PRODUCTS INVOLVING RECIPROCALS OF JACOBSTHAL
POLYNOMIALS

THOMAS KOSHY

ABSTRACT. We explore the Jacobsthal versions of six products involving reciprocals of gibonacci
polynomials.

1. INTRODUCTION

Ezxtended gibonacci polynomials z,(x) are defined by the recurrence z,12(x) = a(z)zp+1(x)+
b(x)zn(x), where x is an arbitrary complex variable; a(z), b(x), zo(z), and z1(z) are arbitrary
complex polynomials; and n > 0.

Suppose a(z) = x and b(z) = 1. When zp(x) = 0 and z1(z) =
nth Fibonacci polynomial; and when zo(z) = 2 and z1(z) = z, z,(z)
polynomial [1, 6].

On the other hand, let a(x) = 1 and b(z) = x. When z¢(z) = 0 and z1(x) = 1, z,(x) =
Jn(x), the nth Jacobsthal polynomial; and when zo(z) = 2 and z1(x) = 1, z,(x) = jn(x), the
nth Jacobsthal-Lucas polynomial. Correspondingly, J,, = J,(2) and j, = j,(2) are the nth
Jacobsthal and Jacobsthal-Lucas numbers, respectively. Clearly, J,, (1) = F,,; and j,(1) = L,
3, 6].

Suppose a(z) = z and b(x) = -1. When zp(x) = 0 and z1(z) = 1, then z,(z) = V,(x),
the nth Vieta polynomial; and when zp(x) = 2 and z1(z) = x, then z,(z) = v,(z), the nth
Vieta-Lucas polynomial [4, 6].

Finally, suppose a(x) = 2z and b(x) = -1. When zy(z) = 1 and z1(x) = x, then z,(z) =
T, (z), the nth Chebyshev polynomial of the first kind; and when zo(z) = 1 and z(z) = 2=,
then z,(z) = Uy, (z), the nth Chebyshev polynomial of the second kind [4, 6].

L, Zn(x) = fa(z), the
= l,(x), the nth Lucas

1.1. Relationships in the Extended Gibonacci Family. The subfamilies of the extended
gibonacci family are linked, as Table 1 shows [4, 5], where i = /-1. We will employ them in
our discourse.

Table 1: Relationships Among the Extended Gibonacci Subfamilies

Ju(e) = DR (1)) (@) = 2" (1//x)
Vo(z) = " Lf, (i) vp(z) = "l (—izx)
Vo(z) = Up_1(z/2) vp(x) = 2T, (x/2),

In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation, when there is no ambiguity; so z, will mean z,(z). In addition, we let ¢, = J,(x)
or ju(x), A=+vVa?+4, D=+4r+1,2a(zx) =z + A, and 2u(z) = 1+ D, and omit a lot of

basic algebra. It follows by the Binet-like formulas [6] that liin Gtk _ ok ().
Mm—00  Cp,
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1.2. Products Involving Reciprocals of Gibonacci Polynomials. We explored the fol-
lowing products involving reciprocals of gibonacci polynomials in [7]:

m 2
x 1 fom+1
1+ _ . | 1.1
< 2 ) z2+1  fom—1 (L.1)

1 fom+2
= — = 1.2
242 fgm ( )

T famyl
$2+1 f2m .

)

)7
ﬁ (1 - ZA22x2) _ T o (1.4)

(%)

:L‘3 + 3x . lgm_l '

n=2 2n—1

m A2,2 2_ 9 I

[[(1+55) = 212 2me (1.5)
O 2 A? B 2242 lomit
11 L+ 5 -0 ) = S (1.6)
i n—1 o 2+ 3x  lom

We will now find their Jacobsthal versions using the Jacobsthal-gibonacci links in Table 1.

2. ProbpucTs INVOLVING RECIPROCALS OF JACOBSTHAL POLYNOMIALS

We begin our explorations with products containing reciprocals of squares of odd-numbered
Fibonacci polynomials.

2

f22n71 .
and then multiplying the numerator and denominator of the resulting expression with z
we get

2.1. Jacobsthal Version of Formula (1.1). Let A=1+ Replacing = with 1/y/z

2n—2
)

1
A = 1+
xf22n—1
x2n72
= 1+ 5
a [2Cn=2/2 fo, ]
3?2”73
= 1+
J22n—1
m x2n73
LHS = H(1+ : )
n=2 J2n—1

where f, = fn(1/y/z) and J,, = J,(x).
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Now let B = (2_{23;1 Replacing = with 1//z, and then multiplying the numerator
x 2m—1
and denominator of the resulting expression with 22™/2, we get
B T fom41
(x + 1)f2m—1
B T (552m/2f2m+1)
(z + D)z [2Cm=2/2 fo,, 4]
J2m+1
RHS = ————————|
(x + 1)J2m_1
where f, = fn(1/v/x) and Jp,, = Jp(2).
Equating the two sides, we get
i 1 AN Jom+1 91
H + J2 - T + 1 ‘ J 9 ( N )
2n—1 2m—1

n=2

where J,,, = Jp, ().
This yields

m
1 Fomi1
nll < F22n—1> 2Fm—1 22
ﬁ <1 n 22”3) _ Jom+1
oot I3 1 3Jom—1’
ﬁ - x2n—3 B UZ(x)
J2 x4+ 1
n=2 2n—1
00 2
1 a
1+ ) = -3
lo_OI( 2277,—3 4
1+ ) _ 4
n=2 J22n—1 3

2

2.2. Jacobsthal Version of Formula (1.2). With A =1 — ;—2, replace x with 1/4/x and
2n

then multiply the numerator and denominator in the resulting expression with z2"~1. We

then get

1
A= 1—-——
3,
x2n—2
- [z2n-1/2f, ]2
2n—2
= 11—
J2n
mn 1.27172
LHS = H<1— 2 >;
n=2 2n
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RHS = % fomso
2z 4+ 1 fgm
. 2 @mA/2f,
T 241 [x(mel)/Zme]
_ 1 S
2+ 1 Jom, ’
where f, = fn(1/v/x) and J,, = Jp,(x).
Equating the two sides, we get
ﬁ (1 x2n_2> _ 1 Jom+2 (2.3)
oot Jz, 2e4+1  Jom
This implies,
m
1 Fomyo
H <1 - Fg) = 3FL§ (2.4)
ne2 2n 2m
ﬁ (1 _ 22"_2> _ Jomi2
oot Jz 5Jom
10_01 (1 B $2n—2> _ u2(33)
ooty Jz 20 + 1’
M) - 2
n=2 FQQ" 3 7
1°_°[ - 22n2> B %
s 3, 5

1
2.3. Jacobsthal Version of Formula (1.3). Let A = <1 o > <1 + > Replacing
f2n 1 f2n

x with 1/4/x, and then multiplying the numerator and denominator in the first factor with
22"~2 and that of those in the second factor with 22", we get

2n—2 2n—1
T T
A= |1-——F— | 1+ ——r
| x%—?f%n_l] | :c2"—1f§n]

( 2n 2>< :L‘anl
1+ >

J2n 1 ‘]2211
m 2n 2 :L,Qn—l
LHS = H< ><1+ 72 >

2n1

where f, = fn(1/y/z) and J,, = J,(x).
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With B = xzi 1 fj:;:l’ similarly we get
B _ VT fame
z+1  fon
ris — VE [P o]
r4+1 z [zCm-D/2f,]
_ L Jomy
rz+1 Jom .
Combining the two sides yields
m .%'2”_2 ) < xZn—l ) 1 J2m+1
nHQ ( 2 2 )T ax 1 o (25)

It follows from this formula that

m
1 1 1 Fomqa
- )<1+ ) = 1. Dmia (2.6)
7!;[2 < F22n—1 F22n 2 Fom
ﬁ (1 B 22"_2> (1 N 22"_1) _ 1 S
n=2 ‘]22n 1 ‘]22n 3 Jam
O 2n—2 2n—1
1
r[(l—x2 )<1+x 5 ) = u(x);
ol J5n_1 I, r+1
o0
22n—2 22n—1 2
11 <1 -5 ) 1+ = ) = =
n=2 ']2n—1 JZn 3
Combining formulas (2.2), (2.4), and (2.6), we get

el (1 B 1> _ Fomi2F3 11
oot El 12F3 Forn 1
q( L) -

i 12°

as in [2, 8].

2.4. Alternate Versions. Using the Jacobsthal identity j2 — D?J2 = 4(-x)" [6], we can
rewrite formulas (2.1), (2.3), and (2.5) in a different way:

ﬁ (1 + DQxQ”_3> - L Jomir,
o j%n—l + 4g2n—1 z+1 Jom_1 ’
ﬁ - D2$2n_3 _ u2($) .
n=2 j%n—l + 42—l z+1 ’
oo
5 a?
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(e 220 ) o
oot j22n71 + 22n+1 3
ﬁ <1 _ D2y?n—2 > _ L Jomyo,
oot j3, — da?n 20 +1  Jopy,
ﬁ (1 B D2I2n_2 ) _ UQ(Z‘)
oot Ja, — da?n 2z +1
o0
5 2
I1 (1 - ) = % (2.8)
ot Ls, —4 3
ﬁ <1 9 22n72 ) B 4
T2 o2n+2 =]
ol 7 24n 5
ﬁ ( D?g2n—2 > <1+ D221 > _ L Jomyr,
oute j22n—1 + 4g2n-1 ]%n — 4g2n x+1  Joy
0 D2$2n_2 D2$2n_1 u(x)
H (1 2 2nl> (1 + 2 2n> = ’
i J5n_1 +4x Ja, —4x z+1
(o)
5 ) ( 5 ) a
— 1+ = —; (2.9)
OO g.92n=2 g.92n—1 9
H (1 T2 2n+1> <1 + 3 2n+2) - 9
ot Jon—1 12 Jon — 2 3

3. ProbpucTs INVOLVING RECIPROCALS OF JACOBSTHAL-LUCAS POLYNOMIALS

Using the relationship j,(z) = 2"/21,,(1/+/z), we now find the Jacobsthal-Lucas versions of
formulas (1.4), (1.5), and (1.6).

A2 2
3.1. Jacobsthal-Lucas Version of Formula (1.4). Let A=1— 2 T Replace z with
2n—1
1/y/x, and then multiplying the numerator and denominator of the fractional expression with

x2"3. We then get

D2
A= 1-—5—
x5, 4
D2x2n73
- [x(anl)/2l2n7ﬂ2
D2 2n—3
Jon—1
m
D2 2n—3
LHS = H(l—f >
ne—9 Jan—1

where I, = l,(1/y/) and j,, = jn(z).
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l
With B = 3 —T—?’x . lz:i7 similarly we get
B - o
3r+1 lop_q
_ T . $(2m+1)/2l2m+1
3z+1 =z [x(Qm—l)/QZQm_l]
3r+1 Jom—1
Equating the two sides, we get
ﬁ (1 B D2x2"_3) _ 1w (3.1)
-9 — " . .
- Jan—1 3r+1 jom—1
n=2
This yields
m
5 Lom+1
1— = ; 3.2
nl;[Q ( L%n—l) 4Lom—1 (32)
ﬁ (1 9 22n_3) _ 1 Jomi
ﬁ (1 B D21’2n3> _ u2($) .
ot Ja 4 3z +1
ﬁ ( 9. 22n3> 4
1 - — = -.
n=2 ]2277,—1 7
3.2. Jacobsthal-Lucas Version of Formula (1.5). Using similar steps as before with
A=14 A2g? 4B x4+ 2 lom+2 ¢
= an = . we ge
3. A2 12 oy 08
D2
A = 1+ 55
x4l5,
D2$2n_2
N [2(27)/21,,,] 2
N D2x2n72
I3
m
D2$2n_2
LHS = [] (1 + 2> ;
n=2 Jon
B — (2:6 + 1):6 ) l2m+2
202 +4x+1 o
_ @tz a2, 1
224 dx 41z [22m)/2,,, ]

202 +4x 4+ 1 jom
where I, = 1,,(1/y/z) and jp, = jn(2).
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Combining the two sides, we get

ﬁ 14 D?g2n—2 _ 20+ 1 . Jom—2 (3 3)
2 202 +4x 4+ 1 Jom '

It then follows that

m
5 3 L2m+1

}_12( L%n) 7 Lom—1 (34)
(1220 = 2 dm
e i 17 Gom
oo

D?gn—2 20 4+1

H (1 + 5 > = Wu (x);
ol Jan, T4+ 4x +
ﬁ( 9. 222 20

Loy
n=2 ‘7%” 17

Finally, we investigate the Jacobsthal-Lucas counterpart of formula (1.6).

2

A? A?
3.3. Jacobsthal-Lucas Version of Formula (1.6). With A = <1 + > (1 - > and
2n—1

2
4+2 1 o .
= 2m+1, using similar steps as before yields

T 2343 o
D? D?
)0
rl3,_q xl3,
D2ZL‘2n_2 D2ZL‘2n_1
= (14 1=
[$(2n_1)/212n_1] [$(2")/212n]
D2 2n—2 D2 2n—1
- (B (-2
J2n-1 J2n

m D2 2n—2 D2 2n—1
LHS = ] (1+,§”> (1—“5);

n=2 Jon—1 j%n
(2.17 + 1)\/5 ' lom+1

B =
3r+1 lom
Qe+ 2B,
T Be+ 1z 2O,
3 + 1 J2m

where 1, = 1,,(1/y/z) and j, = j,(z).
Equating the two sides yields

m .
D2 2n—2 D2 2n—1 ) 1

Jon—1 iz, 341 o

n=2
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It then follows that

5 5 3 L
H<1+ —— )( 2) = 2.2l (3.6)
ne—> L,y L, 4 Lom
m <1+9 22n 2> < 9. 22n 1> _ §'j2m+1
D2 2n—2 D2 2n—1 2% +1
(=) (-5) - e
ne2 Tn-1 Tan 3z +1
. 9. 222 9. 221 10
L) 0-") - 7
"2 Jon—1 Jan 7
It follows by equations (3.2), (3.4), and (3.6) that [7]
2
ﬁ <1 25 ) _ 9 LaTzL%mﬂ;
vt L 112 L5, Lopm—1
oo
[1(-2) - o
n=3 n

3.4. Alternate Forms. Using the identity j2 —

(3.1), (3.3), and (3.5) also in a different way:
(-

n=2
(-

D2$2n_3

272 _ 2n—1
D22 | —dx

[e.9]

[I

n=2

D2$2n73

2 72 2n—1
D2J3 | —4x?n

5
1_27
( 5F2n—1_4

9. 22n—3
B 9J2 | — 22+l

D21‘2n_2

9. 22n72

80

)
)
)
)
)
)
)

D?J2 = 4(~z)"

[6], we can rewrite formulas

Jom—1"

; (3.7)

20 +1
222 + 4z + 1

Joam+2
. 3
Jom

20+ 1

2 .
222 + 4z + 1Y (@);

302
— 3.8
7 (3-8)

20

17
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m
D2 2n—2 D2 2n—1 2 1 .
H<1+ B 21)(1_22$2> _ 2241 fawnn,
n=2 D2J3, 4 — da=n D2J3, + 4z 3z+1  Jjom
o
D2132n_2 DQ 2n—1 2£C+]_
1 1- _ .
711;[2 < " D?J3, 4 - 45’32”_1> < D2J3 + 4952") 3z + pul);
oo
5 3
H R a— = = (3.9)
n=2 5F2n 1 4
o) 9. 22n—2 9. 22n 1 10
1 1— -
,nQ ( A 22”“) ( 9J3, + 22n+2> 7

An Interesting Consequence: It follows by equations (3.7), (3.8), and (3.9) that
o0
25 25 9
R S
W 6r (5F2 +4)2] ~ 112
4. CONCLUSION

We can extract the Vieta and Chebyshev versions of formulas (1.1) through (1.6) using the
gibonacci-Vieta and Vieta-Chebyshev relationships in Table 1, respectively. In the interest of
brevity, we omit the details.
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