CONGRUENCES MODULO THE SQUARE OF A PRIME FOR SUMS
CONTAINING FIBONACCI NUMBERS

ALEXANDRU GICA

ABSTRACT. Let p > 5 be a prime number and let U = > "7} (0 Fia Fk LVv=>37%_ 1) F".
The aim of this paper is to prove that U = 0 (mod p?), V = LP}: (mod ) 1f p=1,4
(mod 5) and U = lprP (mod p?), V = 0 (mod p?) in the case p = 2,3 (mod 5). We also
find similar results for some general Lucas sequences.

1. INTRODUCTION

In this paper, we will always consider a prime number p > 5. It is fairly easy to prove that
Zi;i Fy./k =0 (mod p) (see [1] for a proof of this result). In 2014, Hao Pan and Zhi-Wei Sun
proved that

g% = —%(%) <?>2 (mod p) (1.1)

(see [3], Remark 3.3, which follows the proof of Theorem 1.2); in the above formula, (%) is

the Legendre symbol (which is +1if p = 1,4 (mod 5) and -1 if p = 2,3 (mod 5)). This result
of Pan and Sun will play an important role in our paper. In this article, we will denote by s
the number

In their paper, Pan and Sun proved the followmg lemma.

p—1 _ k P _ p—1 k
Lemma 1.1. (Pan, Sun) Z (1-2) = _lzaf-(-ap —p (Z k2> (mod p?).

k=1 k p k=1

Remark: They proved a more general result (see [3], Lemma 4.1), but we only need this
particular version. We note that Pan and Sun extended a congruence of Granville (see [2]).
In his paper, Granville proved a conjecture of Skula: for every prime p > 3,

op—1 _1y2 B9k
(T) =-2_12 (mod p).
k=1

We will use the following notations (of Granville):

bS]
|

1 k p—l k P
x x P+ (1-x)pP -1
g(x) = _7G(‘T) = E _7q(x) = :
1 k k=1 k2 p

e
Il
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Granville proved in [2] the following congruences:

G(z) =G —z)+2’G <1 - %) (mod p), (1.2)
q(z)? = -22PG(x) — 2(1 — 2P)G(1 — 2) (mod p). (1.3)

Replacing the value of G(x) given by (1.2) in (1.3), we have:
q(z)* = 2G(1 — z) — 22*PG <1 - é) (mod p). (1.4)

In Section 5, as a simple consequence of Lemma 1.1, we will prove the following proposition
(which will be needed later).

Proposition 1.2. Let p > 5 be a prime number. Then,

p—1
F,
a) f = ps (mod p?),

T
=

~1)*F, _ F,—F
b) ( ]1 F=lk "2 (mod p?).
1 p

e
Il

Looking to all these results of Granville and Pan and Sun, we realized that we are able to
prove the following result.

p—1 k P k
F_ —1)FF,
Theorem 1.3. Let p > 5 be a prime number, U = E M, and V = E M

k k—1
The following congruences hold in the case p = 1,4 (Ifloil 5): =
U=0 (modp?), V= Lpp_ (mod p?).
In the case p = 2,3 (mod 5), we have the congruences
U= ! _pr (mod p?), V=0 (mod p?).

Section 2 is devoted to some technical results. The proof of Theorem 1.3 is given in the
Sections 3, 4, and 5; in Section 3, we compute U (mod p?) in the case p = 1,4 (mod 5); in
Section 4, we compute V (mod p?) in the case p = 2,3 (mod 5); and in Section 5, we complete
the proof of the theorem (after we compute U 4+ V (mod p?)). Section 6 is devoted to finding
a general pattern.

Following suggestions made by the referee, we were able to prove a generalization of Theorem
1.3. In the sequel, (zy,)n, (Yn)n are the sequences defined by the conditions: zog = 0, 1 = 1,
Tpt2 = Tyl + 0T, Yo = 2, y1 = 1, Yny2 = Ynt1 + by, (b is a fixed integer), for any

nonnegatlve mteger n. We will denote by U,V the following numbers: U = Zp ! %,

V=>"r, bk k 1 . The aforementioned generalization is the following.

Theorem 1.4. Let p > 3 be a prime number that does not divide b(4b + 1). The following
congruence holds:
p—1

U+szx7+%Z

(mod p?).
b k=1

Tl
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If the discriminant A = 14 4b is a quadratic residue modulo p, then

2p-1(1 — ) pz_l x
p—1\1 — Yp k 2

If the discriminant A is a quadratic nonresidue modulo p, then

Tp+1(y 2p
V= 1’4‘71’_?2_2 (mod p?).
k=
We will use the standard notation for the Fibonacci and Lucas numbers: o = 5 =
1_2‘/5, F, = O‘Z:g", and L, = o™ 4+ ™. If p > 5 is a prime, then o = o (mod p), ﬁ =4
(mod p) in the case p = 1,4 (mod 5) and o = 5 (mod p), P = a (mod p) in the case p = 2,3

(mod 5). With the above notation of Granville, we have ¢(«) = ¢(8) = O‘p+§p 1 Lpp_l.
2. SOME PRELIMINARY RESULTS
We need some technical results.
Lemma 2.1. Let p > 5 be a prime number. Then, 1_pr = —%Ff;;l (mod p) in the case
p=1,4 (mod 5), and = L” = —g% (mod p) in the case p = 2,3 (mod 5).

Proof. To prove the result in the case p = 1,4 (mod 5), we must show that
1-1L, 5 F
=_-.-¢-1 (mod p).
p 2 p

This is equivalent to
2L, —2=5F, 1 (mod p?)
and (taking into account that 5F,, = L,—1 + Ly11),
2L, —2=1L, 9+ L, (mod p?).
This is true because
Ly—Ly,2=1L,1=2 (mod p?).
The last congruence holds because

- 1
Ly 1—2=aP 141 2= (a% — -)2=0 (mod p?);

for the last congruence we used that a?~! =1 (mod p) in the case p = 1,4 (mod 5).
Now, we analyze the case p = 2,3 (mod 5). To prove the statement, we must show, in this
case, that
1-L, 5 Fpi

=-—-—— (mod p).
5 5, )

This is equivalent to
2L, —2=5F,11 (mod p?)
and (taking into account that 5F,, = L,_1 + Lp41),
2L, — 2= Lyio+ L, (modp?).
This is true because

Lpio—Ly,= 1Ly =-2 (mod p?).
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The last congruence is true because

1
Lpi1+2=aPT ppgptt 10— (a% + p_H)z =0 (mod p?);
o 2
for the last congruence we used that a?*! = -1 (mod p) in the case p = 2,3 (mod 5). O
Lemma 2.2. Let p > 5 be a prime number.
p—1 p—1
Fk ng 1 p Lp— 1\2
a) s = 5 = —25——(—)( > (mod p).
=k =k 5\5 P
p—1 12
b) Z 2;2_1 = 2s (mod p), when p=1,4 (mod 5).
k=1
p—1 F
) 2;;1 = -2s (mod p), when p = 2,3 (mod 5).

k=1

Proof. a) Let x = « in formula (1.4). Because 1 —a = 3,1 -1 =14 8 = 32, we obtain

q(a)? = -2G(B) — 2a*PG(B*) (mod p). (2.1)
We also have (because 372 = o2 and (p — k)? = k? (mod p))

p—1 /82k p—1 B2(p—k)

G =D 7=

= °G(a?) (mod p). (2.2)

k=1 = -k
If we combine (2.1) and (2.2), we get
g(@)” = -2G(8) - 2G(a®) (mod p). (2.3)
In the same way, we obtain the congruence
4(B) = -2G(a) — 2G(82)  (mod p). (2.4)
We take into account that ¢(a) = ¢(8) = L”p_l (because a + 8 = 1). If we subtract (2.3)
p—1 p—1
from (2.4) and divide by « — 3, we obtain the desired congruence Z % = % (mod p).
k=1 k=1
The last congruence, (Z_z % = —%(g) <%>2 (mod p)), was proved by Pan and Sun

in [3] (Theorem 1.2 and Remark 3.3).
b) In the case (p = 1,4 (mod 5)), we have S = 8 (mod p). Using formula (2.2), we obtain

p—1 o2k—2
G(B%) = B*G(a?) = —a (mod p). (2.5)
k=1
In the same way, we obtain
p—1 322
G(a?) = Z 2 (mod p). (2.6)

k=1
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We subtract (2.6) from (2.5) and obtain (dividing by a — § and using the first statement of
the Lemma)

- Pz _ G0®) —G(B) _ _pi: Foy,

= P —z =78 (mod p). (2.7)
k=1 k=1
The result follows at once:
p—1 p—1
Fop—1 Fop — Fop—o
12 Z 2 =2s (mod p).

k=1 k=1

p—1 E
Remark: We obtain, in the same way, Z 2;2_1 = -3s (mod p) in the case p = 2,3

k=1

(mod 5). We will not use this result in our paper.
c¢) In the case (p = 2,3 (mod 5)), we have P = a (mod p). Using formula (2.2), we obtain

) ) ) p—1 o 2k+2
G(f°) =a"G(a”) = kZ::l 2 (mod p). (2.8)
In the same way, we obtain
p—1 Hopyo
G =) p 5~ (modp). (2.9)

k=1
We subtract (2.9) from (2.8) and obtain (dividing by o — 8 and using the first statement of
the Lemma)
1
= Forgo
L2

=-s (mod p). (2.10)
k=1
The result follows at once:

p—1 p—1
Fopy1 Z Fopio — Fop

12 12 =-2s (mod p).
k=1 k=1
p—1 E
Remark: We obtain, in the same way, Z 215;1 = 3s (mod p) in the case p = 1,4
k=1
(mod 5). We will not use this result in our paper. O

3. U =0 (mod p?) IN THE CASE p = 1,4 (mod 5)
In Lemma 1.1, we let 2 = o2 and obtain (because (1 — a?)? = (-a)P = —aP)

1

=

L (—a)k —a?P L aP
( k) = 1 * —pG(a?) (mod p?). (3.1)
k=1

We multiply the last equality by -3 and obtain (taking into account that -3 -« = 1)

p—1 k k-1 2p—1 —1 p—1l op 1

(—=D)fa™ =B —aPT +af o'
Z 2 = ” — pz 2 (mod p?). (3.2)
k=1 k=1
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In the same way, we obtain the congruence

p—1 k gk—1 2p—1 ~1 =l pop—1
(DR —am g 4 8
Z ? = - pz 2 (mod p?). (3.3)
k=1 p k=1
If we subtract (3.3) from (3.2) and divide by a — 3, we get
1+ Fp1— Fop - Py 2
U= ” —p 12 (mod p?). (3.4)
k=1

We are now ready to compute U modulo p? in the case p = 1,4 (mod 5) (which is one of the
statements from Theorem 1.3).

Proof. The case p=1,4 (mod 5). We use Lemma 2.2, part b) pzzl F2]j2_1 = 2s (mod p). To
prove k=t
U=0 (mod p?),
we must show that
ps = L+ Fp_;p_ Fop-1 (mod p?).
This is the same as proving
2p*s =1+ F, 1 — Fyy_1  (mod p%). (3.5)

2
<L”p_1> (mod p) (according to formula (1.1) of Pan and Sun; here, the

) = +1). We use Lemma 2.1:

In this case, s = -

als oU—

Legendre symbol (

1-17L, 5F,_1
=-——— (mod p).
p >, ( )

We get 2p?s = -2(L, — 1)? = _%F5—1 (mod p?). Now, to prove (3.5), we must show

5E) | =2(Fyp1 — Fp_1 — 1) (mod p?). (3.6)
Because 5F§_1 = Lop_9 — 2= Fyy_1 + Fy,_3 — 2, formula (3.6) is equivalent to

Fop 1+ Fop_3 =2F5, 1 — 2F,_; (mod p°)
and to
Fop_9—2F, 1 =0 (mod pg).
The last congruence is true because
Fop_o —2F, 1 = F,_1(Lp—1 —2),

F,_1 =0 (mod p), and L,_1 =2 (mod p?) (see the proof of Lemma 2.1). O

248 VOLUME 60, NUMBER 3



CONGRUENCES FOR SUMS CONTAINING FIBONACCI NUMBERS

4. V=0 (mod p?) IN THE CASE p = 2,3 (mod 5)

We multiply formula (3.1) by —a and obtain

p—1 k+1 2p+1 p+1 p—1 opiq
-« —a+ o — a
( ]3 = +p 2 (mod p?). (4.1)
k=1 p k=1
In the same way, we obtain the congruence
p—l k+1 2p+1 +1 P—l pop4
B _ 4 pH - 8
(=8) = +p 2 (mod p?). (4.2)
k=1 p k=1
If we subtract (4.2) from (4.1) and divide by « — 3, we get
-1
-1-F F. - F
V= pJ; + Fop + 215;1 (mod p2). (4.3)
k=1

We are now ready to compute V modulo p? in the case p = 2,3 (mod 5), which is another
statement of Theorem 1.3.

p—1
F:
Proof. The case p=2,3 (mod 5). We use Lemma 2.2, part c) 2}5;1 = -2s (mod p). To
prove k=t
V=0 (mod p?),
we must show that
—-1-F F:
ps = ptt ¥ ot (mod p?).
2p

This is the same as proving

2p*s = ~1— Fpi1 + Fopq (mod p?). (4.4)

According to formula (1.1) of Pan and Sun (here, the Legendre symbol (g) = -1), in this

2
case s = %(Lpp_l) (mod p). We use Lemma 2.1:

1-L,  5Fu
=-———- (mod p).
p 5y )
We get 2p?s = %(Lp -1)?%= %FI?H (mod p?). Now, it is obvious that to prove (4.4), we must
show

5EY = 2(Fopy1 — Fpi1 — 1) (mod p?). (4.5)

Because 5F§+1 = Lopyo — 2 = Fypiq + Fopyz — 2, formula (4.5) is equivalent to

Fopi1 + Fopig = 2F5, 01 — 2F,11  (mod p?)
and to
Fypio+2F, 1 =0 (mod p?).
The last congruence is true because

Fopro +2Fp41 = Fp1(Lpt1 + 2),
Fp11 =0 (mod p), and L,+1 = -2 (mod p?) (see the proof of Lemma 2.1). O
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5. THE SuM U + V (mod p?)

p—1 L
Fi_
In Sections 3 and 4, we saw that U = % =0 (mod p?) if p=1,4 (mod 5) and
k=2

p k
F
V= Z k =0 (mod p?) when p =2,3 (mod 5).
=2
Ho do we prove that

1-1L,

U= (mod p?)

when p = 2,3 (mod 5)? And how do we prove that
L,—
p

in the case p = 1,4 (mod 5)? The idea is simple. We combine the facts that we already know
(U = 0 (mod p?) when p = 1,4 (mod 5) and V = 0 (mod p?) when p = 2,3 (mod 5)) with
the result about the sum U 4+ V modulo p?. It is easy to check that

V= (mod p?)

p— 1 k
F
viv=-y EU
k=1

p—1
We need to find Z
k=1

DER
% (mod p?); therefore, we have to prove Proposition 1.2.

Proof. Again, we look to formula (3.1):

p—1 k 2
_ 1 — a2p p
Y C I 6e?) (mod p?).
k=1 p
In the same way, we obtain

(=B)F _1-p%4pr
k p

1

=3
|

~pG(5?)  (mod p?). (5.1)

B
Il

1
We subtract (5.1) from (3.1) and divide by o — 3. Then, we use Lemma 2.2, part a)

—— =5 (mod p)

and we obtain

= —ps  (mod p?).

At that point, we proved part b) of Proposition 1.2. The proof of part a) is straightforward.
We let £ = o in Lemma 1.1 and get

p—1 ,Bk 1—
Z? = —pz 2 modpz).
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Now, we let x = 8 in Lemma 1.1 and get

p—1 5 p—1 Lk
o} 1-17L, I3 9
— = — (mod p*).
Z 2 D ) ( p°)
k=1 k=1
We subtract the last two congruences and obtain part a) of Proposition 1.2. O

Let us return to the sum U + V. If we take into account part b) of the Proposition 1.2, we
get
U+V = # +ps  (mod p?). (5.2)
The case p = 1,4 (mod 5). Using (5.2), U = 0 (mod p?), the well-known identity Fb, =
F,L,, and the formula of s obtained by Pan and Sun (s = —% (L”p_1>2 (mod p)), we get

L,—1

V=U+V= (5F, — L, +1) (mod p?). (5.3)

To find the formula of V' (mod p?) in this case, it is enough to prove that
5F,—L,+1=5 (mod p?).
This is straightforward because
5F,—Ly—4=Lp 1+ Lypt1—Ly—4=2(L,1—2)=0 (mod p?);

for the last congruence, we used L,_1 =2 (mod p?), in the case p = 1,4 (mod 5).
The case p = 2,3 (mod 5). Usmg (5.2

), V=0 (mod p?), the identity Fy, = F,L,, and the
2
formula of Pan and Sun (s = %(Lpp_1> (mod p)), we get
L,—1
U=U+V="2——(5E+L,—1) (mod p?). (5.4)

To find the formula of U (mod p?) in thls case, it is enough to prove that
5F,+L,—1=-5 (mod p?).
This is straightforward because
5Fy+ Ly+4=1Ly 1+ Ly +Ly+4=2(Lps1+2)=0 (mod p?);

for the last congruence, we used L, = -2 (mod p?) in the case p = 2,3 (mod 5). O
Remark: Pan and Sun (see Theorem 1.2 in [3]) proved the following result:

— I
2 = =0 (mod p).
k=1
Using this result and the same path as in the proof of Theorem 1.3, we can prove the following
statement.

p—1 k
—1)¥Ls_

Proposition 5.1. Let p > 5 be a prime number. We let Uy = Z()Tkl and Vi =

k=1
= (—DFLy, Ly 1—Lop 1-1 Lop_1+L
Z TSN The following congruences hold: Uy = % (mod p?), Vi = W
k=2
mod p?) if p=1,4 (mod 5) and Vi = 7“”“_;7’“_1 (mod p?), Uy = 7L”+2;L2P“ (mod p?) if
p=2,3 (mod 5).
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6. Is THERE A GENERAL PATTERN?

The anonymous referee gave us the idea of considering general Lucas sequences to see if
similar results to Theorem 1.3 hold. Let a,b be integers and let (x,), and (y,)n be sequences
defined by the conditions g = 0, 1 = a, Yo = 2, y1 = a, and T2 = aTpy1 + by, Ynto =
aYn+1 + byn, for any nonnegative integer n. Is it possible to find the remainder when we divide
the numbers

p—1 k D L
N (—1) Th—1 o (—1) T
U= ;_2 k V= ;22 k—1

by the square of the prime number p? The results obtained for the Fibonacci numbers suggest
the following remarks. To solve the above mentioned problems, we have to be able to compute

i;i %’5 modulo a prime p. In the case of the Fibonacci numbers, we were fortunate that Pan

and Sun were able to compute Zz;i % modulo the prime p. Their proof cannot be adapted
for the general case (for random integers a,b).
Let us denote by o and 8 the roots of the equation z?> — ax — b = 0. Suppose, for the

moment, that a # 3, o - 8 # 0. Then,

_an_ﬂn

Ty = s Yn=a” + "
a—p
The tools we used for solving our results (Lemma 1.1 of Pan and Sun and the formulas of
Granville) suggest that there is an interplay with two Lucas sequences: zp = 0, 21 = ¢,

Znto = CZpy1 +dzpn, to = 0, t1 = e, thro = etpe1 + fty,, for any nonnegative integer n. The
rational numbers ¢, d, e, f could be found easily considering the second degree equations having

asrootsl—a,1—5,and1—é,1—%:

c=1l-a)+(1-p)=2—-a, d=-1—-a)(1-p8)=a+b—1,

1 1 a 1 1 l1—a
=(1-- 1—=)=2+- =-1-—)1-=5)=-1
e=(1- )+ (1= ) =245 F=-(1- -3 =-1+
Another factor that needs to be taken into account are two cases, when the discriminant
A = a® + 4b of the polynomial f(X) = X2 —aX — b is a quadratic residue (or nonresidue)
modulo the prime p.
We looked carefully at our proof and we saw that, indeed, we could prove a more general

result (for a = 1), but we are not able to settle the general case (with random integers a, b).
— yp—1

The success in the case a = 1 follows from ¢(a) = ¢(pB) . But, there is a cost (when

working with b # 1). We have to change the numbers U,V a little bit. In the sequel (zy,)n,
(yn)n are the sequences defined by the conditions: xg =0, 1 = 1, Tp42 = Tpy1 + by, Yo = 2,
Y1 = 1, Ynt2 = Yns1 + byn (b is a fixed integer), for any nonnegative integer n. We will denote
by U,V the following numbers:

It turns out that Theorem 1.4 is true.

Proof. We will not write all the details of the proof of Theorem 1.4 because it is, basically, the
same proof as the one given for formulas (3.4), (4.3), and (5.2). The only difference is when
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we plug in z = a—; instead of @? in Lemma 1.1 (as we did in the proof of Theorem 1.3). Doing

this, we obtain the congruences:

p—1
_ T2p p 2
U+bV = ——F + = — d p?). 6.1
+ T ;; 7 (mod p?) (6.1)
If the discriminant A = 1 + 4b is a quadratic residue modulo p, then
g 1— T2p—1
U= bll’) o P 2 Z 2 (mod p?). (6.2)

If the discriminant A is a quadratic nonresidue modulo p, then

—b —xpp1 Fwgp1 2p X

4 bp+1p

(6.3)

Il
S
w|&

N =
—~

B8

o

(oW

i~

V)
~—

We will show that formula (6.2) is the same as the formula given in the statement of Theorem
1.4. We have to prove that

Pt fap g — o1 apa(l—yp)

= mod p?). 6.4
= I (mod ) (6.4)
Because -b =« - 3, x, = %, and y, = a” + 8", we have

bp_l +Tp_1 — XTop—1 = :Ep_l(l — yp).

Because 7,1 = 1 —y, = 0 (mod p) (when A is a quadratic residue modulo p) and *~1 =1
(mod p), formula (6.4) follows at once. The formula in Theorem 1.4 for V' in the case when
A is a quadratic nonresidue modulo p follows from formula (6.3) in the same way. O

Remark: We avoided, in the writing of the statement of Theorem 1.4, the formula for
U modulo p? when A is a quadratic nonresidue modulo p (and the formula for V' modulo
p? when A is a quadratic residue modulo p). These formulas follow from the above theorem
(using U +bV modulo p? and that we know the formula for U modulo p? when A is a quadratic
residue modulo p and the formula for V modulo p? when A is a quadratic nonresidue modulo
p).

We want to discuss the following interesting issue. If we are looking at Theorem 1.4, we
see (because zp_1 =1 —y, =0 (mod p)) that U =0 (mod p) for any prime p which is not a
divisor of bA and such that A is a quadratic residue modulo p. The Fibonacci sequence has the
property that U = 0 (mod p?) for any prime p = 1,4 (mod 5). Is this true in the general case?

Problem: For which values of b can we assert that
U=0 (mod p?

for any prime p > 3 that is not a divisor of bA and such that A is a quadratic residue modulo
p? We can raise the similar problem for the number V.
We will finish this paper by analyzing two different cases of the above problem.

First example, b = —1. In this case, A = -3 and we have to consider a prime number p
such that -3 is a quadratic residue modulo p. Using quadratic reciprocity, this means that
p = 6k + 1, where k is a positive integer. It is fairly easy to check that

Tei41 = Tet+2 = 1, Tt = T3 = 0, Ter4d = Ter4s = —1 (6.5)
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for any nonnegative integer t. We know from Theorem 1.4 that
Tp—1(1 —yp) Pl
_ -1\l = k
U= % — 2pz e (mod p?). (6.6)
k=1

Because p = 6k + 1, we get x,_1 = 0. Therefore, checking U = 0 (mod p?) is the same as

proving that
p—1

Tk
== 0 (mod p). (6.7)

k=1

It is easy to check that for p = 7, this is not true:
6

Tk
== 4 (mod 7).

k=1

Remark: The problem of deciding if there exists a prime p = 6k + 1 such that

p—1

Tk
= 0 (mod p) (6.8)
k=1

seems to be an interesting one.

Second example, b = 2. In this case, o =2, 8 = -1, x,, = w, yn = 2" 4+ (-1)", and

A = 9. Therefore, we can consider any prime p > 3. We will see that, in this case,
U=0 (mod p?).

To prove this, according to Theorem 1.4, we have to prove that

—1
opilok - (C1)F (@l ne-w) :
0 Z 3 = 3 (mod p?). (6.9)
k=1
SISk
Because Z 2 = 0 (mod p), formula (6.9) is equivalent to
k=1
P15 —1 2
28 (2 1) 9
p; BE (mod p?) (6.10)

and to
p—1 2k B (2p—1 _ 1)2
22— .2
k=1 k p

This is Skula’s conjecture proved by Andrew Granville in [2].

(mod p). (6.11)

Remark: From the above discussion, it follows that in some cases (as b = 1 and b = 2),
U =0 (mod p?) and in others (as b = -1), we can have U # 0 (mod p?).
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