.
(iii) If w(a,—1) is p-equivalent to v(a,—1), then

_h+l 3p—2+(D/p)

duw(p) = .
p)=p-—5—2 1
(iv) Suppose that w(a,—1) is not p-equivalent to u(a, —1) or v(a,—1). Then,
— (D D
p< 22D ) =p— > 2 D/D)

- 4 - 4 ’
Theorem 5.2. Consider the p-regular recurrence w(a,—1) such that h is odd, E = 2, and
ptD. Then, h|(p—(D/p))/2.
(i) u(a, —1) is not p-equivalent to v(a,—1). Moreover, if h = (p—(D/p))/2, then w(a, —1)
is p-equivalent to u(a, —1) or v(a,—1).
(i1) If w(a,—1) is p-equivalent to u(a, —1), then 6, (p) =p—h > (p+ (D/p))/2.
(iii) If w(a,—1) is p-equivalent to v(a,—1), then

5w(p)=p—(h+1)2p_22(D/p).
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(iv) Suppose that w(a,—1) is not p-equivalent to u(a, —1) or v(a,—1). Then,

p_(f/p) and 6w(p)=p—>\=p—2h2p+(2D/p)-

Theorem 5.3. Consider the p-reqular recurrence w(a,—1) such that h is even and p 1 D.
Then, E=2,h|(p—(D/p))/2, and A = 2h.
(i) v(a,—1) is p-equivalent to u(a, —1) and t(a,—1) is not p-equivalent to u(a,—1). More-
over, if h = (p — (D/p))/2, then w(a,—1) is p-equivalent to u(a,—1) or t(a,—1).
(i1) If w(a,—1) is p-equivalent to u(a, —1), then d,(p) =p—(h+1) > (p—2+ (D/p))/2.
(iii) If w(a,—1) is p-equivalent to t(a,—1), then 6,(p) =p—h > (p+ (D/p))/2.
(iv) Suppose w(a,—1) is not p-equivalent to u(a,—1) or t(a,—1). Then,
< P (D/p) p+(D/p)
- 4 2
Theorems 5.1-5.3 follow from Lemma 3.20, Theorem 7 of [18], Theorems 10-12 of [21], and
Theorem 3.8 (b) of [22].

h <

and dw(p)=p—A=p—2h>

Theorem 5.4. Let p = 3 (mod 4). Consider the p-regular recurrence w(a,1) such that
(D/p)=1. Then, E=1, A\=h, h=2 (mod 4), and h |p—1, but h{ (p —1)/2.
(i) Suppose that h = p — 1. Then w(a,1) is p-equivalent to u(a,1l). Further, 6,(p) =
(Bp—1)/8, if p=3 (mod 8) and d,,(p) = Bp+3)/8, if p="7 (mod 8).
(ii) Suppose that w(a,1) is p-equivalent to u(a,1) and h < p—1. Then, h < (p—1)/3 and
Ouw(p) = p—(3h+2)/4> (3p—1)/4.
(iii) Suppose that w(a,1) is not p-equivalent to u(a,1). Then, h < (p — 1)/3 and d,(p) >
(2p+1)/3.

Part (i) is proved in Theorem 2.7 of [25]. The remainder of Theorem 5.4 follows from (1.8)
and Theorem 6 of [17].

Theorem 5.5. Let p = 3 (mod 4). Consider the p-regular recurrence w(a,1) such that
(D/p)=—1. Then, E=2, A\=2h, h=0 (mod 4), and h |p+ 1, but h{ (p+1)/2.
(i) Suppose that h = p+ 1. Then, w(a,1) is p-equivalent to u(a,1). Moreover, d,(p) =
(p—3)/4, if p=3 (mod 8) and d,(p) = (p—T7)/4, if p="T7 (mod 8).
(ii) Suppose that w(a, 1) is p-equivalent to u(a,1) and h < p+1. Then, h < (p+1)/3 and
ow(p) Zp—(h+1) = (2p—4)/3.
(iii) Suppose that w(a,1) is not p-equivalent to u(a,1). Then, h < (p+ 1)/3 and d,(p) >
p—A=p-—2h=>(p—2)/3.

This follows from (1.8) and Theorem 8 of [17].

In Theorems 5.6-5.8, we consider p-regular recurrences w(a, 1) for which p = 1 (mod 4)
and (D/p) = 1. In this situation, we have that F can be equal 1, 2, or 4 and all possibilities
can occur. We will consider these three cases separately.

Theorem 5.6. Let p = 1 (mod 4). Consider the p-regular recurrence w(a,1) such that
(D/p)=1and E=1. Then, A\=h, h=2 (mod 4), and h | (p —1)/2.
(i) v(a,1) is p-equivalent to u(a,1) and t(a, 1) is not p-equivalent to u(a,1). Moreover, if
h=(p—1)/2, then w(a,1) is p-equivalent to u(a,1) or t(a,1).
(ii) If w(a,1) is p-equivalent to u(a,1), then d,(p) > p— (3h +2)/4 > (5p—1)/8.
(iii) If w(a,1) is p-equivalent to t(a, 1), then d,(p) >p—A> (p+1)/2.
(iv) Suppose that w(a,1) is not p-equivalent to u(a,1) or t(a,1). Then, A < (p—1)/4 and
ow(p) Zp—A=(@Bp+1)/4.
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This follows from (1.8) and Theorem 6 of [17].

Theorem 5.7. Let p = 1 (mod 4). Consider the p-regular recurrence w(a,1) such that
(D/p) =1 and E =2. Then, A\ =2h, h =0 (mod 4), and h | (p — 1)/2.
(i) v(a,1) is p-equivalent to u(a,1) and t(a, 1) is not p-equivalent to u(a,1). Moreover, if
h=(p—1)/2, then w(a,1) is p-equivalent to u(a,1) or t(a,1).
(i1) If w(a,1) is p-equivalent to u(a,1), then d,(p) >p—(h+1) > (p—1)/2.
(iii) If w(a,1) is p-equivalent to t(a,1) and h = (p — 1)/2, then §,(p) > 5.
(iv) Suppose w(a,1) is p-equivalent to t(a,1) and h < (p —1)/2 or that w(a,1) is not p-
equivalent to u(a,1) or t(a,1). Then, h < (p —1)/4 and 6,(p) > p— X =p—2h >
(b+1)/2

Part (iii) is proved in Lemma 3.19. The remainder of Theorem 5.7 follows from (1.8) and
Theorem 8 of [17].

Theorem 5.8. Let p = 1 (mod 4). Consider the p-regular recurrence w(a,1) such that
(D/p) =1 and E =4. Then, A =4h, h is odd, and h | (p — 1) /4.
(i) v(a,1) is not p-equivalent to u(a,l). Moreover, if h = (p — 1)/2, then w(a,1) is
p-equivalent to u(a, 1) or v(a,1).
(ii) If w(a,1) is p-equivalent to u(a,1), then d,(p) > p— (2h — 1)
(iii) If w(a,1) is p-equivalent to v(a,1), then d,(p) > p — (2h + 2)
(iv) Suppose that w(a,1) is not p-equivalent to u(a, 1) or v(a,1).
(a) If h=(p—1)/4, then p=>5 (mod 8) and d,(p) > 5.
(b) If h< (p—1)/4, then h < (p—1)/8 and d(p) >p—A=p—4h > (p+1)/2.

(p+3)/2.
(p—3)/2.

>
>

Part (iv) (a) is proved in Lemma 3.18. The remainder of Theorem 5.8 follows from (1.8),
Theorem 10 of [17], and Theorem 9 of [21].

Theorem 5.9. Let p = 1 (mod 4). Consider the p-reqular recurrence w(a,1) such that

(D/p) = —1 and h # (p+1)/2. Then, E =4, A\=4h, h | (p+1)/2, and h < (p+1)/6.

(i) v(a,1) is not p-equivalent to u(a,1).

(i1) If w(a,1) is p-equivalent to u(a,1), then d,(p) >p— (2h —1) > (2p + 2)/3.

(iii) If w(a,1) is p-equivalent to v(a,1), then d,(p) > p— (2h+2) > (2p —T7)/3.

(iv) Suppose w(a,1) is not p-equivalent to u(a,1) orv(a,1). Then, 6,(p) > p—A =p—4h >
(r—2)/3.

This follows from (1.8), Theorem 10 of [17], and Theorem 9 of [21].

We note, by Lemma 3.12 (ii), that if p = 1 (mod 4) and w(a, 1) is a p-regular recurrence
such that (D/p) = —1 and hy,(p) = (p+1)/2, then w(a, 1) is p-equivalent to u(a, 1) or v(a,1).
In Theorems 5.10 and 5.11, we treat these cases separately. These theorems generalize results
given by Li [12].

Theorem 5.10. Let p = 1 (mod 4). Consider the p-regular recurrence w(a,1) such that
w(a, 1) is p-equivalent to u(a, 1), (D/p) = —1, and h = hy(p) = hy(p) = (p +1)/2. Consider
also the LSSK v(a,1). Let C be a positive integer. Then, 0, (p) > C if

e (I

Proof. We can assume, without loss of generality, that w(a,1) = u(a,1) by Proposition 1.4
and Remark 1.5. As in Lemma 3.27, let (G; denote the number of positive odd integers e < h
such that (ve/p) = 1. We will assume that §,(p) < C — 1 and get a contradiction for large
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enough p. Because 0,(p) = 2G1 by Lemma 3.27, we will assume that 2G; < C — 1, which

holds if and only if
C-1
< |— | = .
G < L 2 J @
By Theorem 3.1 (iv) and (vii) and Lemma 3.11 (i), v, # 0 (mod p) for alln > 0 and u,, =0
(mod p) if and only if h | n. Let s = (h+1)/2 = (p + 3)/4. We note, by Lemma 3.7, that if

1 <1 <s, then

(wiu; ) (up—iv1uy,t;) = =1 (mod p) (5.1)
and i < h —i+ 1 < h. Moreover, by Lemma 3.7, if 1 < i < s, then
(viv; ) (vp—iz1v; b)) = =1 (mod p) (5.2)

and i < h —i+1 < h. Since p =1 (mod 4) and thus, (—1/p) = 1, it follows from (5.1) and

(5.2) that
-1 -1
Ui, Uh—i+1Up_;
(57 = (=) 3)

for 1 <i < s and

(Uzvill) _ (Uh—i-i-lvhli) (5.4)
p p
for 1 <i<s.

First, suppose that p = 1 (mod 8). We note, by Lemma 3.28 and the law of quadratic

reciprocity, that
(2)-()- ()1 0

We now see, by (5.4), that (v1/p) = (vp—i/p). By (5.4) and induction, it follows that

(- (=) 6

foralli € {0,1,...,s}. We note that i is odd if and only if h —1 is even. By assumption, there
are at most G; < Cp = |(C — 1)/2] positive odd integers e < h such that (v./p) = 1. Hence,
there exist at most C; positive even integers e < h such that (ve/p) = 1. Therefore, among
{viv; 11 |1 < i < h}, there are at most 4C quadratic nonresidues modulo p. Thus, there are
at least (p + 1)/2 — 4C} nonzero quadratic residues in {vl L1 <i<hl).

We note, by the proof of Lemma 3.13, that {uw;u; ', |1 < i < h} and {v;0; " |1 < i < h}
together contain exactly p — 1 distinct nonzero residues modulo p, and thus, form a reduced
residue system modulo p. Thus, we will get a contradiction if we find 4C nonzero quadratic

residues modulo p among {u;u;*, |1 < i < h}. Therefore, by (5.3), our claim will follow if

we can prove that there exist 2C} integers i with 1 < i < s = (p + 3)/4 such that w;u; !, is a

nonzero quadratic residue modulo p.

By Lemma 3.21 (i), u2, = unv,. Suppose that e is even and (v./p) = —1. Then, we have
that (uge/p) = —(ue/p), and because e is even, it follows that there exists ¢ with e < ¢ < 2e
such that (u;/p) = (u;—1/p). Hence, uju; !, is a nonzero quadratic residue modulo p. Thus,
our strategy is finding s large enough so that we can find 2C] positive even integers e(z)
with 2e(i) = e(i + 1) for 1 < i < 2C; — 1 and 2¢(2C1) < s such that (ve;)/p) = —1 for all
i€ {1,...,2C1}. Because by assumption, there exist at most C positive even integers e such
that (ve/p) = 1, we see, by the argument given by Li in [12], that the worst case is that

(2)-()- ()
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In this case, we can choose
e(1) =2(Cy + 1), e(2) =4(C1 +1), ..., e(20) = 2291(Cy +1).

Hence, for s > 22¢171(Cy + 1), we get a contradiction. Because p = 4s — 3, we then obtain
that

p>22043(0y 4 1) — 3= 221(0*1>/2J+3(L%J +1) -3,

Next, suppose that p = 5 (mod 8). We observe, by Lemma 3.28 and the law of quadratic

reciprocity, that
Vo 2 Vh
(5)=0G)=—1=-(3)
p p p

Thus, by (5.4), (v1/p) = —(vp—i/p). We now see, by (5.4) and induction, that

()% o0

for i € {0,1,...,s}. By assumption, there are at most G; < C; positive odd integers less
than h such that (ve/p) = 1. Hence, there exist at most C} positive even integers e < h such
that (ve/p) = —1. Thus, among {v;v; " |1 <i < h} modulo p, there are at most 4C; nonzero

quadratic residues modulo p, so there are at least (p+1)/2—4C; quadratic nonresidues modulo
p in {vv; |1 < < h}. Therefore, by the same argument as above, our claim will follow
if we can prove for s large enough that 2C; integers i with 1 < i < s = (p + 3)/4 such that
uiu;1 is a quadratic nonresidue modulo p. Suppose that e is odd and (ve/p) = —1. Then,
we have that (ug./p) = —(uc/p), and it follows that there exists an integer ¢ with 1 < i < s
such that (u;/p) = —(u;—1/p). Therefore, u;u; " is a quadratic nonresidue modulo p. Hence,
our strategy is to find s large enough so that we are able to discover 2C; positive odd integers
e(i) with 2e(i) < e(i + 1) for 1 <i < 2C; — 1 and 2¢(2C1) < s such that (v /p) = —1 for
all i € {1,...,2C1}. Since, by assumption, there exist at most 2C; odd integers e such that
(ve/p) = 1, the worst case is that

<Ul> (U3> (1)20171) 1
p p p
In this case, we can choose

e(1) =2C) +1, e(2) =4C1 + 3, ..., e(2C)) = 2210y + 2291 — 1 < 22900y +1).
Thus, for s > 22¢1+1(C} + 1), we get a contradiction. Noting that p = 4s — 3, we also have
that

p> 220430y 4 1)~ 3= 22L(C—1)/2J+3Q%J + 1>'
The result follows. U

Theorem 5.11. Let p = 1 (mod 4). Consider the p-reqular recurrence w(a,1) such that
w(a, 1) is p-equivalent to v(a,1), (D/p) = —1, and h = hy(p) = hy(p) = (p + 1)/2. Consider
also the LSFK u(a,1). Let C be a positive integer. Then, 6,,(p) > C if

P> 22[(0+2)/2J+3({¥J i 1) _3.

Proof. The proof of Theorem 5.11 is similar in structure to that of Theorem 5.10. Without
loss of generality, we can assume that w(a,1) = v(a,1). As in Lemma 3.27, let G5 denote
the number of positive odd integers e < h such that (ve/p) = —1. We will assume that
du(p) < C —1 and get a contradiction for large enough p. Let s = (h+1)/2 = (p + 3)/4.

128 VOLUME 59, NUMBER 2



SECOND-ORDER LINEAR RECURRENCES HAVING LARGE DEFECT MODULO P

First, suppose that p =1 (mod 8). Then by Lemma 3.27, §,(p) = 2G2 —3 < C — 1, which
holds if Go < [(C + 2)/2] = Cs. It follows, by (5.6) in the proof of Theorem 5.10 for the case
in which p =1 (mod 8), that (v;/p) = (vh—i/p) for all i € {0,...,s}. We observe that i is odd
if and only if A — i is even. By assumption, there are at most Go < Cy positive odd integers
e < h such that (v./p) = —1. Hence, there exist at most Cy positive even integers e < h such
that (ve/p) = —1. Therefore, among {v;v; ;|1 < i < h} there are at most 4Cy quadratic
nonresidues modulo p. Thus, there are at least (p + 1)/2 — 4Cy nonzero quadratic residues
modulo p in {v;v;_ 11 |1 <i < h}. Therefore, by the same argument as that given in the proof
of Theorem 5.10 for the case in which p = 1 (mod 8), our claim will follow if we can prove
that for s large enough, there exist 2C5 integers with 1 < i < s = (p + 3)/4 such that uiu;ll
is a nonzero quadratic residue modulo p. Suppose that e is odd and (v./p) = 1. Then, we
have that (u2./p) = (ue/p), and because e is odd, it follows that there exists ¢ with e < i < 2e
such that (u;/p) = (u;—1/p). Hence, uiui:ll is a nonzero quadratic residue modulo p. Thus,
our strategy is finding s large enough so that we can discover 2Cy positive odd integers e(7)
with 2e(i) < e(i +1) for 1 <4 < 2Cy — 1 and 2¢(C2) < s such that (ve;)/p) = 1 for all
i€ {l,...,2Cy}. Because, by assumption, there exist at most Cy odd integers e < h such that
(ve/p) = —1, the worst case is that

()= ()= = (5 =

e(1) =205 +1, e(2) =4C) +3, ..., e(20y) = 2220y 4 222 — 1 < 2292(Cy +1).

In this case, we can choose

Thus, for s > 22¢2+1(Cy 4 1), we get a contradiction. Since p = 4s — 3, we also have that
C+2
p>220243(Cy 4 1) —3 = 22L(C+2)/2j+3(LT"‘J " 1> _3

Finally, suppose that p =5 (mod 8). Then by Lemma 3.27, §,(p) = 2G2 —1 < C' — 1 occurs
if and only if Go < |C/2] = Cs. It follows, by (5.7) in the proof of Theorem 5.10 for the
case in which p = 5 (mod 8), that (v;/p) = —(vp—i/p) for 0 < i < s. By assumption, there
exist at most C3 positive integers e < h such that (v./p) = —1. Hence, there exist at most
O3 positive even integers less than h such that (ve/p) = 1. Thus, among {v;v; Y |1 < i < h}
modulo p, there are at most 4C3 nonzero quadratic residues modulo p. So, there are at least
(p+1)/2—4C5 quadratic nonresidues modulo p in {v;v; !, |1 < i < h}. Therefore, by the same
argument as that given in the proof of Theorem 5.10 for the case in which p = 1 (mod 8),
our claim will follow if we can show that there exist 2C3 integers ¢ with 1 < ¢ < s such that
ulu;_ll is a quadratic nonresidue modulo p. Suppose that e is even and (ve/p) = —1. Then,
we have that (uz./p) = —(ue/p), and it follows that there exists an integer i with e < i < 2e
such that (u;/p) = —(ui—1/p). Therefore, uiu;ll is a quadratic nonresidue modulo p. Hence,
our strategy is to find s large enough so that we are able to discover 2C'3 positive even integers
e(7) with 2e(i) = e(i + 1) for 1 <4 <2C3 — 1 and 2¢(2C3) < s such that (ve(;)/p) = —1 for all
i€ {1,...,2C3}. The worst case is that

(Ug) <U4> (UQC’S) 1
p p p
In this case, we can choose

e(1) =2(C3+1), e(2) =4(Cs+1), ..., e(2C3) = 223(C5 +1).
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Therefore, for s > 223F1(C3 + 1), we get a contradiction. Then,
C
p=ds—3> 2203y 4 1) — 3 = 22LC/2J+3Q5J +1) -3
The result follows. O

6. PROOFS OF THE MAIN RESULTS

Proof of Theorem 2.3. This follows from Theorems 5.1-5.3, and Theorems 4.1 and 4.3. O

Proof of Theorems 2.4 and 2.5. These follow from Theorems 5.4-5.11, and Theorems 4.1
and 4.2. 0

7. CONCLUDING REMARKS

We now address the issue regarding why we only consider the cases in which b = +1.
Suppose that |b| > 1. Then by a generalization of the Artin conjecture, there exist infinitely
many odd primes p such that % | ordy,(—b). It then follows, from Theorem 7 of [19], that for
any LSFK wu(a,b) for which (D/p) = —1, we have that E,(p) = p — 1. In this case, we have

that upiy1 = M'u; = M* (mod p) for 1 <4 < p— 2. Because ord,M = p — 1 and uy = 0,
we see that N,(p) = p and d,(p) = 0 for these primes. Hence, it would not be true that
limp o0 64 (p) = 00 as stated in Theorems 2.3 and 2.5.
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