INFINITE SUMS INVOLVING EXTENDED GIBONACCI POLYNOMIALS

THOMAS KOSHY

ABSTRACT. We explore four infinite sums involving gibonacci polynomials and their numeric
cases, and then extract their Pell and Jacobsthal versions.

1. INTRODUCTION

Ezxtended gibonacci polynomials z,(x) are defined by the recurrence z,2(x) = a(z)zp+1(x)+
b(x)z,(x), where z is a positive integer variable; a(x), b(x), zo(z), and zj(x) are arbitrary
integer polynomials; and n > 0.

Suppose a(z) = x and b(z) = 1. When zy(z) = 0 and z1(x) = 1, z,(z) = fn(x), the
nth Fibonacci polynomial; and when zo(z) = 2 and z1(x) = z, z,(z) = l,(x), the nth Lucas
polynomial. They can also be defined by Binet-like formulas. Clearly, f,(1) = F,, the nth
Fibonacci number; and ,,(1) = Ly, the nth Lucas number [1, 5, 7].

Pell polynomials p,(x) and Pell-Lucas polynomials gy (z) are defined by p,(z) = f,(2z) and
qn(z) = 1, (2z), respectively. In particular, the Pell numbers P, and Pell-Lucas numbers Qy,
are given by P, = p,(1) = fn(2) and 2Q,, = ¢n(1) = 1,,(2), respectively [7].

Suppose a(x) = 1 and b(x) = x. When zo(z) = 0 and z1(z) = 1, z,(x) = Jp(z), the nth
Jacobsthal polynomial; and when zo(x) = 2 and 21(z) = 1, z,(x) = jn(z), the nth Jacobsthal-
Lucas polynomial [4, 7]. Correspondingly, J, = J,(2) and j, = j,(2) are the nth Jacobsthal
and Jacobsthal-Lucas numbers, respectively. Clearly, J,(1) = F,, and j,(1) = L,.

Gibonacci and Jacobsthal polynomials are linked by the relationships J,(x)
=22 (1)) and jo(2) = ™1, (1/ 7)) (7).

In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation, when there is no ambiguity; so z, will mean z,(z). In addition, we let g, = f,
or ln, by = pp or qn, ¢n = Ju(z) or ju(z), A = Va2 +4, D = Jdx+1, E = Va?+1,
2a(x) =+ A, 28(x) =z —A,a=a(l), B(1) =6, v(zx) =+ E, 6(x) =x— E, and § = §(1).

k
It follows by the Binet-like formulas [7] that lim Gmth _ of(z), lim Jiit _ @ (q:)’ and

m—0o g, m—oo [, A

I,

n%i_r)n()o f—m—% = o*(2)A.

1.1. Fundamental Identities. Gibonacci polynomials satisfy the following fundamental prop-
erties [7]:

a) fon = faln; b) lon = l% - 2(_1)n;

c) lop, = A2f2 4+ 2(-1)" d) froaik + fak = frln, where k is odd.
Properties (b) and (c) imply that lon = l;n_l — 2 and logn = A2f22n_1 + 2, respectively, where
n > 2.

2. INFINITE GIBONACCI SUMS

With this background, we begin our explorations with a sum involving the reciprocals of a
special class of Fibonacci polynomials.
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Lemma 2.1. Let k be an odd positive integer. Then,

L 1 1 1 faa
nzz;) [ A S T TA@). (2.1)

Proof. With m > 2, it follows by property (d) that

Jeomoa+1 = from_1+ fi
= Jfrom-iygom-1-1) T from-1_(r.om-1_1)

Ji-am=1_1lg. gm-1.
Using recursion [7], we will now establish that

—~ 1 1 1 1 fur frama
- — 4 —+ - . 2.2
nz% fron  fo foe o fak fak from (22)

To this end, let A, denote the LHS of this equation and B,, its RHS. Using property (d), we
then have

Jrom—1_1  fram-1
B Bp-1 = —
meomt Jrom—1 Jr-am
_ Jremaleomor fram
Jrom Jrom
_ Srem a1 froma
Jrom Jrom
_ 1
Jrom
= A, — An._1.
Recursively, this yields
Am_Bm = Am—l_Bm—lz"':AZ_BQ
1 1 1 1 1 1 _ _
_ <++> _ [(+++f4k: 1)  Jak 1]
fr  foe o far e foae fae o fak Jak
= 0.
Thus, A,, = B, validating formula (2.2).
fn+k

Because lim = o¥(2), equation (2.2) yields the given result, as desired. O

n—oo  fy

It follows from equation (2.1) that

TS S S Y =1 _ 1,1 1 fu
;fml B 1+f2+f4+f4+ﬁ($)’ ;faw B f3+f6+f12+f12+ﬁ(x)'

They yield [2, 6, 9]

LT e L TS
—Fpn 227 o 427

Next, we present an alternate version of Lemma 2.1.

Lemma 2.2. Let k be an odd positive integer. Then,

N L S SR T
ngo fron bt fork * Jak N Jak +5@). (2:3)
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Proof. With m > 2 and k odd, it follows by property (d) that

Teem-1)+ k= from-1ip@m-1_1) + from-1_p@n-1_1)

- fk(szlfl)lk,Qm—l.

Using recursion [7], we will now establish that

N fe g Je e e Sienoy
nz:;) fk:~2" =1 + ka; + f4k + f4k‘ fk;-Qm : (24)

We let A, denote the LHS of this equation and B,, its RHS. Using property (d), we then
have

frem—121)  frermoy

Bm - Bm—l =
Jram—1 fram
_ Jrem i pleamt fremo
Jr2m Jr2m
_ femytfe - fremen
fr2m Jrom
_
fram
= A, —An_1.
Recursively, this yields
Am_Bm = Am—l_Bm—lz"':A2_B2
= <1_|_fk+fk) _ [<1+fk+fk+f3k> _f3k:|
Jor Sk o fae o fak fak
= 0.
Thus, A, = B, validating formula (2.4).
Because lim Jn = — and k is odd, the given result follows from equation (2.4), as
n—00 frig ok (z)
desired. O
In particular, we have
1 1 1 fs — f3 s fs | fo 3
— = 1+ —+— 4+ +B(2); = 1+ ==+ "4 -=+8%a).
27 BRI 2 7 fo T ha T he TP
It then follows that [2, 6, 9]
LT LT
P 227 — Fion 4 27

respectively, as found earlier.
With Lemma 2.1, we now establish the next result.

Theorem 2.3. Let k be an odd positive integer and A = /22 + 4. Then,

= Jron— . I 1 1 1 Far—1
Zlk.zn—Q_lgk—2+A2[f%+f4k+ ir +B(z)| - (2.5)

n=1
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Proof. Using property (c) and Lemma 2.1, and with m > 3, we have

fk2"1 . fkgnl
Zl B lgk—Q Zl

kon — 2 jon — 2
N lzk -2 Z Afkfingnl |
- lzkfk— 2" E Z fk-2"*1
- l2k 2 Z fk on’
Z l;cf];jn:? B l2kfk— 2 A21fk Az Z fl:%

Ix 1 [ 1 fak—1
= + %3 i1y
lop — 2 for  fak fak

as desired. 0

+5(0)].

It follows from equation (2.5) that

fonr o _ i 1 1.5 .
— lyn — 2 N + [f+f4+f4+6(x)}’

faant f3 L D S i
Zl32n—2 B l6_2+ [f fi2 f12+ﬁ(x)]'

Consequently, we have [9, 10]

10’ L32n—2

V5
10’

|

3
8

respectively.
An Interesting Observation: With Lemma 2.2, we can rewrite equation (2.5) in a different
way:

Jron-t Jk
szn—z g —2 A2f AQZf“n

fr 1 [fk L ]
= + S 2 4 B ()] 2.6
log =2 A%2fp [for  fae far (@) (2:6)
In particular, we then have
SECSHNE (LA i SN
“ Loyn —2 2 10’ < Lyon —2 8 10

as we just found.
Next, we investigate another gibonacci sum.
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Theorem 2.4. Let k be an odd positive integer and A = /x% + 4. Then,

n— - 1
Z Jron—1  Jk for — fak L L 27)
lpon +1 le—l-l lap +1 A
Proof. With m > 2 and recursion [7], we will first confirm that
fron-t _ fok = far | from
+ _ 2.8
Let A, = LHS and B,, = RHS. Using properties (a) and (b), we have
lk‘-Qm + 1 lk,mel + 1
_ _Jeom framor (gamo1 — 1)
lk.Q'm +1 (lk‘Qm—l + 1) (lk.Qm—l - 1)
_ _Jrom from = fromo
_ fk.gm . fk.zm - fk/.,mel
lpom +1 lpom +1
_ fram
lk.Qm + 1
= An—An-1.

Recursively, this implies

Am*Bm = Amflmeflz"':A2*BQ

fox < far | o = f4k>
Iy, +1 Iy +1 Iy +1
= 0.

Thus, A,, = By, as expected.
Because lim —- = A, equation (2.8) yields

n—oo f
Z foons _ Jow— a1
“ ljon + 1 Ly +1 A7
This yields the given result, as desired. O

In particular, Theorem 2.4 implies

n— 1 — 1 n— — 1
fon—1 _ +f2 f4+7; Z f32 1 _ f3 +f6 f12+7.
lgn—i—l lo+1 Iy +1 A ngn—i—l lg+1 li1o+1 A

It then follows that [3, 8]
00 00
Fon- D Fyon- 6 )
I I S i
— Lon +1 5) — L3on+1 19 9

respectively.
Next, we explore the Pell implications of formulas (2.1), (2.3), (2.5), (2.6), and (2.7).
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3. PELL VERSIONS

Because b, (x) = gn(2), it follows from equations (2.1), (2.3), (2.5), (2.6), and (2.7) that

o0
1 1 1 1 _
Yoo = b B (),
n—o Pk-2n Pk P2k Dk Pak
oo
IR IR LN LN PO
= Pran P2k Pak Pk
o0
Pi-gn—1 Pk 1 [ 1 1 pak— ]
= Qran — 2 Gk —2  4AE? |[par  pax Dak (=)
— P p 1 [pe , Pk P
on—1
_Pk2r—1 — k + 5 |:k+k+3k+5k(x):|;
= Qron — 2 Gk —2  AE®pg [Pk Pak Pak
o
Pron— 1 4Pk P2k — Pak
= ko 1 2E " g +1  que+17

respectively, where k is an odd positive integer. Consequently, we have

[o¢]
1 1 1 1 Py
= bt +5;
T;) Py.on Py, Py, Py Py
[o¢]
P, P, P, P.
SR = 1 R R g
= Pran Por  Pye Pag
o0
Pon- P 1 1 1 Py
3 kon—l 2 +<++ 4k‘1+5>;
= Qran —1 Qo —1 4\ P, Pue  Pu
[o.¢]
Py on- P 1 P P P.
P +<k+k+3k+5k>;
= Qran —1 Qo —1 4P \ P Pux  Pug
i Pk.anl _ Q n P Py — Py
= 2Qp2m + 1 4 2Qo+1  2Qu+17

respectively.

4. JACOBSTHAL CONSEQUENCES

Using the gibonacci-Jacobsthal relationships, we now explore the Jacobsthal implications
of formulas (2.1), (2.5), and (2.7). In each case, for clarity and convenience, we let A denote
the fractional expression on the left side and B the corresponding expression on the right side,
and LHS and RHS those of the Jacobsthal formula to be found.

4.1. Jacobsthal Version of Formula (2.1).

1 1 1 —
Proof. We have A = andB:7+7+7+f4k1

1
Jran fro  for fak fak
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Replacing x with 1/4/x in A, and then multiplying the numerator and denominator with
a?(k'2n_1)/2, we get

L (k27—1)/2

B2 /2f,

(k2 —1)/2
Jp.on

00 (k-27—1)/2

LHS = )

n=0 T2

where g, = g,(1/v/x) and ¢, = ¢, ().
Next, replace z with 1/4/x in B, and then multiply the numerator and denominator with
£ =1/2 " This yields

1 1 1 fagr  1-D
B = —+—+—+ +
fo  foe fae  fak 2V
3k/2 k (4k—1)/2 (4k=2)/2 ¢, 1-D
. ) T L N VT [z far—1] n :
2®=D/2f, " g@k-D2f, " p@R-D)/2F,, 2@k=1)/2f,, 2\/x
$3k/2 $k? $(4k_1)/2 + \/Ejllk—l + 1 - .D

+ ,
Je o Ja Jak Jak 2\/x

RHS =

where g, = gn(1/v/x) and ¢, = ¢, ().
Equating the two sides gives the desired Jacobsthal version:

o k2! p(BE+1)/2 (2k+1)/2 2k wJy1 1-D

— + +—+ + . 4.1
= Jran I Jok Ja Jak 2 1)
U
In particular, we have
o
1 1 1 1 Far_q
=+t + 8.
T;) Fgon  Fi  For  Fuy  Fu
This yields [2, 6]
Lo T LT
Fon 2 27 Fyon 4 27
n=0 n=0

as found earlier.

4.2. Jacobsthal Version of Formula (2.5).
n— 1 1 1 -
Proof. WehaveA:MandB: Ji +[++f4k 1

+ 5(x)|.
ljpon — 2 lor —2 A2 | for  fak fak fla)
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Now, replace x with 1/y/z in A, and then multiply the numerator and denominator with
z*2")/2 We then get
k27 141) /2 [x(m"*l—l)/sz_wl}

2R 20 2 — 227
x(k'Qn_l+1)/2Jk-2"71 )

Jhan — 2zk2
o k2412 g
o k-2n—1
LHS = Z k2"_233k2n1 )

n=1

where g, = g,(1/y/x) and ¢, = ¢, (z).
Replacing z with 1/4/z in B, and then multiplying the numerator and denominator with

z(=1D/2 yield
fx x < 1 Jae—1 | 1-— D>
B — b+ +
loj, — 2 Jok f4k Jak 2\x
A /sz] . " aW=D2 (a2, ] 1-DY
T g2k/2ly, —2xk T D2 | p(@k-1)/2f,, * z(Wh=1)/2 fy, * (k=172 f ) * 2\/x
kJ 1 k+1 (4k+1)/2 32 b 1-D
Jok — 2 Jor Jar Jak 2

where g, = g,(1/y/x) and ¢, = ¢, (z).
By combining the two sides, we get the Jacobsthal version of the formula:

i an—ka o w(h=1)/2 1 1 2(2k+1)/2 N xik xJap_1 n 1-D (4.2)
* Jran — 20M2" Jor — 2zk D2 Jok J4k Juk 2 | '

0

This implies
[e.e]

Fyon- F 1/ 1 1 Fy—
Z kon—l k +<++ 4k1+5>'
S Lpon =2 Lop—2 5 \Fu Fue  Fy

It then follows that [9, 10]

o0

Z F2n71 o § @ F3,2n71
— Lon — 2 ) 0’ La.on — 2

VA
O’

| w

as obtained earlier.

4.3. Jacobsthal Version of Formula (2.7).

Jran—1 Ik Jo — far | 1
P We have A = ——=——— B= il
roof. e have P and — + T + A
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Replacing x with 1/4/x in A, and then multiplying the numerator and denominator with

on—1
k2 , we get

(B2 141 /2 [:p(’“'zn_l_l)ﬂfk.zn*l}

A = x(k'Qn)/2lk.2n +xk,2n71
B x(k.2n71+1)/2t]k.2n_1 .
C jpan HaR2h
on—1
LHS - (k2 +1)/2Jk,2n71 ’

— jk~2n + xk.Qn—l

where g, = gn(1/v/x) and ¢, = ¢, ().
Now, replace x with 1/y/z in B, and then multiply the numerator and denominator with

22k, This yields
. ﬂ?(k+1)/2 [$(k_1)/2fk] N $(2k+1)/2 [a;(Zk_l)/2f2k] — 51’1/2 [$(4k_1)/2f4k] + @
- 222y, + zk a4k /20y, + 22k D
Y D2 QDR e VT
RHS = —+ — T - 2%k D’
D Jok t T Jak T D

where g, = g,(1/v/x) and ¢, = ¢, ().
Equating the two sides yields the Jacobsthal version of the formula:

O pk2n? k/2 k _
Jp.on— J J: J. 1
Z k2n-t T k +$ 2k 4k - (4.3)

ron + TN o tak gy a2 D

It follows from equation (4.3) that

i Plon-t P Fop—Fy. | V5
— Lion +1  Lop+1 Ly +1 5

In particular, we then have [3, §]

i anfl é > F32n 1 6 \/g
)

: — Ly on + 1 = 1050

— Lon +1

as found earlier.
Finally, we present the Jacobsthal versions of formulas (2.3) and (2.6); in the interest of
brevity, we omit their proofs:

k-2n—1 k k 2k k
T J) z"J x®J x=*J 1-D
k k/2 k k+ 3k —1—( )

e A aE L : 4.4

= Jpon Jow  Jak Jak 2" 44

i k2 Jgn Jy 1 z* Jj N 22k J, N ¥ Jap L= D) (45)
S pgn — 20R2T o — 22k D2y | oy, Jur, Jur, L

respectively, where k is odd.
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They yield
oo
F; F; F; F:
Z k = 1+ k. + Kk + 23k 4 Bk;
= Flon For,  Fup  Fuy
oo
Fpon- F; 1 F; F; F:
P k+<k+k+3k+5k>’
Ly.on —2 Lok —2  5F; \Far  Fur  Fu

respectively, where k is odd.
It then follows that

= 1 7 V5 = 1 7 V5
B = 22 20 27 N

n—o " 2" n—o = 32"

2 Fya- X Fyome
Z »l §_£[9710}; ZL = g_é,
£t Lgn —2 2 10 £ Lyon —2 8 10

as found earlier.
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