ON THE FAMILY OF DIOPHANTINE PAIRS {Py, 2Py 2}

KOUESSI NORBERT ADEDJI, ALAN FILIPIN, AND ALAIN TOGBE

ABSTRACT. Let k& > 1 be an integer and let Pr and @Qr be the kth Pell number and kth
Pell-Lucas number, respectively. In this paper, we prove that if d is a positive integer such
that

{ P2k, Part2,2Pok42,d}
is a Diophantine quadruple, then d = Par11Q2k+1Q2k+2. We deduce that the pair { Pak, 2Pagy2}
cannot be extended to an irregular Diophantine quadruple.

1. INTRODUCTION

For a nonzero integer n, a set of m distinct positive integers {a1, ..., an} such that a;a; +n
is a perfect square for all 1 < i < j < m, is called a Diophantine m-tuple with property D(n) or
a D(n)-m-tuple (or a P,-set of size m). Diophantus was the first who considered the problem
of finding such sets in the case n = 1. Particularly, he found the set of four positive rational
numbers {%, %, %, %} with property D(1). However, the first integral D(1)-quadruple was
found by Fermat and it was the set {1,3,8,120}. Moreover, Baker and Davenport [1] proved
that the set {1,3,8,120} cannot be extended to a D(1)-quintuple. Several generalizations
of the result of Baker and Davenport were obtained. In 1997, Dujella [5] proved that D(1)-
triples of the form {k — 1,k + 1,4k} for k > 2 cannot be extended to a D(1)-quintuple. In
1998, Dujella and Pethé [8] proved that the D(1)-pair {1,3} cannot be extended to a D(1)-
quintuple. In 2008, Fujita obtained a more general result by proving that the D(1)-pairs of the
form {k —1,k+ 1} for k > 2 cannot be extended to a D(1)-quintuple. A folklore conjecture is
that there does not exist a Diophantine quintuple. In 2004, Dujella [7] proved that there are
only finitely many D(1)-quintuples. This conjecture was proved by He, the third author, and
Ziegler [11]. For

d=ds =a+0b+c+ 2abc+ 2/ (ab+ 1)(ac+ 1)(bc + 1),

both sets {a,b,c,d+} and {a,b,c,d_} are Diophantine quadruples provided d_ # 0. Such
quadruples are said to be regular. We state a stronger version and still open conjecture.

Conjecture 1.1. If {a,b,c,d} is a Diophantine quadruple such that a < b < ¢ < d, then
d == d+.

To prove this conjecture, Fujita and Miyazaki [9] recently proved that any fixed Diophantine
triple can only be extended to a Diophantine quadruple in at most 11 ways by joining a fourth
element exceeding the maximal element in the triple, while Cipu, Fujita, and Miyazaki [3]
improved this result by replacing 11 by 8. For other results concerning Diophantine m-tuples
and their generalizations, we refer the interested reader to the homepage of Dujella [4].

The next two propositions are important results, giving us an idea on the extendibility of
Diophantine pairs under some precise conditions. For a fixed Diophantine triple {a, b, ¢} with
ab+1 = 12, where r is positive integer, we denote by N the number of positive integers d > d.
such that {a, b, c,d} is a Diophantine quadruple. We have the following propositions.
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Proposition 1. (See [3, Proposition 1.5]) Let {a,b} be a Diophantine pair with a < b. Define
an integer c], by

= 1o [0+ VAP 4 VA + (Vb= V- Vab —2a+8)] ()

with v a positive integer and T € {—, +}.
(1) If c = c] for some T, then N < 3.
(2) Ife; <c< c}, then N < 6.
(3) If ¢ > ¢, , then N = 0.
(4) If ¢ = & for some T and b < a?, then N = 0.

Proposition 2. (See [3, Corollary 1.6]) Let {a, b, c} be a Diophantine triple with a < b < 13a.
Then, N < 6.

Recall that the Pell and Pell-Lucas numbers are respectively given by
Py=0, Pi=1, Prio=2FP 1+ Pk for k>0,
and

Qo=2, Q1=2, Qui2=2Qk41+Qr for k>0.

Let a = Py, and b = 2P;,9. We have a < b < 13a. For this Diophantine pair, using
Proposition 1 and Proposition 2, it is enough to consider the extensions of D(1)-triples of the
forms {Poy, 2Pap12, c}, where ¢, cf, ¢y, C;, s, cgr, as all possible ¢’s are given by equation
(1). Also, note that from equation (1), we see that ¢ = P19 < b. But, in the other cases
we have b < ¢. Thus, we have to study the extensibility of the Diophantine triples

{Pog, Pog+2, 2Pogy2}, {Pok, 2Pajto, ¢}, with ¢ € {cf,¢5,¢5,c5,¢8 }

In this paper, we prove the following results.

Theorem 1. Let k be a positive integer. If d is a positive integer such that

{Pok, Pory2, 2 Pog 12, d}
s a Diophantine quadruple with d > 2Pog 1o, then

d = Pop+1Q2k+1Q2k+2,
where Py and Qg are respectively the kth Pell and Pell-Lucas numbers.

Theorem 2. Let ¢ € {c],c;,cq,c5,ca} and d be a positive integer. If {Pak,2Pog 12, c,d} is
a Diophantine quadruple with d > ¢, then d = d..

Taking into account the observations mentioned above, Theorem 1 and Theorem 2 allow us
to deduce the following statement.

Corollary 1. Let k > 1 be an integer. Any Diophantine quadruple that contains the pair
{Pok, 2Py 12} is regular.

The purpose of this paper is to prove the uniqueness of the extensions of D(1)-triples
{ Pk, 2Py 42, ¢}, where ¢ € {c,ci,c5,c5,c5,c5}. To do this, we will use the standard
method for solving finitely many Diophantine equations z = v, = w,. To get a lower bound
for the indices, we will consider the congruence method or obtain an upper bound using linear
forms in logarithms.

The organization of this paper is as follows. In Section 2, we will recall or prove some useful
results. In Section 3, we will use some results of linear forms in three logarithms. In Section 4,
we use the Baker-Davenport reduction method to prove Theorem 1. Section 5 of the paper
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will be devoted to the proof of Theorem 2 in the case where ¢ = cf and we will finish in

Subsection 5.2, where we will discuss the cases ¢ = céﬁ and ¢ = c?f

2. SOME USEFUL LEMMAS

In this section, we recall or prove some useful lemmas that will be used to prove Theorem 1.
Here, we will keep the following notation: a = Pog, b = Pogio, ¢ = 2P5k 10, and let r,s,t be
positive integers defined by

ab+1=7r* ac+1=s* be+1=t (2)

To extend the Diophantine triple {a, b, c} to a Diophantine quadruple {a, b, c,d}, we have to
solve the system

ad+1=2% bd+1=y> cd+1=2>2 (3)

If we eliminate d, we obtain the following system of Pellian equations:
az? —cx® = a-—c, (4)
b2 —cy? = b—c (5)

Moreover, by [7, Lemma 1] or the arguments of Nagell [13, Theorem 108al, the positive
solutions of Diophantine equations (4) and (5) are respectively given by

za+zye = (20va+ zove)(s+ Vae)™, (6)
wWVb+yve = (21Vb+y1ve)(t + Voe)", (7)

where m, n are nonnegative integers, and (zo, zo), (21, y1) are solutions of (4) and (5), respec-

tively, satisfying
s+1 eve
1< 1< Y
Swo <75 1<l <y ®)
t+1 cy/ce
<y/—, 1< <y —=. 9
m<y S 1<lal< /0 )

In any case, we have z = v, = wy, where

1

IN

v = 20, U1 = S20+ CTo, Umit2 = 2SUpmt1 — Um, (10)
wy =21, wy =tz +cyr, Wpro = 2Wpe1 — Wy (11)
The initial terms zy and z; are almost completely determined in the following lemma.

Lemma 1. (See [3, Theorem 2.1])) Suppose that {a,b,c,d} is a Diophantine quadruple with
a<b<c<d, and that z = vy, = wy, has a solution for some integers m and n. Then, one
of the following four cases holds:

(1) m and n are even with zo = z1 and (|z0|, zo; |z1],v1) € {(1,1;1,1), (cr—st,rs—at;cr—

st,rt — bs)}.

(2) m is odd and n is even with (|zo], xo; |21|,y1) = (¢t,r;cr — st,rt — bs) and zpz1 < 0.

(3) m is even and n is odd with (|20, xo; |21|,y1) = (cr — st,rs —at;s,r) and zpz; < 0.

(4) m and n are odd with (|20, xo; |21],y1) = (t,7;s,7) and zpz1 > 0.

Moreover, if d > d, then case (2) cannot occur.

Denote by {v.,m} the sequence {vy,} with the initial term zp, and by {w;, ,} the sequence
{wy,} with the initial term z;.

Lemma 2. (See [3, Lemma 2.3])) Ver—stm = U—t.m+1; Ust—crm+1 = Utm for all m > 0 and
Wer—styn = W—sn+1; Wst—crn+1 = Wsn for alln > 0.
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When we refer to the above two lemmas, it is enough to observe the following two cases:
Case 1. If vo,, = wap, then 2z = 21 = +1 and g = y; = 1.
Case 2. If voy41 = wopt1, then zg = +t, 21 = +s, g = y1 = r, and zp2; > 0.

Also, we obtain

1 1
r= Py, s= §Q2k+17 and t= §Q2k+2-
As mentioned above, we need to solve the system of generalized Pell equations
Popz® — 2Pypi02® = Py — 2Pyqo, (12)
Pojy22” = 2Poyoy® = Popyo — 2Py (13)

In [7], Dujella proved an unconditional relation between the indices m and n, which we state
in the following lemma.

Lemma 3. (See [7, Lemma 3]) If v, = wy, thenn —1 <m < 2n+ 1.
To get a gap principle between indices m, n, and k, we recall the following lemma.

Lemma 4. (See [6, Lemma 4]) We have

Vam = 20 + 2c(azom?® + sTom) (mod 802),
Va1 = 820+ c[2aszom(m + 1) + zo(2m +1)]  (mod 4c?),
Wo, = 21+ 26(b21n2 + tyin) (mod 862),
Wop+1 = tz1 +c2btzin(n+1) +y1(2n + 1)] (mod 4c?).

The next results will help us to determine a lower bound of m depending on k. So, in
Case 1, we will prove the following result.

Lemma 5. If vo,, = way, has a solution for m,n > 2 and zg = z1 = 1, then

1+2PF -1
>\/ + 29540 .

m= 2

Proof. Using Lemma 4, we have
+am? 4+ sm = +bn? +tn  (mod c). (14)

In our case, the congruence becomes
1 1
£ Pym? + §Q2k+lm = +Pyppon® + §Q2k+2n (mod 2Pop42).

It follows that ) 1
+ Pym? + §Q2k+1m = §Q2k+2n (mod Poj42).
As Qopt1 = 2Pop19 — 2Pop41 = —2Poy (mod Pogyg), Pop = —2Pop41 (mod Poyyo), and

Qo2 = 2Pop 41 (mod Popo),

we have
+Pyr1(2m?> £m+n) =0 (mod Poya).

Note that ged(EPog+1, Pokt2) = ged(Pogt1, Poky2) = P1 = 1. Because Pyyy1 and Poyio are
relatively prime, we get
2m?+m+n=0 (mod Pyio). (15)
If m,n > 2, then
2m2—{—m—|—n2 2m2:|:m:|:n2 2m? —m—n > 0.
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Hence, from (15), we obtain
2m? 4+ m +n > Pajio.

By Lemma 3, we know that m > n. So we have 2m? + 2m — Psi1o > 0. This completes the
proof of Lemma 5. U

Now considering Case 2, we get the following result.
Lemma 6. If vyy11 = wopy1 has a solution for m,n > 1 and 29 = +t, z1 = +s, with

zoz1 > 0, then
S VI + 8Psky0 —3

m= 1

Proof. Considering the congruences modulo 4¢? in Lemma 4 for this case, we obtain
+astm(m + 1) +rm = £bstn(n+ 1) +rn  (mod c¢).
Because st = —1 (mod Pyiy9) and a = —2Ps;11 (mod Pagy9), we deduce that
tPypi12m(m+1) £ (m—n)] =0 (mod Poyy2).
As £P5i11 and Poio are relatively prime, we see that
2m(m+ 1)+ (m —n) =0 (mod Paiyo).

For m,n > 1, we have

2m(m+ 1)+ (m—n) >2m(m+1) £ (m —n) >2m(m+1) —m+n > 0.

Thus, we obtain 2m(m + 1) +m —n > Pyyo. By Lemma 3, we know that m > n. Moreover,
we have m —n < m and hence, we get

om? +3m — Popio > 0.

This completes the proof. O

3. LINEAR FORMS IN THREE LOGARITHMS

Using recurrences (10) and (11), we obtain
1

vn = 7= [(zovateove)(s +vae) "+ (0va—aove)(s—Vae)"] (16)
wn = 2\1/5 (Vb + Vo)t + VB + (Vb -y V"] ()

In our case where a = Py, b = Pop1o, and ¢ = 2P,k 19, we have ¢ = 2b. Our idea is to use (16)
and (17) to transform equation v, = w, into an inequality for linear form in three logarithms
of algebraic numbers. Recall the following lemma that will help us in that direction.

Lemma 7. [6, Lemma 5] Assume that ¢ > 4b. If v, = w, and m,n # 0, then

Vb(zo\/€ + 201/a)
va(yiy/e + 21vb)
Note that Dujella later proved the previous lemma (see (60) in [7]) by replacing the assump-

tion ¢ > 4b by ¢ > b+ +/c. In our particular case, we can easily verify that ¢ > b+ /c; we have
everything ready for the application of the following famous result of Baker and Wiistholz [2].

0 < mlog(s + vac) — nlog(t + Vbe) + log

< gac(s + Vac) ™.
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Lemma 8. For a linear form A # 0 in logarithms of | algebraic numbers «ay,...,oq with
rational integer coefficients by, ..., by, we have

log A > —18(1 + DN (32d) 20/ (o) . . . B () log(21d) log B,

where B = max(|b1|,...,|b]), and where d is the degree of the number field generated by
af,...,00.

Here,

1 1
) = max (h(a), "5 7).

and h(«) denotes the standard Weil logarithmic height of a.
We apply Lemma 8 to the following linear form in three logarithms

= mlog(s + vac) —nlo Vbe) + lo Vhzove + z0v/a)
A =mlog(s+ ) log(t + b)+lg\/ﬁ(y1ﬁ+21\/5). (18)
Put
= S ac o = C an a3 = \/l;(xO\/E+ZO\/a)
a=shvae ax=tavbe and s = et avh)

Considering Case 1, we have [ = 3, d = 4, B = 2m. Note that in this case, we have c = s + ¢
and ¢ = 2b, so we obtain

1 1 1 1
b (a1) = 3 logag < 3 loge, h'(ag) = Elog g < ilog(c+ Vbe) < 0.584151og c.
Furthermore, a3 is a root of
a*(c — b)%zt 4 4a®b(c — b)x® + 2ab(3ab — ac — be — c*)z* + 4ab*(c — a)z + b*(c — a)*> =0

and all these roots are given by

Vab++vbe  —Vab+vbe  Vbe+Vab nd —Vbe + Vab
Vab+ \ac'  —vab++ac'  —\/ac+Vab’ Vac+ab

As the absolute values of the conjugates of ag are greater than 1 and the leading coefficient
of the above polynomial is at least 16, we have

c — ab)?
h(asz) < ilog [aQ(c —b)%. (b b) ] = %log (b*(c — a)?) < loge.

(ac — ab)?
Thus, we see that h'(a3) < logc. Using Lemma 8, we obtain
log A > —1.117 - 10" log(2m) - log® c. (19)

Lemma 7 and the inequality

log (2@0) < 2log(2v/ac)

show that
log A < (1 —2m)loge. (20)
Combining (19) and (20), we obtain
2m —1
1.117- 10" log? c. 21
log(2m) < 8 ¢ (21)
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Using Lemma 5, we observe that ¢ < 8m?. Moreover, logc < 2.501log(2m) for m > 2. Thus,
we have the inequality
2m —1
log®(2m)
Solving the inequality and using Lemma 5, we get a bound on m and k that we summarize in
the following result.

<7-10". (22)

Lemma 9. We have m < 4-10% and 1 < k < 53.

Considering Case 2, we have | = 3, d = 4, B = 2m + 1. Note that in this case, a3 is a root
of

a?(c — b)%a? + 4a®b(c — b)stx® + (4a*b*(—2¢* + (a + b)c + 3)
— 2abc(a + b+ ¢))x? + 4ab®st(c — a)x + b?(c — a)*.

Using b = %c, we see that

h(ag) S

llog(az(c 5+ 4log (maxwé(rﬁi t@r})]

min{|v/a(rv/c + svb)[}
oo(a2(c — b)2 o \/l;(rﬁ—i—t\/&))]
[lg( ( b))+41g<\/5(r\/55\/5)

ilog (bQ(T\/E+ tz/café;\ﬁ + 8\/5)4> < log(4c®) < 3log(1.6¢).

| =

| =

Thus, h'(as) < 3log(1.6c). Combining Lemma 6 and Lemma 8, we get the following
inequality
m
—————— < 1.103 - 10'°. 23
log®(2m + 1) (23)
Solving inequality (23) and using Lemma 6, we get a bound on m and k that we summarize
in the following result.

Lemma 10. We have m < 1.324 - 10%! and 1 < k < 55.

4. PROOF OF THEOREM 1

The goal of this section is to give a proof of Theorem 1. In Case 1 from Lemma 9, we
know that m < 4-10%° and 1 < k < 53. To solve the problem for the remaining cases
1 < k <53, we will use a Diophantine approximation algorithm, the so-called Baker-Davenport
reduction method. The following lemma is a slight modification of the original version of
Baker-Davenport reduction method (See [8, Lemma 5a] or [10, Lemma 9]).

Lemma 11. Assume that M is a positive integer. Let p/q be a convergent of the continued
fraction expansion of k such that ¢ > 6M and let

n =l ng || =M- || rq ],
where || - || denotes the distance from the nearest integer. If n > 0, then there is no solution
of the inequality
O<mk—n+upu<AB™™
in integers m and n with
log(Aq/n)

<m<M.
log B =M=
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Then, we apply Lemma 11 with

_ logag _ logas 4dac

- ) - ) = ) = O/l1

log ao 2log ao 3log as
and M =4 -10%.

For the remaining proof, we use Mathematica to apply Lemma 11 for each positive integer
k verifying 1 < k < 53. For the computations, if the first convergent such that ¢ > 6M does
not satisfy the condition 17 > 0, then we use the next convergent until we find one that satisfies
the conditions. Under these conditions, the obtained results are as follows.

o If 29 = 21 = —1, then for £k = 1 we obtain m < 5 in the first convergent; when k = 2, we
obtain m < 3; and when k = 3, we obtain m < 2 in the first convergent. Finally, when k > 4
we obtain m < 1. The second application of Lemma 11, with M =2 or M =3 or M =5, in
all cases gives m < 1.

o If 2y = 21 = 1, then we use the first convergent for £k = 1,2,3,4. But when k£ = 1, we
obtain m < 5; when k = 2, we obtain m < 3; and when k£ = 3, we obtain m < 2. When k = 4,
we obtain m < 2. When 5 < k < 12, we obtain m < 1. Finally, when k£ > 13, we obtain
m < 0. Again, when apply Lemma 11, with M =2 or M = 3 or M = 5, we obtain in all cases
m < 0.

Then, we consider m < 1 (m = n = 0 gives the trivial solution d = 0). So by Lemma 3,
we have m = n = 1. When 2y = 23 = 1, we have v9 = Qor11(2Poki2 + %Q%H) -1
and wy = Qopt2(2Pog+2 + %Q2k+2) — 1 such that vo < wo. When zp = 21 = —1, we have
v2 = Qo1 (2Paky2 — 5Qokt1) + 1 and wy = Qopt2(2Por2 — 5Qak+2) + 1. Because Qopy1 +
Qo192 = 4P 19, we conclude that

z =0y =wy = %Q%+1Q2k+2 +1. (24)
Lemma 12. Let n € N. We have
%QQn—&—lQQn-ﬁ-? +1=2Py11Pon+2. (25)
Proof. Because Q,, = 2(P, + P,—1) and Po, Popyo + 1 = PQQHJr17 we have
3Q2n+1Q2n+2 +1 = i 2(Pont1 + Pon)2(Pont2 + Pont1)] + 1

= (Pont1 + Pon)(Pong2 + Popg1) +1

= Pui1Ponto+ Piy 4 PonPoni1 + (PonPongo + 1)

= Popt1(Pont2 + 2Py g1 + Pop) = Pop1(Pont2 + Pany2)
= 2f5n+1f§n+g

This completes the proof. [l

Thus, using the equation (24) and Lemma 12, we obtain

22—1  (5Quk1Qoki2+1)2 — 1
c 2Pog 12

1051 Qpn + Qor1Qorr2  Qors1Qorr2(3Qorr1Qarr2 + 1)

2fﬁk+2 2I§k+2

2P P
_ Qor1@Qo+2(2Pok 11 Pokya) Pojer1 Qo1 Qop o (26)
2Pog 42

d =
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In Case 2, we again apply Lemma 11 with

_ logay _logas Sac a2
= o,

ﬁ_logag’ ~ logay’ :310ga2’

and M = 1.324-10%!. For the remaining values of k, we apply the Baker-Davenport reduction,
which gives us the same result. At the end, we see that we can only have a solution z = v1 = wy,
which will (depending on the sign of z() give us the extension with d = d or d = d_. Moreover,
we see that d = d_ = 0 and, from Lemma 12, we have

d=dy = a+b+c+2abc—+2rst

1
= P+ 3P0 + 4Py o(Py iy — 1) + §P2k:+1Q2k:+1Q2k:+2
1
= 4Py 1Porio — Popqo + Pop, + §P2k+1 Q2k+1Q2k+2

1
= 2Poy41(2Pop1Pogr2 — 1) + §P2k+1Q2k+1Q2k+2

= Pop1Qak+1Q2k+2- (27)
By combining (26) and (27), we obtain the same result. Thus, we have finished the proof of
Theorem 1.

5. PROOF OF THEOREM 2

5.1. Proof of Theorem 2 in the Case c = c}L. In this subsection, we use a method similar
to that of Theorem 1. Here, we put a = Pai, b = 2Ps; 19, and ¢ = cf = 2Py + 3Pop 2. As
we mentioned in Section 2, to extend a Diophantine triple {a, b, c} to a Diophantine quadru-
ple {a,b,c,d}, we will transform the problem of solving the system of simultaneous Pellian
equations (4)—(5) into solving finitely many Diophantine equations of the form z = vy, = wy,.
Note that the initial terms of the sequences (v,,) and (wy,) are almost completely determined
in Lemma 1 and Lemma 2. Also, we see that

r = Pop + Popy1, s =2Po; + Popy1, and t = Py, + Popysa.

Lemma 13. If vo,, = wo, has a solution for m,n > 1 and 2y = z1 = *1, then

VA9 + e -7
R VI
where v € {4,6}.
Proof. From Lemma 4, we see that

+am? + sm = +bn? +tn  (mod c).
In our case, we have
6s=T7Py; (modc) and 4t = TPy 2 (mod c).
Thus, we get the congruence
Py (£24m? + 28m) = Py o(£48n% +42n) (mod c). (28)

Because
2Py = =3Py 42 (mod c),

congruence (28) becomes

—3Py12(12m? £ 14m) = Payj12(48n% £ 42n) (mod c).
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We deduce that
c

ged(c, 3P2p+2) )
For all integers = and y, we have ged(x,y) = ged(x,z — y). Thus, we get
v =ged(e, 3Pak12) = ged(2P2 + 3Pok12, 3Pok+2)
= ng(2P2k,3P2k+2) € {4,6}.

—(12m? £ 14m) = (16n% £ 14n) (mod

Therefore, we obtain
(12m? + 14m + 16n2 £ 14n) =0 (mod ). (30)
Y

For m,n > 2 and by Lemma 3, we observe that
28m? 4 28m > 12m? + 14m + 16n? £ 14n > 12m? — 14m + 16n? — 14n > 0.

Hence, we get

28m? + 28m > =
g
which implies

28m?2 + 28m — = > 0.
Y
This completes the proof of Lemma 13. (]
Now, we prove the following lemma.

Lemma 14. If vo,11 = wopy1 has a solution for m,n > 1 and zg = +t, z1 = £s, with

zoz1 > 0, then
/225 + %€~ 15
>

m= 2 ’

where v € {2,4}.
Proof. Again, using Lemma 4, we have
tastm(m + 1) +rm = tbstn(n+ 1) + rn (mod ¢). (31)
Note that in this case we have ¢ = s 4 ¢, which implies that
st=—-1 (mod c).

Also,

dr = —Pyp1o (mod ¢) and 2a = —3Py42 (mod c),
so that congruence (31) implies

Pyjyo[£6m(m+1) —m £8n(n+1)+n] =0 (mod c).
Thus, we obtain

c

+6m(m+1)—m<E&nn+1)+n=0 (mod ——).
( ) ( ) ( ged(c, Pogy2) )

(32)

Here, we have
v =ged(c, Pogy2) = ged(2Pok + 3Pokt2, Poky2)
= gcd(P2k+27 2P2k) S {2, 4}

It follows that

6m(m+1)+8n(n+1)£(—m+n)=0 (mod 5),
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with v € {2,4}. If m,n > 1, then
6m(m+1)+8n(n+1)£(—m+n)>6m(m+1)+8n(n+1) —m+n>0.

So we deduce that 14m(m + 1) +m —n > % Because m — n < m, we have

14m? + 15m — < > 0.
v

This ends the proof of the lemma. O

The proof of the following lemma is similar to that of Lemma 9 and Lemma 10. Thus, we
will omit it.

Lemma 15.

(1) If z = vy, = wy, has a solution m,n > 1 in Case 1, then m < 4.05-10?! and 1 < k < 58.
(2) If 2 = vy = wy has a solution m,n > 1 in Case 2, then m < 8214 - 10*' and
1 <k <B8.

Moreover, one can see that

c—(b++c) = 2Py + Poio — \/2Pai, 4+ 3Poi s

2P5; (2P — 1) + Pogyo(Pogt2 — 3) + 4Pop Pojyo

2Py + Pogio + /2P + 3Paky0

> 0 fork>1.

Thus, we use Lemma 7 to apply Lemma 11.

So, in Case 1, we have proved that the equation z = vg,, = wa,, has no solution for n > 1 and
k > 58. For the remaining values of k, we get the same statement using the Baker-Davenport
reduction. For the first application of Lemma 11, we obtain m < 8 in all cases. The second
application of Lemma 11 with M = 8, in all cases, gives m < 3. A third application does not
change this bound.

In the end, we only have a solution vy = wg, which will give us the extension of Diophantine
triple with d = 0, which is not a real extension to a quadruple.

In Case 2, we proved that there is no solution to the equation vo,,+1 = wap41 for n > 1 and
k > 58. For the remaining values of k, we apply the Baker-Davenport reduction, which gives
us the same result. In the end, we only have a solution v; = wy, which will (depending on the
sign of zp) give us the extension with d =d; or d =d_.

5.2. Proof of Theorem 2 in the Case c = cét, cf)’t. The aim of this subsection is to prove
Theorem 2 in the case where ¢ = CQi, cgt. Now, we will give the lower bounds of the indices
m and n in the equation v, = wy,, if m and n have the same parity. We can check that

all solutions of v, = w, with smaller indices (n < m < 2) will give the extension of the

Diophantine triple {a,b,c} to a quadruple with d = d; = clij ord=d_ = cljf_l, where c,jf
is defined in Proposition 1. So, to prove there are no other extensions, we have to show that

VU = Wy, for m > n > 2 does not have a solution for ¢ = cét, c:f. From Proposition 1, we have

& = dabla+b+2r)+4(a+b+r),
& = 16a*0*(a + b+ 2r) + 8ab(3a + 3b =+ 4r) + 3(3a + 3b+ 2r).

In the proof, we use the assumption b > 4000 of [3, Lemma 2.2], which is satisfied in our case
for k£ > 5, and that 11.6a < b < 11.8a.
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Remark 1. In the case ¢ = c:jf, one has k = 1 by part (4) of Proposition 1. Note that each

of the two triples {2, 24, c3i} can be extended to a D(1)-quadruple in a unique way by [3,
Lemma 2.2].

Lemma 16. [14, Lemma 2| If b > 8 and vy, = way, has solutions for m >3 and n > 2, then
m > 0.48b~1/2c1/2,

We also have the following result.
Lemma 17. If vomt1 = wony1 has solutions for n > 2, then m? > 0.12567 100,

Proof. In the case of odd indices, from Lemma 4, inserting the conditions of Case 2, we have

+2astm(m + 1) +r(2m + 1) = £2bstn(n + 1) + r(2n+ 1) (mod ¢). (33)
Because (st)2 =1 (mod c), we conclude that st = +1 (mod ¢’) for some ¢/, which is a divisor
of ¢ and ¢ > y/c. Note that the + sign means one of the congruences is true. Hence, we get

the congruence
+2am(m+1)+r2m+1) = £2n(n+1)+r(2n+1) (mod ¢). (34)

Now, assume the opposite, that is, m? < 0.1256~'¢%?. Then, we see that both sides of the
congruence relation (34) are less than ¢’ and they have the same sign. More precisely, we have

max(2am(m + 1), r(2m + 1), 2bn(n + 1), r(2n + 1)) < 2bm(m + 1)

and

Q\

2bm(m + 1) < 4bm? <

™|

Therefore, we get
|+ 2am(m +1)+r2m+1)| < and |£2bn(n+1)+r2n+1)| <.

Note that in the case of the sign “-”, the two quantities +2am(m + 1) + r(2m + 1) and
+2bn(n+1)+7r(2n+1) are negative, and in the case of the sign “4”, they are positive. Thus,
we actually have the equations

+2am(m+1) +r(2m+1) = £2bn(n+ 1) +r(2n+1)
and
bn(n+1) —am(m+1) = r(m —n).
Combining Lemma 3 and the inequalities 11.6a < b < 11.8a, we get
bn(n+1) —am(m +1) > 11.6an(n + 1) — a(2n + 1)(2n + 2) > 7.6an?
and
r(m—n) <r(n+1) < 52an < 5.2an>
This leads to a contradiction. O

Now, we use another theorem for the lower bounds of linear forms in logarithms from
Matveev [12], which is quoted below.

Lemma 18. Denote by o, ..., a;  algebraic numbers, not 0 or 1, by loga, ..., loga; determi-
nations of their logarithms, by D the degree over Q of the number field K = Q(ax, ..., ®;), and
by bi,...,b; integers. Define B = max{|bi|,...,|bj|}, and A; = max{Dh(«;),|loga;|,0.16}
(1 <i<j), where h(a) denotes the absolute logarithmic Weil height of o. If the number

A =bilogay + -+ byloga;
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does not vanish, then
|A| > exp{—C(j, x)D*A; - - - Ajlog(eD)log(eB)},
where x =1 if K C R and x = 2 otherwise; and

1 /1 \* . |
C(]v X) = min { <er> 30J+3j3.5’ 26]+20} '
X

Lemma 19. Assume that ¢ > b%/3 and b > 4000.

1) If vom = way, has a solution for m,n > 1, then
——— < 1.906 - 101 . 35
log(2em) 08 ¢ (35)

2) If vop41 = wont1 has a solution for m,n > 1, then

— < 2. 10 1og? c.
10g(26m+e)< 859 - 10" log= ¢ (36)

Proof. We apply the above lemma with j = 3 and x = 1 to equation (18).
1) Here, we take D = 4, by = 2m, bs = —2n, by = 1. From the computations done in

Section 3, we put
h(aq) = %bg a1 < 0.7491ogc, h(ag) = %log ag < 0.7491og c and h(as) < logec.
Therefore, we take
A = A3 =299%logec and Az =4loge.
Using Matveev’s result, we have
log|A| > —1.906 - 10 - log(2em) - log® c. (37)

Combining (20) and (37), we get the first part of the lemma.
2) The proof is similar to the proof in the first part. Here, one can observe that for

c> b3
og(a®(c — b)? 0 mar{] Vb(rye £ t/a)
[1 gla™(c—b)7) + dlog <min{y\/a(rﬁisx/5)l}>]
mrﬁﬂﬁ))]
log(a?(c — b)? lo
[g( (c=)7) +4 g(ﬁ(r\/a—sx/é)

= 1log (bQ(T\ﬁ—F t\(/café;\ﬁ—i_ s\/l;)4> < log(¢®) = 3loge.

h(a3) <

|
=~ =

1 =

S

Again, using Matveev’s result and the inequality log |A] < —2mlogec, we obtain the
second part of the lemma.

O

For the remainder of our proof, we combine the lower bounds for indices m and n, together
with the result obtained using Baker’s theory of linear forms in logarithms to prove the main
theorem for large values of k.

In the case of even indices, from Lemma 16 and inequality (35) of Lemma 19, we get the
inequality

2-0.48p7 9505 — 1
log(2e - 0.48b=0-5¢0-5)

< 1.906 - 10 log? c. (38)

FEBRUARY 2022 37



THE FIBONACCI QUARTERLY

In the case of odd indices, from Lemma 17 and inequality (36) of Lemma 19, we get the
inequality
9. 0‘1250.5b—0.500.25
log(2e - 0.1250-5p=0:5¢0-25 4 ¢)
Therefore using Maple, the solutions obtained for inequalities (38) and (39) are summarized
in the following lemma.

< 2.859 - 10 log? c. (39)

Lemma 20.

(1) Case of ¢ = ¢y : If vay, = way, has a solution for m >n > 2, then m < 8.894 - 10" and
k < 26. If vami1 = Wony1 has a solution for m > n > 2, then m < 5.421 - 10?! and
k<114.

(2) Case of c = c;: If Vo, = way, has a solution for m >n > 2, then m < 8.373-10'° and
k < 25. If Va1 = Wony1 has a solution for m > n > 2, then m < 5.346 - 102! and
k< 113.

Thus, to solve our main problem, we use the well-known Baker-Davenport reduction method
(see Lemma 11), taking into account Lemma 20. For this, we also need the inequality that
follows from v,,, = w,, (that is in Lemma 7). In the case of even indices, we have zy = z; = +1,
xrog = y1 = 1, and in the case of odd indices, we have zyp = +t, 21 = s, x9g = y1 = 7, and
zgz1 > 0. For the first application of Lemma 11, we obtain m < 5 in all cases. The second
application of Lemma 11 with M =5 gives, in all cases, m < 2. A third application does not
change this bound. This finishes the proof of Theorem 2.
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