INFINITE SUMS INVOLVING JACOBSTHAL POLYNOMIALS REVISITED

THOMAS KOSHY

ABSTRACT. We explore the Jacobsthal-Lucas implications of four finite sums involving gibonacci
polynomials and then extract their infinite gibonacci versions.

1. INTRODUCTION

Ezxtended gibonacci polynomials z,(x) are defined by the recurrence z,2(x) = a(z)zp+1(x)+
b(x)zn(x), where z is an arbitrary integer variable; a(x), b(x), zo(z), and z;(z) are arbitrary
integer polynomials; and n > 0.

Suppose a(z) = x and b(z) = 1. When zy(z) = 0 and z1(x) = 1, z,(z) = fun(x), the
nth Fibonacci polynomial; and when zp(x) = 2 and z1(z) = z, z,(x) = l,(x), the nth Lucas
polynomial. Clearly, f,(1) = F,, the nth Fibonacci number; and [,,(1) = L,, the nth Lucas
number [1, 3].

Suppose a(x) = 1 and b(x) = x. When zo(z) = 0 and z(z) = 1, z,(x) = Jp(z), the nth
Jacobsthal polynomial; and when zo(x) = 2 and 21 (z) = 1, z,(x) = jn(z), the nth Jacobsthal-
Lucas polynomial. Correspondingly, J, = J,(2) and j, = j,(2) are the nth Jacobsthal and
Jacobsthal-Lucas numbers, respectively. Clearly, J,(1) = F,, and j,(1) = L, [3].

Gibonacci and Jacobsthal polynomials are linked by the relationships J,(x) = (
fn(1/y/x) and j,(z) = ™2 - 1,(1//x) ([2], and [3] on page 566).

In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation, when there is no ambiguity; so z, will mean z,(z). In addition, we let g, = f, or

ln, ¢n = Jp(x) or jn(z), A =22 +4, and D = 4z + 1.

x T
We have lim — =0= lim —- [5], where x is a positive integer.
m—0o0 m m—0o0 ]m

n—1)/2,

1.1. Gibonacci Polynomial Sums. In [4], we explored the following finite sums involving
gibonacci polynomials g,,:

A2 foong) 1 1
Z 2 A2 2192 2 (1.1)
(l In+1 + A ) (IIZ + ) 2m—+2
i Jf3+21‘ A f2 (2n+2) . 1 4 1 _ 1 _ 1 . (1 2)
n=1 2n+2 + A2$2)2 (xZ + 2)2 ($4 + 41’2 + 2)2 l%m+2 l%m+4’ ‘
n 1,‘ +21‘ A f2 (2n+1) 1 1 1 1
n=1 ( 2n+1 Azx ) x x x 2m+1 2m+3
I A%z fyont) _ 1 1 L4
Z—Q - (x3+3$)2_l2 : (1.4)
n=1 (l2n+2 —A ) 2m—+3

Our goal is to find their Jacobsthal consequences and then extract their infinite versions.
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2. JACOBSTHAL POLYNOMIAL SUMS
A2
$f2(2n+1)

— .
(Z%nJrl + AQ)
1/y/z, and then multiplying the numerator and denominator with 24", we get

2.1. Jacobsthal Version of Formula (1.1). Let A = Replacing z with

D%z foan1)
Va (213,44 + D?)°
D% - (/2 [plntD/2 gy 0 ]
Va (z2n g+ D2x2n)2
D*z*" Jyont1)
(41 + D)™

A =

m

LHS:Z

n=1% (jgn—l-l + D2$2n)2’

D2$2n<]2(2n+1)

where f, = f,(1/y/z) and j, = jn(z).
Now, let B = ! !

CEET)E l§m+2 Replace z with 1/4/x, and then multiply the numerator
and denominator with z2™*2. This yields

B - 22 1
(e +1)2 13,
B 72 p2m+2 '
2z +1)2 [$(2m+2)/2l2m+2]2’
2 2m+2
RHS = * 5 x.z )
(2z+1) Joma2
where f,, = fn(l/ﬁ) and j, = ]n('x)
Equating the two sides, we get
i $2nJ2(2n+1) _ .’L'2 B x2m+2 (2 1)
il (S D2$2")2 2z +1)2  j5,.0
This implies
2 2" .
n=1 ]2n+1 + D2x2”) (Qx + 1)
Consequently, we have [4]
i Fyan+1) 1. i 4" Ja2n+1) 4
2 ’ ~ 995"
n=1 (L%n+1 + 5) 45 n=1 ]2n+1 + 9- 4n) 225
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3 2
+2x)A
2.2. Jacobsthal Version of Formula (1.2). Let A = (= ) f2(2n+2). Replacing z

(Z%n—l—Q + A2x2)2
with 1/4/z, and then multiplying the numerator and denominator with 24", we get

(2z + 1)D2$2f2(2n+2)
VI (2213, 5 + D2)2
(2z + 1)D%z?" [x(4”+3)/2f2(2n+2)]
(220423, + D2a%n)?
(2z + 1)D2:c2"J2(2n+2) _
(J342 + D%Qn)z

A:

Z 2.’17 + 1 x nJ2(2n+2)
n=1 ]2n+2 + D2x2n)

LHS

where f,, = fn(l/ﬁ) and j, = ]n(gc)
1 1

1 1
We now let B = + . Replace z with 1//z, and
(22 +2)? (2t + 422 +2)? l%m+2 l%m+4

then multiply the numerator and denominator with 2>™*+4. This yields

B — z? n x? 1 1
22412 @244z +1)? B, B
B 1’2 N :D4 x2m+2 x2m+4
(28412 (222 + 4w+ 1)2 2mtUZ L, 223,
RHS — .%'2 334 x2m+2 m2m+4

+ - . - 9
(20 +1)2 (22244 +1)2 43 ., s

where f, = fn(l/\/E) and jn, = ]n(x)
Equating the two sides, we get

"2z + 1)D T ”J2(2n+2) _ 2 . 24 - £2m+2 - L2m+a 0
L gt D) @R GEREAT B fed
This implies
i (22 + 1) D22 Jy9, 49 _ . A -
n=1 (j22n+2 + D2$2”)2 (2x +1)2 (222 4 4x +1)?

Consequently, we have [4]

i _Preneny 58 i A" Joonse) 1,556
2 ) = .
= (L3,.0+5) 6,615 (2, +9-47)” 325,125
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(2% + 22) A2 foip11)
(Z%n—l—l - A2x2)2
with 1/y/z, and then multiplying the numerator and denominator with x4"~2

2.3. Jacobsthal Version of Formula (1.3). Let A = Replacing

, we get

(2x + 1)D2:1:2f2(2n+1)

v (@2, — D2)2

2z 1)D?z?" [$(4n+1)/2f2(2n+1)}
a x (@23 L — D2:U2”*1)2
(2z + 1)D2$2”J2(2n+1) '

T (-j22n+1 _ D2x2n—1>2 ’

" (22 + 1) D*2" Ty 11y

n=1 T (j22n+1 - D2$2n71)2 ’

A =

LHS =

where f, = f,(1/y/z) and Jn = Jn(x). 1

1
Now, let B = — + Replace x with 1/y/z, and then multiply
x?

(1"3 + 31‘) l%erl l§m+3
the numerator and denominator with #2™*3. This yields

3
x 1 1
B = x+
(3z +1)2 l%m-l—l l%m—i—i’)
xS 2m+3 x2m+3
= €T + —_ -

(Br+1)2 2 [$(2m+1)/2l2m+1]2 [x(2m+3)/2l2m+3}2;

.’ES x2m+1 x2m+3

(31) + 1)2 j%m—‘,—l l%m—‘y—S

RHS = x+

9

where f, = fn(1/y/z) and j, = jn(z).
Equating the two sides then yields

3 x2m+1 x2m+3

i (22 4+ 1) D22 Jo (9541 . x _ _ (2.5)
=1 (3 — D2ﬂ:2"*1)2 Bz +1)? 51 By
This implies
< (2z + 1)D%z*" J. 4
) 2(2n+21) — 2?4 xiQ (2.6)
= (3., — D21 B3z +1)

This yields [4]

i ent) 1T i Ja(2nt1) _ 212
- : s = .
240 ot ]2n+1 —9.92n— 1) 2,205
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A%z foon2)
2

(l%n+2 AQ)
and then multiply the numerator and denominator with "2, This yields

2.4. Jacobsthal Version of Sum (1.4). Let A = . Now, replace z with 1//x,

Dsz 2(2n+2)
2
vV (23,15 = D?)
D220+l [1.(4n+3)/2f2(2n+2)] ‘
(2274212, — D2x2n+1)2

m D2 2n+ J2(2 +2)
LHS = Z -
- ]2n+2 _ D2x2n+1)

2

where f, = fn(1/4/x) and Jn = Jn(z 1)

We now let B = e 3$) l% +3. Replacing = with 1/4/z, and then multiplying the
m
numerator and denominator with 2?™+3, we get
B - x3 1
(Br+1)2 13,4
$3 x2m+3
3z +1)2 B [x(2m+3)/2l2m+3]2’
RHS — 23 p2m+3

(3.%’ + 1)2 j%m+3 ’

where f, = fn(1/y/z) and J,, = J,(x).
Equating the two sides, we get

This implies

2

i D22™ Jo (95, 12) _ =z
n=1 (j22n+2 - D2w2n+1)2 (333 + 1)2

Consequently, we have [4]

i 2(2n+2) _ 1 i 4" Jo(2n+2) _ 4
80’ ot (]2n+2 18 - 4n) 441
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3. ALTERNATE FORMS

Using the identity j2 — D?J2 = 4(-z)" ([3], page 446), we can rewrite the sums (2.2), (2.4),
(2.6), and (2.8) in a different way:

i D2x2nJ2(2n+1) _ 22 '
n=1 [D (J22n+1 + x?n) 4$2n+1]2 (21" + 1)27
i D22z 4 1)2%" Jo(ap12) _ 22 N " |
D23, +a2) + 4z2nt2] Qo+ 1?7 (222 + e+ 1)
. D2(2»’U + )22 Jy2n41) 2 z?
= [D2(J22n+1 — g2n-1) 4x2n+1]2 3z +1)2
i D2$2TLJ2(27L+2) _ $2
n=1 [D2(‘]22n+2 - -'15'2n+1) + 4l’2n+2] 2 (3-75 + 1>2’
respectively.
Clearly, they yield the following Fibonacci results [4]:
iM _ L i Foon+2) 58
PRT= —_—— = —;
=i (553 +1) 45 DGR, +9) 6605
ZM _ 17 Z Fyon+2) 1
2 T oun’ o 3 — G
= (5F51 —9) 240 = (5F2,,,— 1) 80
respectively.
In addition, we have
i% _ 4. i 4" Jy(2n+2) 1,556
2 T 99r’ = —;
N (973, +4") 225 = (972, 5 + 25 - 47)° 325,125
Z 4”J2(2n+1) . 212 . Z 4m J2 2n+2) _ 4
2 ) = —,
— (972, — 25 -22n—1) 2,205 (92, -2 4n) 441
respectively.
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