INFINITE SUMS INVOLVING JACOBSTHAL POLYNOMIAL PRODUCTS

THOMAS KOSHY

ABSTRACT. We explore infinite sums involving Jacobsthal polynomial products and their
Jacobsthal-Lucas counterparts, and then extract the corresponding gibonacci versions.

1. INTRODUCTION

FEzxtended gibonacci polynomials z,(x) are defined by the recurrence z,2(x) = a(z)zp41(x)+
b(x)zn(x), where x is an arbitrary integer variable; a(x), b(x), zo(z), and z;(z) are arbitrary
integer polynomials; and n > 0.

Suppose a(z) = z and b(x) = 1. When 29(z) = 0 and z1(z) = 1, z,(z) = fu(x), the
nth Fibonacci polynomial; and when zo(z) = 2 and z1(z) = z, z,(z) = l,(x), the nth Lucas
polynomial. Clearly, f,(1) = F,, the nth Fibonacci number; and [,,(1) = L, the nth Lucas
number [1, 2].

On the other hand, let a(x) = 1 and b(z) = x. When z¢(z) = 0 and z1(z) = 1, z,(x) =
Jn(x), the nth Jacobsthal polynomial; and when zo(z) = 2 and z1(z) = 1, z,(x) = jn(x), the
nth Jacobsthal-Lucas polynomial. They can also be defined by the Binet-like formulas

Jofa) = O g @) = ) 07 ),
where 2u(x) = 1+ D, 2v(z) = 1 — D, and D = /4xz + 1. Correspondingly, J, = J,(2)
and j, = jn(2) are the nth Jacobsthal and Jacobsthal-Lucas numbers, respectively. Clearly,
Jn(1) = Fy; and jn(l) = Ly.

Fibonacci and Jacobsthal polynomials, and Lucas and Jacobsthal-Lucas polynomials are
closely related by the relationships J,(z) = (~V/2f, (1/y/x) and j,(x) = 2/1,,(1/\/z) [2].

In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation, when there is no ambiguity; so z, will mean z,(z). We let A = V22 + 4, 2a(z) =
x4+ A, and 25(x) = z — A, and omit a lot of basic algebra.

2. SuMS INVOLVING GIBONACCI POLYNOMIAL PRODUCTS

The following sums of gibonacci polynomial products are studied in [3].

i 1 1+V5 S 1 V5
:0F22n+1 2 n:OF§n+1+1 3’
i 1 3455 i 1 3 55
—FZ+1 6 —~Fi-1 18 67
o0 oo

1 a 1 V5
21 T % 270 T 1
n=0 21 k=0 2n+1
i; _ 5 _ Vs
~LP-25 63 30

We will revisit them in our investigations.

338 VOLUME 59, NUMBER 4



SUMS OF POLYNOMIAL PRODUCTS

3. SuMS INVOLVING JACOBSTHAL POLYNOMIAL PRODUCTS
Our discourse hinges on the identities Jy, 11 + 2Jn_1 = jn, Jns2 + 22Jn2 = (22 + 1)J,,
J2n = Jn]rm Jn—&—kJn—k_Jg = —(—ﬂf)n_kc]/?, _(_‘T)bJa—b = Ja+1Jb_Jan+17 ]3_D2J72L = 4(_1,)717
Jnts + :1:2Jn_1 = (21‘ + 1)Jn+1 [2]
With this background, we begin our explorations with the first infinite sum.

Theorem 3.1. Let J, = J,(z). Then,

o $2n71
n=0 <N

Proof. First, we will establish the summation formula

m 2n—1

Z T _ Jom+2 (3.2)

— )
= Jg, et i

using recursion [2, 3]. To this end, let A,, denote the left side of equation (3.2) and B,, its
right side. Using the Jacobsthal addition formula and the Cassini-like identity, we have

Jom+2 Jom

B — By = -
" ml Jomt1 Jom—1
_ Joms2Jom—1 — Jami1Jom
Joam+1Jom—1
B " om42)—2m
J22m +x2m—1
x?m—l
- J2  g2ml
= A, —An_1.
Thus, Am_Am—l = Bm_Bm—l; SO Am—Bm = Am—l_Bm—l === Ao—BO =1-1=0.
This implies, A, = Bp,.
J,
Because lim “2HL — u(z), it follows from equation (3.2) that
m—r0o0 m
> e = ule). 3
n=0 J2n +x
as desired. O

It follows from equations (3.2) and (3.1) that

m

Z 1 _ oo,
—=Fy 41 Fomt1’
i 1 145
—F5,+1 2
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respectively, as in [3, 4, 6]; we also have

m

3 2t s
n=0 J22n + 22n-1 J2m+l 7
o0
22n—1
= 2.

vt J22n + 22n—1

Next, we explore a corresponding result for odd-numbered Jacobsthal polynomials.

Theorem 3.2.
oo
22 + 1)x?n!
"0 Jony1 + 27"
Proof. First, we will establish that
m 2n—1
2 1 J.

-1 ’
= S 2 DomasJomi

using recursion. Let A,, and B,, denote the left and right side of equation (3.5), respectively.
Using the addition formula, Cassini-like identity, and the identities Jo, = Jnjn, jn = Jnt1 +
xJp_1, and J,y3 + 22T, 1 = (2z + 1)Jy 41, we get

B, — B, . — Jam+a Jam

Jom+3Som+1  Jemy1Jom—1
Jom+2(Som+3 + Tom+y1)  Jom(Jomi1 + xJom—1)
Jom+3J2m+1 Jomi1J2m—1
Jom+3(J2ms2om—1 — Jom+1J2m) — TJom—1(Jom+3J2m — Jom+2J2m+1)
Jom+3S2m+1J2m—1
" Ty 30y — 2(—22™) Jom—1Jo
Jom+3Som+1J2m—1
" Jymys + 32 Jom—1)
Jom+3Som+1J2m—1
(2z + 1)z?m—1
Jom+3Jam—1
(2z + 1)2?m1
J22m+1 +w2m—1
— A, - A, .

2 1 2 1
Consequently, A, — By, = App1 — Bjno1 = -+ = Ag — By = Tl s = 0. So,
z+1 z+1
A,, = Bp,.
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It then follows from equation (3.5) that
2 (2x + 1)22 ! _ iy J2mr2dzmen
g ! m—00 Jom 3Jom1

. Joms2 . Jome2
= lim - lim

m—0o0 2m+3 n—oo J2m+1

= —— u(z)D

as expected. O

It follows from equations (3.5) and (3.4) that

ik 3 _ Famia

= F3 . +1 FomisFomi1’

- 1 V5

ovard FZ . +1 3’
= 5. 2201 B Jam+4
T3 2200 Jomt3Jomi1’
0 22n—1 3
o J22n+1 +92n-1 5’

see [3, 6].

3.1. Additional Implications. Using the relationship .J,(z) = z(~1V/2f, (1/,/z), we can
extract in two steps the Fibonacci versions of equations (3.2) and (3.5), and hence, equations
(3.1) and (3.4).

Consider equation (3.2). Replacing 1/v/z with z and then 2 with 1/2%, we get

LHS:i z

v [ (2n-1)/2f, (1/\/5)]2+x2n—1

2n1

mZn 1f2n 1/f)_+_x2n 1

; 1
:Z4n2|:1 1

2n—1

I
Ms

x(2m+1)/2f2m+2(1/\/§)
RHS 2@m)/2f, (1//7)
fompa(@)

 fomg1(x)
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Combining the two sides, we get

Z z f2m+2'
= foa(x) +1 fomi1’
> x

= o),
2w -

as in equations (2.1) and (2.2) of [3].
Next, consider equation (3.5). Using the Jacobsthal-Fibonacci relationship and the two
steps, we get

(22 + 1)1
<[22 fy 11 (1) /7)) + 201
(2z + 1)z?7 1

T (/) + T
2?42

2| ) +1]

NE

LHS =

n

I
I MS

n

I
NE

i
o

m

2?2 +2 )
= fona (@) + 22

gUmt2f (1))
wCmE2)/2 fo 1 3(1/y/x) - 2272 for, 1 (1//T)
\/§f4m+4(1/\/5)
Fom+3(1/v/@) foms1(1//)
fam+a()
 fom+3(2) famt1 ()

Equating the two sides then yields

RHS =

?+2x Jam+a

= fog +a? fom+3fomi1’

= 242
2 2
= fon T

= ofz) - f(z),

as in equations (2.4) and (2.3) of [3], respectively.
Next, we explore the Jacobsthal counterpart of Theorem 2.3 in [3].

Theorem 3.3. Let u=u(z) and Jp, = Jy(z). Then,

o0

Z (z+1)(2z + 1)z (2% +1) <2x2+4x—|—1 Az 4+ 1) 28
Ti+

(3.6)

= Jn (x — 1)(—x)2 — g2n—3 - x+1 u 241

Proof. From the proof of Theorem 2.3 in [3], we have

iy 2+ et +4a? 2 (fm—l n (2% +2) fmn fm+1>

3

1 fnfn+1fn+2fn+3 B 3 +x

+

n fm fm+1 fm+2
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)/2f,(1/\/x), this yields

m—1 2n+1
AV [x<”*1)/2f ] (272 fri1] [£HD2 f o] [a(0F2/2f, 5]
— Jn Jn+1Jn+2Jn+3
RHS — (2:1: +4x+1)f
rz+1
B a3 am=D2p 22+ 1o _ am-U/2f, T VE ™2 frni
T x(m—l)/Qfm T\/T xm/Qfm+1 x(m+1)/2fm+2
2+ + 1)V Jn-1 2z+1  Jy Jm+1
N z+1 Ve I N Ve T2
_ (222 + 42+ 1)y/z - m1+2x+1 Im Im+1 ’
z+1 Im T Int1 It
where f, = fn(1/y/z) and J,, = Jp(x).
Combining the two sides, we then get
m—1
1)z2 222 +4x 41 m— m m
Z (x+ 1z _ 27 +dw 4 _[IJ 1+(2$+1)J +33J+1].
! InIns1Int2Jn43 z+1 JIm Im+1 Im+2
Consequently,
i (v +1)2? 2x2+4x+1_ r 2rx+1
= Jn—odn—1InInt1 N T+ 1 U U U
_ 21‘2—|—4:L‘—|—1_4:E—|—1‘
a x+1 u
Z 202 +4x+1 4dr+1 xt
JIn 1J Jn+1Jn+2 r+1 U 20 +1°
Because Jyi2 + 22Jy—0 = (22 + 1)Jp, Jpikdn—k — J2 = —(=2)"*J2 [2] and
Jn—QJn—IJn+1Jn+2 (Jn+1jn 1)(Jn+2Jn 2)
= [Jn— ()" [Jn = (-2)"77]
I+ (@ — 1) (-2)" 2 J7 — 23,
we then have
2z +1 B 2z +1)J,
Ji+ (z = 1) (~2)"2J2 — 23 ], odp1ndnt1dnte
o Jn+2 + $2Jn72
Jn—QJn—ljan—‘rlJn-‘rQ
_ 1 " x2
Jn—QJn—IJan—H Jn—lc]an-‘rlJn-i—Q’
)2z + 1)z 202 +4x+1 4dx+1 8
Z 1 ol 2 )2 n-3 (¢ +1) - - g
Jh x—l —x)"2J2 — g2n x+1 u 2z +1
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as desired.

It follows from equation (3.6) that

i 1 3 5V5
4 — Jo 5
~Fi-1 18 6
as in [3, 4, 6]. In addition,
JE+ (=2)n=2J2 — 2203 450"

n=3

Next, we investigate the Jacobsthal-Lucas consequences of the above Jacobsthal polynomial
sums. Our investigation hinges on the identity j2 — D2J2 = 4(-x)", where D = /4z + 1 [2].

4. JACOBSTHAL-LUCAS IMPLICATIONS

4.1. Counterparts of Equations (3.2) and (3.5). It follows from equation (3.2) that

in: p2n—1 B J2m+2 .
—0 D2J22n + D2g2n—1 D2J2m+1 ’
i p2n—1 _ J2m+2 '
s j%n _ 4(_1;)271 + D2g2n—1 D2J2m+l7
i $2n—1 _ J2m+2 (4 1)
A (42 + 1) Jami1 '
Similarly, equation (3.5) yields
zm: (22 + 1)2?n1 - Jam+4 (4.2)
i + 2+ D)2t (dr + 1) JomasJomr '
It follows from equations (4.1) and (4.2) that
m 92n—1 B J2m+2 ‘
n=0 G, + 2271 9Jom+1’
i 22n—1 _ u(w) (4.3)
n=0 j22n+x2n71 41‘—|— 1’ ‘
© 92n—1 B 2 ‘ (4 4)
n=0 ]2271 + 22n—1 a 97 .
m 92n—1 B J4m+4
— J3p41 + 2522071 45Jom43J2m 41’
= (2z + 1)z?n1 1 (4.5)
i Fnn + (22 4 1) D’ '
o
227171
= — 4.6
n=0 a1 2522071 15 (46)
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Equations (4.3) and (4.5) imply that
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i 1 1+V5
— L3, +1 10
% ) 5
L5, +9 157

respectively, as found earlier.

4.2. Lucas Versions of Equations (4.1) and (4.2). Using the Jacobsthal-Lucas relationship

gn(x) = 2"/%1,(1/\/z) and the two steps used
of equations (4.1) and (4.2).

earlier, we can extract the Lucas counterparts

First, consider equation (4.1). Following the two-step method, we get

LHS = D?
nz()]2n +$2n 1
2n—1
- D? :E
,;) (1) + T
AT 1
e 1
n=0 gz [WZQn( )+ 74n—2
B kzzol%n(ac)—kac27
RHS — Zmi2(@)
Jom+1(z)
Il N
x2m)/2 for 11 (1//T)
_ Vafoma(1/V7)
foms1(1/y/)
_ fampa(x)
 fam+1()
Equating the two sides yields
i x _ fomy2
D s < s
i x _a(x)
=13, +a? 2 +4

as in [3].
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Next, we begin with equation (4.2). Using the two-step procedure, we get

m 2n—1
LHS = D22z +1) Z °
2n-i-1)/2l2 +1(1/f)] (2%—1—1)2562”*1
A2 42 & xt
at =0 13,41(2) + (2% + 2)?

m AQ(LEQ + 2) .

— 13,1 (2) + (27 +2)%

Jymra(z)
Jom+3(%) J2m+1()

gWm2 41/

zCmA2/2 5 5(1/\/@)zCm)/2 for 1 (1) /)

V2 fim+a(1//)
Fom+3(1/v/@) foms1(1/+/)

famta()

T fom+afom+1

RHS =

Equating the two sides, we get

3+ 2z _ Jam+4

-0 l%n—l—l + (:1:2 + 2)2 AQfQTrH-?)f2m—|—1 ’
3 + 2z _ 1

=0 l%n—i—l + (2% 4 2)2 2244

as in [3].
Using the Lucas-Jacobsthal relationship j,(z) = 2™/21,,(1/1/), next we explore the Jacob-
sthal version of equation (4.5) in [3]:

1
x3 + 2z’

S DE AL 2t et 1)y g

d(x) 3+ (47)

n=3

where d(x) = 4 — (-1)"[(2? — 1)A% + 8]i2 — (23 + 22)2.

n

4.3. Jacobsthal Version of Equation (4.7). Replacing = with /x in equation (4.7) and
then multiplying the resulting equation with 2", we get

1 (z +1)(2x + 1)D*
ﬁ Z {24l + (-1)"[(x — 1) D? — 822|227 — (22 + 1)%}

(z+1)(2z + 1)Dix?n—1
Vo = Z < {ji+ (1w — 1)D? = 8a2fan 12 — (20 + 1)%2 5}

2(2 dz +1 1 — D)D?
RHS — (ac—i— x + )f_i_( )D* x\/f’
22+ /T 2x + 1

where I, = 1, (1/y/) and j,, = jn(z).
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Combining the two sides yields

i (x+1)(2z+1)D*? 1 2(22% +4a +1) N (1 - D)D? 72 (48)
= k(x) N x+1 x 2r + 1’ ’

where k(z) = ji + (-1)"[(z — 1)D? — 822]a" 452 — (22 + 1)22?" 3.
In particular, we then get

i 1 _7T-3V5

Ly —8(-1)"LE -9 90
i 2%n 368
i —23(-2)n 12 - 252273 18225

4.4. An Additional Jacobsthal Implication. Finally, we develop the Jacobsthal conse-
quence of equation (4.6) in [3]:

i (22 4 2)(z* + 2?) _ (@* 4+ 1)(2® + 62* 4 102% 4 3) oz (4.9)
! 24+ (-1)n(x2 — 1)A212 — A%2?2 (22 +2)(22 +3) (24 + 422 +2) A’ '
Theorem 4.1. Let 1, = l,(x), jn = jn(z), and D = /4x + 1. Then,
f: (x4 1)(2z + 1)z (z+1)(32® + 102* + 6z + 1) 1 (4.10)
~ j() 22+ 1)Bxr+1)(222+4x+1) D’ ‘

where j(x) = ji — (x — 1)(~z)"2D?%j2 — D*2?"=3,
Proof. Replacing = with 1/y/z in equation (4.9) and then using the relationship j,(z) =
"21,(1/\/x), we get

(x+1)(2x+1)
LHS =
5 Z 2314 — (-1)"(z — 1)xD?12 — D*

n=3
_ i (g; + 1)(237 + 1)x2n73
= ot (xn/2ln)4 — (x — 1)(_$)"_2D2(x”/2ln)2 _ Dig2n—3

T 2 - D(aiDE - D

n=3

(x4 1)(323 + 1022 + 62 + 1)z* 1
2422 +1)(3x +1)(222 +4x+1) D
(z4+1)B2* + 102> + 62 +1) 1
2x+1)Bzx+1)(222 +4x+1) D’

(

where 1, = 1,,(1/y/z) and j, = jn(z).
Combining the two sides, we get

RHS =

oo

Z (x4 1)(2x + 1)z?" 3 _ (z+1)B2° +102 + 6z +1) 1
jd —(z —1)(~z)"2D2j2 — D4x2n=3 (22 +1)(3z +1)(222 + 4z +1) D’

n=3

as desired. 0
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It follows from equation (4.10) that

i;_i_ﬁ
L*—25 63 30’
n=3

as in [3, 5, 7]. In addition, we have

o0

> 2%n _ 112
g —9(=2)""2j2 — 81223 3825
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