A FAMILY OF SUMS OF GIBONACCI POLYNOMIAL PRODUCTS OF
ORDER 4 REVISITED

THOMAS KOSHY

ABSTRACT. We explore the Pell, Jacobsthal, and Vieta implications of the sums of gibonacci
polynomial products of order 4 investigated in [4].

1. INTRODUCTION

Ezxtended gibonacci polynomials z,(x) are defined by the recurrence z,2(x) = a(z)zp+1(x)+
b(x)zn(x), where x is an arbitrary complex variable; a(z), b(x), zo(z), and z1(z) are arbitrary
complex polynomials; and n > 0.

Suppose a(z) = x and b(z) = 1. When zy(z) = 0 and z;(x) = 1
nth Fibonacci polynomial; and when zo(x) = 2 and z1(z) = z, z,(x) =
polynomial. Clearly, f,(1) = F, the nth Fibonacci number; and [,,(1)
number [1, 5, 6].

Pell polynomials p,(x) and Pell-Lucas polynomials q,(x) are defined by p,(x) = f,(22) and
qn(z) = 1,(2z), respectively. In particular, the Pell numbers P, and Pell-Lucas numbers @y,
are given by P, = p,(1) = fn(2) and 2Q,, = ¢, (1) = 1,,(2), respectively [5].

Suppose a(x) = 1 and b(x) = x. When zp(z) = 0 and z1(z) = 1, z,(x) = Jp(z), the nth
Jacobsthal polynomial; and when zo(x) = 2 and z1(z) = 1, z,(x) = jn(z), the nth Jacobsthal-
Lucas polynomial [2, 6]. Correspondingly, J, = J,(2) and j, = j,(2) are the nth Jacobsthal
and Jacobsthal-Lucas numbers, respectively. Clearly, J,,(1) = F,, and j,(1) = L,.

Let a(x) = z and b(z) = —1. When zo(z) = 0 and z1(z) = 1, z,(x) = V,(x), the nth
Vieta polynomial; and when zp(x) = 2 and z1(z) = =z, z,(x) = v,(x), the nth Vieta-Lucas
polynomial [3, 6].

Finally, let a(x) = 2z and b(x) = —1. When zo(z) = 1 and z1(x) = x, z,(z) = T,(x), the
nth Chebyshev polynomial of the first kind; and when zo(xz) = 1 and 21 (z) = 2z, z,(x) = Uy (),
the nth Chebyshev polynomial of the second kind [3, 6].

Table 1 shows the close relationships among the Jacobsthal, Vieta, and Chebyshev subfam-
ilies, where i = v/—1 [3, 6]. They play a significant role in our investigations.

) n(x) = fn(x)7 the
ln(x), the nth Lucas
= L,, the nth Lucas

Ju(x) = 2 UPRAE) || gale) = @"Pl(1) V)
Vn(x) = in_lfn(_il') Un(x) = i”ln(—ix)
Va(2z) = Un-i(z) v,(22) = 2T,(x).

TABLE 1. Links Among the Subfamilies

In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation, when there is no ambiguity; so z, will mean z,(z). We also let g, = f,, or l,, b, = pp,
or qp, ¢ = Jn(x) or ju(z), d, =V, or vy, and e, = T), or U,; and correspondingly, G,, = F,
or L,, B, =P, or Q,, and C,, = J,, or j,. We also omit a lot of basic algebra.
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A gibonacci polynomz'al product of order m is a product of gibonacci polynomials g, of

the form H 9, > where Z s; =m[7, 8].
keZ

1.1. Sums of Gibonacci Polynomial Products of Order 4. In [4], we studied the fol-
lowing sums of gibonacci polynomial products of order 4:

P fan = fiiofa = 2f00fn = Friafafo2 + 2@ + 1) fusafn + favafnfn s
202 + V) f3 froo + 2f2F2 0 — fuf2 s (1.1)
T fan1 = faio — 4@+ 1) [ fa + (G2t + 1307 +6) [0 /7
- (376 =+ 7ot + 102° + 4)fn+2f3 - 2(374 =+ 2332)fn+2f2fn 2
+ (x6 + 32 + 222 + l)f,i1 (:L‘ + 32t + 22 )f3fn 2+ x2f2 D (1.2)
$4f4n+1 = f§+2 - 4f2+2fn + 2(25E2 + 3)fn+2fn — (CU + 622 + 4)fn+2fn
— 2x2fn+2f2fn o+ (@ +1)% fo + (& + 20°) [ foo (1.3)
2° finso = n+2 3f73+2f2 + 2fn+2f2fn 2+ f4 f2 n—2
# fans = (@ + 1) fapo —Afiiafn+ (@ +6)frnfy — (24 + 62> +4) fryafr
+ (@t 322+ D) A4 (2t 222) 3 fug — 22212, (1.5)
Py = 2fn0 —A@P 4+ 2)f2 o fn + (4ot + 172 + 12) f2, o f2
— (2% 4 82 + 1622 + 8) frpof> — 2(z* + 322) friof i fro
+ (xﬁ +dat +da® + 2) fy + (@0 + ot 42 [ famo + 2P SRR o (1.6)
Plp—1 = —faro+4@%+3)f3 o fn — (do* + 212 +24) f2, f2
4+ (25 + 920 + 2222 +12) fraof3 + 2(z" + 422 +2) fraof2 frs
— (@ + 52t + 627 + 1) f2 — (5 + 5t + 622) f2 frma — (2% +2) f2f2_y; (1.7)

$314n+1 = 3+2 =+ 4f3+2fn - (x +3) +2f2 (334 +62” + 4)fn+2f2

+ 2(2% + 2) furafnfo2 — (2 + 207 — 1) f — (z* +22°) ) fu 2

—2f3 fr_; (1.8)
lapys = (@2 +2)frio—8fdofn+ (52” +12) 2o f7 — 2(x" + 62% + 4) friafi

— 2% forafrfo2 + (22% + 52 + 2) f + 2(z* + 22°) £ 2

—2? fR IR y; (1.9)

lnss = (@2 +3)fnig —Afnofn + 27 fooft — (2 +62° +4) foia fi

+ dfnrofpfaa+ (2 + 327 +3) f + (2 + 20°) f1) 2

—(22 +2)f2f2 . (1.10)

They too play a pivotal role in our explorations.
With this background, we now explore the implications of these identities to the Pell,
Jacobsthal, and Chebyshev subfamilies.

2. PELL IMPLICATIONS

Because b,(x) = gn(2x), the gibonacci identities (1.1) through (1.10) yield the following
Pell counterparts, respectively:
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87%pan = P ioDn — 2D% oD — PoyoPnPn—2 + 2(42% + 1)ppiopl + prtopnPi_o
— 2(42” + 1)p2pp_s + 202P% 5 — PuD’_o;
162%psn—1 = phio—4(42® +1)p3 opy + 2(322 + 262 + 3)p2 op?

— 4(161‘6 + 28z% 4+ 1022 + 1)pn+2p§l — 16(23:4 + m2)pn+2p%pn,2
+ (6425 + 482" 4+ 822 + 1)pt + 8(82° + 62" + 2H)pEp,_o + 42?3 p2_o;

162 pant1 = Dryo — 4D 1opn + 2(82° + 3)p; 1 ops, — 4(42™ + 62 + 1)pniop))
— 80Py 2D P2 + (4x% + 1)%pk 4+ 8(22* + 22)pPpn_o;
82°pansa = Ppio — 3DpioPn + 2Pni2PiPn—2 + Py — DaDao;
162 panss = (4% + 1)pp o — 4Dy opn + 2(22% + 3)p;, 1 op;, — 4(42” + 627 + 1)pnyap;,

+ (162" + 1222 + 1)pt + 8(22* + 22)p3p,_o — 42 p2p2_,;

81l qin = Phia — 4207 + 1)p)y opn + 2(162" + 1727 + 3)p}, 507,
— 4(82° 4 1621 4 822 + 1)ppyopd — 4(4z? + 32 pryopPpn_o
+ (3225 + 322" + 822 + 1)pt + 8(4a® + 42 + ) pEp,_o + 20722 _o;
8 qun—1 = —Pi+2 +4(42? + 3)P§L+2pn — 4(162" + 212” + 6)Pi+2pi
+ 4(162° 4 362" + 2227 + 3)ppaopd + 4(82* 4 822 4 1)pnyopipn_o
— (642° 4 802t + 2422 + 1)pt — 8(82° 4+ 102 4 322)p3p,_o
= 2(22% + 1)pppis _o;
81 qunt1 = Ppya + 4054000 — 442”4 3)pi op7, + 4(da” + 62° + 1)paap;,
+ 4(22° + V)ppyop>pn_o — (1621 + 822 — 1)pt
—8(22" + 2*)ppn—2 — 20505 o;

8 qunya = (227 + 1)pp o — 4P} Lopn + 2(52% + 3)ph ops — A(4a” + 62° + 1)pnjopl,
— 42°ppiopipn—2 + (162" 4+ 102* + 1)py, + 8(2z" + 2°)pipp—2 — 22°p2ps_;
823qunis = (4o +3)phio — 4pS  opn + 42?p2 op? — A(dat + 627 + 1)ppiopd

+ 4pniopipn_o + (162 + 1222 + 3)pt + 8(22% + 2H)p3p,_o
—2(22% + oy o,
where b, = b, (x).
In particular, we then have
8Py, = Po o P, —2P2 P — P2 PPy o+ 10P,2P> + Py 2Py P2y — 10P2Pys
+ 2P P} 5 = PuPyy;

16Py,—1 = Pio—20P2 2P, +122P2 P — 220P, 2Py — 48P, 19 P?P,_»
+ 121P} +120P3P, o + 4P2P2 ,;
16Pyyy1 = Pio—4P2 P, +22P2 P2 — 44P, 2Py — 8P, 12P2P,

+ 25P% 4+ 24P3P, _o;
8Pini2 = Pr,—3P2 ,P? 4+ 2P, 9P2P, o+ P~ P2P? ;
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16Py,+3 = b5Pay—4P3 Py + 10P2, ,P? — 44P, 2P + 29P;
+ 24P3P, 5 — 4P2P2 ,
16Q4, = Py, —12P3 P, +72P2 P2 —132P, 2Py — 28P,12P?P,_»
+ 73PY 4+ 72P3P, 5 +2P2P2 ,

16Qin—1 = — Py o+28P3 ,P, —172P2 +2P2 + 308P,,2P> + 68P, 2 P>P,_»
— 169P} — 168P3P,_o — 6P?P? ,;
16Qunt1 = Ppo+4P2 P, —28P2 P2 +44P, 2P +12P, 2 P2P, 5

— 23P} —24P3P, o, — 2P2P? ,

16Quns2 = 3P,y —4P2 Py + 16P2, P2 — 44P, o P2 — 4Py 2 P2P,
+ 27P} +24P3P, 5 — 2P2P2_,

16Qun+s = TPy —4P2 Py +4P2 P2 — 44P, o P2 + 4P, 2 PP, 5
+ 31P4 +24P3P, o —6P2P2_,.

Next, we explore the Jacobasthal implications of the gibonacci sums.

3. SUMS OF JACOBSTHAL POLYNOMIAL PRODUCTS OF ORDER 4

Using the gibonacci-Jacobsthal relationships in Table 1, we can extract the Jacobsthal
counterparts of the gibonacci identities (1.1) through (1.10):

Jin = Joiodn —22J2 0 Jr — 22 T2 o dndn—o + 2(2* + ) Jny2
+ 2t o dnd? o — 2(at + 1) I3 000 + 202 T2 T2 5 — 280, T3 o (3.1)
i1 = Jnpo— A+ 1) 5 o dn + (62° + 132 + 4)J2 T2
— (423 + 1022 + Tz + 1) Jy 00> — 2(22° + 22) T2 Jpo
+ (m4 + 223 + 322 4+ @) Jh + (22t + 323 + ) I3 T o + 2P T2TE_,; (3.2)
Jint1 = Jpio —Ax T2 5Ty +2(32% + 22)J2 o 7 — (42° + 627 + 1) Jyi0 )
- 23: i3 dn_o + (2% 4+ 2)2T2 4+ (22% + 23) T3 T, _o; (3.3)
Jinte = Jpio— 322 T2 0 J2 + 208 Ty 0 02 Ty o + 2t Ty — 28 T2 02, (3.4)
Jings = (x4 1) Ty — 422 T3 5 Jn + (62° + 22)J2 0 J2 — (42 + 62% + 22) T2 T3
+ (2 4 32t + 23) T + (225 + 2V T3 T o — 28 T2 T2, (3.5)
Jan = 2Jmio — 4Rz + 1)J2 o dn + (122° + 172 + 4)J2, 52

- (83; + 1622 + 8z + 1) Jyp0J> — 2(32% 4+ 22 0 J2 T0 o

+ (221 + 423 + 422 + 2)J2 + (dat + 40P + 22) T3 T + 25 T2T2 (3.6)
Tjan—1 = —Jpyio+40Bx+1)J2, 0T, — (242 + 212 + 4) 2, J7

+ (1223 4+ 2222 4+ 92 4+ 1) Jpy2Jp + 2(22% + 423 + 2%) T2 2 Jn 2

— (2t + 623 + 5% + 2)JE — (62" + 52° + 2B T3 T, o

—(22° + 2°) T3 Tn s (3.7)
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wo FATTE T, — 4327 + ) JE T2 4 (4P + 622 + 2) Ty 0 T2

+ 222 4+ 1) Ty 0 I T o + (2t — 223 — 22) T — (22t + 23) T3 T,

— 2287272 _,; (3.8)
Janiz = 2+ 1)Jh o — 822 T2 0Ty + (120% + 522)J2 L J2 — 2(da* + 62° + 22) Ty 00
— 22 Ty 02 T o + (22° 4 5ot 4 22%) T2 4 2(22° + 2t T3 T, o
—aS T3 TR o; (3.9)
Jants = (Bv+ D)y — 42 T5 o dn + 22 T2 5 J2 — (42" + 62° + 2%) Jp 0 Jp
+ 42 Ty 02 o + (32° + 32 + %) T2 + (225 + 1) T3 T, o
— (227 4 2%)J2 T2, (3.10)
where ¢, = ¢, ().
These Jacobsthal equations yield the following numeric identities, respectively:
Jin = Joiodn — AT 02 — AT o Tndno + 12054008 + 16Jp40ndn
— 483, o+ 64J2 T2, — 640, T3
2an—1 = Jpyo— 1200 0 dy + 542 0 T2 — 8Tns0d3 — 400,402 Tyo + 46T
+ 602 Ty—o + 32J2T2_,;
Jint1 = Jnio —8J3 o dn +32J2 52 — 5810 d5 — 16102 Jn—o + 367
+ 40J3,_o;
Jinte = Jpio — 1202, 02 + 32Jp 402 Jpo + 1605 — 64J2T2_,;
Jints = 3Jnpo — 162 0 Jn + 52J2, 5 T2 — 116, 40.J; + 88T,
+ 803 T, 0 — 642 T2
Jan = 2Jpi0 — 2005 0 dy + 867 07 — 1450 d5 — 5605107 Jn_
+ 822 4+ 10030, o + 32J2J2_;
in-1 = —Jpio+28J5 0Ty — 142J2, 5 J% + 2031 0J3 + 136 Jp 102 Jn—2
— 86J1 — 140737, 9 — 160J2J2_;
Jant1 = Jnpo +8J0 00y — 562, 0 J2 + 58105 + 80 ps0dn Tn—o — AJ;
— 40J37, 0 — 128J2J2 ,;
Janta = 5o — 3202 o dn + 1162, 0 T2 — 23204 0d0 — 3205402 T
+ 160J2 4 1603 T, 5 — 64J2J2_,;
Jants = TIaie — 1602 o dy +4J2 502 — 116,405 + 12805422 o + 1527
+ 80J3J, 0 — 320J2J2_,,
where C), = J,, or j,.
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4. VIETA IMPLICATIONS

Using the gibonacci-Vieta relationships in Table 1, we can find the Vieta versions of identities
(1.1) through (1.10):
B Vi = V3V +2V2 V2 = V2 ViV o — 2(2? — 1)V ioV2
+ Voo Vi V2o +2(2 = )V2V,0 — 2V2V2 5, — VR, V2,
Vi1 = Vo +4(2® — D)V2,V, — (da' — 132 + 6)V,2,, V)2
+ (25 — 72t + 1022 — )V, o V3 + 2(z* — 222V, 0 V2V,
+ (2% = 32" 4+ 227 — D)V — (25 — 321 + 222)V2V, o + 2?V2V2 o,
Vi1 = Vi, +4V2 0V, — 2227 = 3)V2 V2 + (2 — 622 + 4)V, 0V
+ 4 22%V o V2V o + (22 — 1)2VE — (2t — 22°)V3V, o;
2 Vinra = Vi, —3V2, V242V, V2V, o+ VI-V2V2

Vi = (@2 = DViis —4V7 Vi + (2% = 6)V7 Vi) — (¢ — 62° + 4) Vo0V,
— (2t =322 + DV 4 (2t — 222V, g — 22V2V2 (4.1)
g, = 2V, —4(2? = 2)V2 LV, + (4ot — 172 + 12)V2,, V2

— (2% = 82t + 1622 — 8)V;,10V2 — 2(2? — 322V, 2 V2V, o

— (2% — 42 + 42 — 2V + (28 — 42t + 42 VIV, o — 22VEVE
g, = vn+2 A(2? = 3)V2 Vi + (dz* — 2122 + 24)V,2,, V2

— (2% — 92 + 2227 — 12)V,, 1oV — 2(2" — 42® + 2)V, 12 V2V,

— (2% = 52t + 627 — D)V + (28 — 52t + 62°) V3V, o — (2 — 2)V2V2 ,;
1 = Vi — AV Vi +4(2® = 3)V2,, V2 — (2t — 627 + 4)V, 0V

— 2(2? = 2V 2 V2V, o — (2 — 222 — DV + (2t — 222 V3V, o — 2V2V2
e = (2 =2V, — 8V LV, + (5a? — 12) V2,V —2( — 62 +4)V,12V;2

— 202V, o V2V — (22 — 522 + 2)VE 4+ 2(2t — 2P V3V, o

—2? VIV s (4.2)
B anss = —(2% =3y + 4V Vi — 22 V2 V2 + (2" — 627 4+ 4) V2V

+ AV 2 VAV, o 4 (2* — 322 + 3) VL — (2 — 222)V3V, o + (22 — 2)V2V2,,
where d,, = d,(x).

Their proofs, although simple and straightforward, involve a lot of basic algebra. So, for
conciseness and convenience, we give the essence of the proofs of just two of them, namely,
relationships (4.1) and (4.2). To confirm identity (4.1), replace x with —ix in equation (1.5)
and multiply the resulting equation with 74"*4; this yields equation (4.1). To establish identity

4.2), replace x with —ix in equation (1.9 and multiply the resulting equation with i4"*2; this
(4.2), rep q ply g eq
yields the desired result.

5. CHEBYSHEV IMPLICATIONS

Using the Vieta-Chebyshev relationships in Table 1, we can also find the Chebyshev coun-
terparts of identities (1.1) through (1.10). Again, in the interest of brevity, we omit them.
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