SOME SERIES INVOLVING PRODUCTS BETWEEN THE HARMONIC
NUMBERS AND THE FIBONACCI NUMBERS

SEAN M. STEWART

ABSTRACT. We find various ordinary generating functions for sequences involving products
between the harmonic numbers and the Fibonacci numbers. These are then used to establish
some classes of series associated with these products. Our approach is based on applying
well-known ordinary generating functions for the harmonic numbers.

1. INTRODUCTION

The nth harmonic number is defined by

3

o, =
k=1

(1.1)

| =

By convention, Hy = 0. The study of infinite series involving harmonic numbers was initiated
by Euler in the mid-18th century, but it was not until the mid-1990s and the work of Bailey,
Borwein, and Girgensohn [1] and Borwein, Borwein, and Girgensohn [3] that interest in series
of this type was revived. Since this time, infinite series containing harmonic numbers have been
well studied, with the literature on such sums now vast (for a sample, see [12]). However, with
perhaps two exceptions, the author is not aware of any attempt to establish series that involve
the product between the harmonic numbers and the Fibonacci numbers. This is surprising
considering the variety of series containing the harmonic numbers that have been investigated
to date. Chen, in two papers spaced 10 years apart [4, 5], gave three series for the related
problem of a product between the Fibonacci numbers and a variant harmonic number term

A,,, where
1 1 1 1
An:1+§+-~+ § H%—iﬂﬂ

m—1 4L=2%k—1
k=1

As we shall see, numerous interesting series involving the product between the harmonic
numbers and the Fibonacci numbers can be found. Here, we apply Lehmer’s definition [8]
regarding when a particular series can be considered interesting. Lehmer writes a series can
be considered interesting if its sum can be expressed in closed form in terms of well-known
constants. We would add the number of constants appearing in the expression found should
not be too long or complicated in appearance.

It is the purpose of the present paper to establish a number of ordinary generating functions
for sequences containing products between the harmonic numbers and the Fibonacci numbers.
These are found using well-known generating functions involving the harmonic numbers. As
a demonstration of the general method, classes of series of the form

~ (£1)" Hon) Fy(n) ~ (£1)" Hon) Fy(m)
E d E 1.2
i 26 o = 26M(b(n) +1) 7 (1.2)
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are given. Here, a(n) and b(n) are equal to n or 2n, whereas F,, are the Fibonacci numbers
defined, as usual, through the recurrence relation F,, = F,,_1 + F,,_o, with Fy = 0 and F} = 1.
All sums found are believed to be new with many considered to be interesting.

Throughout this paper, the golden ratio, having the numerical value of (14++/5)/2, is denoted
. We shall often have a need for the following algebraic properties of .

1—1/¢% =1/p, (1.3a
14+ ¢ = ¢? (1.3b
2 1/@ =1,

V5= 20 —1,
54+ V5 = 2pV5, (
and 5 —V5=2V5/p. (1.3f
2. SOME ORDINARY GENERATING FUNCTIONS

In this section, we establish a number of ordinary generating functions for sequences involv-
ing the product between the harmonic numbers and the Fibonacci numbers.

Theorem 2.1. For |z| < 1/¢, the ordinary generating function for the sequence {HypFy}n>1
18

> 1 © g0+:1:> 1
H,Fa" = — lo — log (1 — px)| . 2.1
nz_:l \/5[%% g( 5 g g (1 ve) (2.1)

Proof. Recalling the ordinary generating function for the sequence { H,, },,>1, namely [6, 1.513(6),
p.52]

oo
log(1 —
Y Hua" = _log(l=x) g (2.2)
ot 11—z

enforcing, in turn, substitutions of x — @z and z — —% into the above ordinary generating

function for the sequence of harmonic numbers gives

oo
log(1 — )
H, o)z = -——= T/ 2.3
and
otz
i (—=1)"H,z" _ _(plog< @ ) (2.4)
@n o+z '

n=1
respectively. From Binet’s formula

R= g (7= 50),

combining (2.3) and (2.4) yields the desired result. O

Theorem 2.2. For |z| < 1/p, the ordinary generating function for the sequence
1+(—1)" ,
{%Hg Fn} 18

n>1

S 2 1 ¢? p? — a2 1 2.2
ZHnFQna: n _ 7 [QDZ —3 log < 2 ) g log(1 — ¢“z7)| . (2.5)
n=1

AUGUST 2021 215



THE FIBONACCI QUARTERLY

Proof. On replacing x with 2?2 in (2.2), we have

[ee]
log(1 — z?
n=1

Enforcing, in turn, substitutions of z +— ¢z and x — £ into the above ordinary generating
function, after combining the results with Binet’s formula in a manner similar to what was
done in Theorem 2.1, the desired result follows. O

We next give, as a lemma, the generating function for the sequence {Ha, }n>1 , as it does
not seem to be well known.

Lemma 2.3. For |x| < 1, the ordinary generating function for the sequence {Hayp}n>1 1

2y/x arctanh(y/z) — log(1 — x)

0 ; 0<z <1
n 2(1—=)
> Hpa"" = (2.6)
— —2y/—z arctan(y/—z) — log(1l — x)
n=1 31 ) , —l<x<0.
-z

Proof. Let
o o
f(z) = ZH2nx2" and g(z) = Z Hopy 22 L
n=1 n—1

Observe for 0 < z < 1, the desired ordinary generating function will be f(y/z), whereas for
—1 < x < 0, the desired ordinary generating function will be f(v/—x).
From the recurrence relation for the harmonic numbers Hs,, = Ho,—1 + %, we can rewrite

f(z) as

(o.9)
flz)== Z Hypz?n !
n=1
> 1
— Ho - 2n—1
x Z ( 2n—1 1 2n> x
n=1
oo o0 n
1 T
=X Z Hgn_1$2n ! + 5 7
n=1 n=1
1
=zg(z) — 5 log(1 — 2?). (2.7)
Furthermore, from properties for power series, we have
1 o0 o0
fl) =7 > Hua"+ 2> (—1)"Hpa",
n=1 n=1
and
1 1
g(x) = B Z Hyoq2" ™+ B Z(—l) Hp ™
n=1 n=1
1 & 1
n=1 n=1
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after reindexing n + n 4+ 1 on both sums and recalling Hy = 0. Adding gives

Fla) + o) = 3 Han = LT 2:8)

n=1

Eliminating g(z) from (2.7) and (2.8) yields
i) = Zresctan() el = ) 29)

For 0 < x < 1, enforcing a substitution of x + /x in (2.9) yields the desired result. For
—1 < x < 0, enforcing a substitution of = + iy/—z, where i is the imaginary unit in (2.9),
results in the term

iv/—x arctanh(iv/—z) = —/—z arctan(v/—z),
from which the desired result then follows. O

Theorem 2.4. If |x| < 1/p, the ordinary generating function for the sequence { HapFy }n>1 18

2\@(8:)4_3;) [Qﬁarctan (ﬁ) + log (“%x)}
. +2\f1 [2\/@arctanh(\/@) +log(1 — gpx)] , 0K < %;
S HauFoa” 5(1 — )
) _M [2\/—px arctan(y/—pz) + log(1 — )]
_2\[5(9;4_3;) [2\/%arctanh <\/%) + log (%ﬁ”ﬂ , —% <x<0.

(2.10)

Proof. The proof proceeds as in Theorem 2.1, applied to the ordinary generating function
given in Lemma 2.3. O

Theorem 2.5. If |x| < 1/ and x # 1/, the ordinary generating function for the sequence
{HnFpn/(n+1)}nz1 is

o0

H,F 1 [1 o+
Do n — Zlog? (1 — pz) + 102< )] 2.11
Zﬂ‘*l 2[53;[@‘%( ow) + plog? ( (2.11)

n=

Proof. Integrating the ordinary generating function given by (2.2) from 0 to x immediately
yields

00 2
Hpa™  log?(1— )
- <l,z#1. 2.12
nE_l —T oy s La# (2.12)

We now proceed as in Theorem 2.1, applied to the ordinary generating function given above,
thus completing the proof. O
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Lemma 2.6. If|x| < 1 and z # 1, the ordinary generating function for the sequence { Hay, /(n+
1)},121 18

n+1

n=1
arctanh®(y/z) — 2y/7 arctanh(y/z) — log(1 — z) + 1 log*(1 — z) 0<x<l1
) T ;
_ x
— arctan®(y/—z) + 2/—z arctan(y/—z) — log(1 — z) + +log?(1 — z) L<o<0
y —1IXT .
x
(2.13)

Proof. For 0 < x < 1, replacing x with ¢ in (2.6), before integrating from 0 to x, gives

HznfL‘ / Vtarctanh(v/) gt — l/x log(1 —t) gt
Tn+l 1—t 2 )y 1-t

n= 1

The second of the integrals appearing to the right of the equality is elementary. Here,

“log(1—1) 1. 5
——dt =—=1 1—x).
/0 1—¢ dt 5 og”( x)

In the first of the integrals, enforcing a substitution of ¢ — ¢2, followed by a partial fraction
decomposition, gives

VT 42
/ V't arctanh( )dt:Q/ t* arctanh(t) dt
1t 0 12

Vz h Vz
= 2/ fﬂcltar1t2(t) dt — 2/ arctanh(t) dt
0 - 0

= arctanh?(y/z) — 2y/z arctanh(y/z) — log(1 — z).

Combining the results found for the two integrals completes the proof. For —1 < z < 0,
replacing v/z with iy/—x, where 7 is the imaginary unit, results in the terms

arctanh®(iv/—z) = — arctan®(v/—x),
and
iv/—x arctanh(iv/—x) = —v/—z arctan(v/—x),

and gives the desired result. O
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Theorem 2.7. If |z| < 1/¢ and x # 1/p, the ordinary generating function for the sequence
{HgnFn/(n + 1)}n>1 18

i Hy, Fx™
= n +1
)

1
7 [arctanh?(,/@7) — 2,/@7 arctanh(,/@7) — log(1 — px) + 1 log?(1 — ¢z)]
©Vbx

+é [—arctan2< >+2\farctan (\f) log<“"+“) + 1 log? (“"”)}a

0<$<$,

@\}533 [— arctan?(y/— @) + 2/—¢x arctan(\/— @) — log(1 — pz) + %logQ(l — gox)]

= ot () — 2/ vt (/) — 1o (22) + hog? (222)],

—é<x<0.

(2.14)

Proof. The proof proceeds as in Theorem 2.1, applied to the ordinary generating function
given in Lemma 2.6. U

3. Two CLASSES OF SERIES LEADING TO SOME INTERESTING SUMS

We now present two classes of series, these being those given in (1.2). We give eight series in
the first class and six in the second. Some of the series we find can be described as interesting
according to Lehmer’s criterion. These are found by substituting particular values into the
ordinary generating functions given in Section 2, together with series manipulations using
classic results for convergent series where needed.

The first class of series are of the form

i (il)nHa(n)Fb(n)
20b(n) ’

n=1

where a(n) and b(n) are equal to n or 2n. Setting z = +1 in (2.1) gives

nzl H; = log(4) + \1/2510g(90), (3.1)
and
Z (_1);{{”1?” - élog (Z) — \35 log(¢p). (3.2)

n=1
For absolutely convergent series, because

> agn = §Zan+ 5Z(—l)"an, (3.3)
n=1 n=1 n=1

on applying this result, we immediately see that

ZHQnFQn _72 n_'_;i(_l);{{nFn

n=1 n=1 n=1
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Combining with the results for the sums found in (3.1) and (3.2), one obtains

o~ Hop P
P log(1280) + V5log(p). (3.4)
4n 10
n=1
The series found in (3.1), (3.2), and (3.4) are interesting. The alternating case corresponding to
the sum given in (3.4) can also be found by applying the following classic result for convergent

series. If a, > 0 and all series converge, then

S (1) = Re S i, (3.5)
n=1 n=1

Here, i is the imaginary unit, whereas Re denotes the real part. Applying this result to our

series of interest gives
oo

Z HQnF% RZ HF‘

Setting = = % and % in (2.1), noting that
2 ] 1 1 1
log< g;;—z) :21 <1+480>+iarctan <2¢>,
oo (277 L - ©? et (90)
0 =—-1lo — | —darctan ( =
&\ 2 2 %8 4 2)

o0
= log{1+ — ) +arctan [ —
Z BETEEN L 4p? 2¢

n=1 ! (3.6)

4 @ @
— ————— |log {1+ = | + ¢parctan <>]
5+11\/5{ g< 4) v 2

a not particularly interesting series due to its rather long, complicated looking expression.
Setting x = 5 in (2.5) gives the two interesting series

and

we find

2 H,F, 1 256 4
= log (=) +—=1 3.7
; o 50g<25>+\/50g(90), (3.7)
and
2 (-1)"H,Fop 2 (29> 44 <11>
R g [0) — | — ———= arccoth . 3.8
nz_:l 4n 20 *\16) ~ 205 /5 (3:8)

For the final two series in the first class of series, setting z = +1 in (2.10) gives

Z H22” n = [\ﬁarctanh ([) +log(2¢ )]

" 1 2 1 o? (39)
A e () +s(5)]
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Ti Hzn n_ _;0 [\/@arctan (@) +log <g0\2/5>]
_ g [\/zarctanh <\/1270> +log <\2/§>] ’

two series that again are not particularly interesting due to their long and complicated form.
The second class of series are those of the form

i (:l:l)nHa(n)Fb(n)
20(n) (b(n) 4+ 1)

and

(3.10)

where a(n) and b(n) are equal to either n or 2n. Setting z = £3 in (2.11) gives

Z 2 (n _|_ 0 = log?(2) + 4log?(p) — \;15 log(2) log(¢), (3.11)
and
i V'"HpFp 1 log log(¢) — log? V5 log? (). (3.12)
2"(n+1) \[ 9

Making use of (3.3), when combined with (3.11) and (3.12), yields

- H2nF2n 3 2 1 2 1 1 64
=1 — 1 ~log(2)log(5) — —=log [ — | log(y). (3.1
Z:: "ont 1) 208 (7))~ gloeT(5) + 5 log(2)log(5) — Tz log | = Jlog(p). (3.13)

Containing three or four terms, series (3.11), (3.12), and (3.13) are borderline interesting. The
corresponding alternating case of (3.13) is found on applying (3.5) to our series of interest.
Doing so yields

o o
)" Hop, F:
> e = red
4”2n+1 2”n+1

n=1
Setting z = % in (2.11), we find
o0
V'Hop Fy, 1 1 1 1 ©? ©
g 2n+ :% plog 1+4—2 arctan % —;log 1+Z arctan<§) ,

a series that could not be said to be interesting.
Setting z = +3 in (2.14) gives

~  Hs,F, 2 / / 1
; o jl—#— NG [acrtanh2 < g) — /2parctanh ( g) + log(2¢%) + 1 log2(2g02)]
4+ — |—arctan” (| — | +4/—arctan (| — ) —log | — | + - lo — 1,
/5 [ V2o ) TV V2% \2 ) T4 2
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and
oo

(—1)"Hap F,
Z 2n(n+1)

n=1
et () (5 ()b ()

— — |arctanh” | — ) —/—arctanh | — | +log| —= | + - log" | —= | | -
Vb V2p) Ve V20 vh) 4 Vb
Neither of these series could be said to be interesting due to their extended forms.

4. OTHER ORDINARY GENERATING FUNCTIONS AND SERIES

As our method for finding ordinary generating functions containing the product between
harmonic numbers and Fibonacci numbers makes clear, many series containing such products
are possible, provided the ordinary generating function for the sequence containing the har-
monic number of interest can be found. For example, ordinary generating functions for the
sequences { H, /n}n>1, {Hn/n?}n>1, and {H,, /n3},>1 are all known [2, 7, 11], meaning ordinary
generating functions for the sequences {H, F},/n}n>1, {HnFy/n%}ns1, and {H, Fy,/n?} 51 can
be found. Turning these into interesting series is problematic. As all the ordinary generating
functions in these cases contain polylogarithmic functions of order two (dilogarithms), three
(trilogarithms), or four (tetralogarithms), the difficultly lies in singling out any series of inter-
est as the dilogarithm and trilogarithm are only known to be reducible to more fundamental
constants for a limited number of values. Recall, the polylogarithm function Lis(x) of order s
is defined by > "7, ™ /n® for || < 1, provided s > 1.

As an example of the difficulties faced when it comes to finding interesting series containing
the product between the harmonic numbers and the Fibonacci numbers, let us find the sum
for the simple but intriguing looking series
>\ (H.F,\*
> < ;n ”> . (4.1)

n=1

We start by first giving as a lemma, the ordinary generating function for the sequence { H>},,>1.
It seems this result was first given without proof in [3]. An alternative proof to the one we are
about to give can be found in [10].

Lemma 4.1. For |z| < 1, the ordinary generating function for the sequence {H2},>1 is

> .  Lis(z) +log?(1 — z)
> Ha" = - . (4.2)
n=1

Here, Lis(x) is the dilogarithm function Y00, x™/n?.
Proof. Noting that

2H, 1
2 2 _ n
Hy . —H, = (Hn+1 — Hy) (Hpgr + Hyp) = n+1 + (n+ 1)27
where the recurrence relation of H,+1 = H, + n%rl for the harmonic numbers has been used,
we have - - - -
H,z" x"
2 2
D Hpga" =) Hu"=23 = +Zm’
n=1 n=1 n=1 n=1
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or . . .
Zjl H2z" ! zleggg" = Z ) 2:1 — (4.3)
n= n= =

after the index in the leftmost sum on the left of the equality and the rightmost sum on the
right of the equality have been shifted by n + n — 1. The first sum to the right of the equality
n (4.3) is (2.12), whereas the second sum is Lis(z)/2z. Thus,

(1 — x> iHﬁx” _ 10g2(1 — ) N Lig(l‘)7
x x x

n=1

from which the required result follows. O

Theorem 4.2. For |z| < 1/?, the ordinary generating function for the sequence {H2F?2},>1
18

5(1 — ¢3x) 5(1+z)

* 5(s0;02 x) {Liz <s§2> +log” <80290; w)] '

Proof. In the ordinary generating function given by (4.2), enforcing substitutions of z + ¢%x
and x =z > gives

i 22 — Liy(@%z) + log?(1 — %z) 2 (Lig(—x) +log?(1 + x))
(4.4)

oo .
Lig (%) + log?(1 — ¢?2)
2 2 _ Laa(p g 14
> H2pMa" = o , (4.5)

and

> H2z" @2 i x 0’ —x
S L) () e

n=1 ¥ L

respectively. Also, if x is replaced with —x in (4.2), one has

> n . Lig(—z) +log?(1 +z
S (-1 HZ" = 2( )1” 1+a) (4.7)
n=1

From the square of Binet’s formula

2ol (goQ" + 1) _Ae”

"5 p2n 5 7
we have
Y HAFa" = - > H2pMa - > (~1)"Ha" (4.8)
n=1 n=1 = n=1
Combining (4.5), (4.6), and (4.7) with (4.8) yields the desired result. O

The sum for (4.1) can now be found by setting « = 1 in (4.4). Doing so yields

B () - i (5 o ()] - o () e ()
+ 5\;15@ [Li2 <41(p2> + log? (9021/5” '
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The sum found for this simple looking series is not interesting. The real problem here in

finding interesting series from ordinary generating functions that contain the dilogarithm, or

the higher order polylogarithms, is the dilogarithm is only known to be reducible to simpler

constants for the eight arguments corresponding to: 0, %, +1, —¢, :t%, and & [9, pp. 4, 6-7].
5. CONCLUSION

We have shown how ordinary generating functions involving the product between the har-
monic numbers and the Fibonacci numbers can be found. These depended on the ordinary
generating function for the sequence of interest containing the harmonic numbers being known.
From these ordinary generating functions, some interesting series containing the product be-
tween the harmonic numbers and the Fibonacci numbers, that are almost nonexistent in the
literature, were then found.

REFERENCES

[1] D. H. Bailey, J. M. Borwein, and R. Girgensohn, Ezperimental evaluation of Euler sums, Experimental
Mathematics, 3 (1994), 17-30.
[2] D. Borwein and J. M. Borwein, On an intriguing integral and some series related to ((4), Proceedings of
the American Mathematical Society, 123 (1995), 1191-1198.
[3] D. Borwein, J. M. Borwein, and R. Girgensohn, Explicit evaluation of Euler sums, Proceedings of the
Edinburgh Mathematical Society, 38 (1995), 277-294.
[4] H. Chen, Evaluations of some variant Euler sums, Journal of Integer Sequences, 9 (2006), Article 06.2.3.
[5] H. Chen, Interesting series associated with central binomial coefficients, Catalan numbers and harmonic
numbers, Journal of Integer Sequences, 19 (2016), Article 16.1.5.
[6] 1. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series and Products, 6th ed., Academic Press, San
Diego, 2000.
[7] J. Guillera and J. Sondow, Double integrals and infinite products for some classical constants via analytic
continuations of Lerch’s transcendent, Ramanujan Journal, 16 (2008), 247-270.
[8] D. H. Lehmer, Interesting series involving the central binomial coefficients, The American Mathematical
Monthly, 92 (1985), 449-457.
[9] L. Lewin, Polylogarithms and Associated Functions, North Holland, New York, 1981.
[10] I. Mez8, A g-Raabe formula and an integral of the fourth Jacobi theta function, Journal of Number Theory,
133 (2013), 693-704.
[11] S. M. Stewart, Ezplicit evaluation of some quadratic Euler-type sums containing double-index harmonic
numbers, Tatra Mountains Mathematical Publications, 77 (2020), 73-98.
[12] C. 1. Vilean, (Almost) Impossible Integrals, Sums, and Series, Springer, Cham, 2019.

MSC2020: 11B39, 30B10.

9 TANANG STREET, BOMADERRY NSW 2541, AUSTRALIA
Email address: sean.stewart@physics.org

224 VOLUME 59, NUMBER 3



