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TWO g-REPDIGITS

KOUESSI NORBERT ADEDJI, ALAN FILIPIN, SALAH EDDINE RIHANE, AND ALAIN TOGBE

ABSTRACT. Let k > 1 and g > 2 be positive integers. Any positive integer N of the form
N = dl...dl dezdkdk (9),
——— — ———

mq times mo times my times

where dy,...,d, € {0,1,...,9g—1} with d; # 0, can be viewed as a concatenation of k repdigits
in base g. In this paper, we find all Fibonacci and Lucas numbers that are concatenations of
two repdigits in base g for 2 < g < 9.

1. INTRODUCTION

Let {F,}n>0 be the Fibonacci sequence given by Fy,yo = F,41 + F,,, with initial values
Fy =0 and Fi = 1 and let {L,}n>0 be the Lucas sequence defined by Lypi1o = Lpt1 + Ly,

where Lo =2 and Ly = 1. If
1+v5 1-5
= (155155

is the pair of roots of the characteristic equation 22> — z — 1 = 0 of the Fibonacci and Lucas

numbers, then Binet’s formulas for their general terms are
a — Bn

a—p
It can be seen that 1 < a < 2, -1 < 8 <0, and o = -1. The following relations between the
nth Fibonacci number F),, the nth Lucas number L,,, and « are well known

F, = and L, =a"+p" for n>0. (1.1)

"2 <F,<a™! and o '<L,<2" for n>0. (1.2)
Notice that there are many papers in the literature that solve Diophantine equations related to
Fibonacci numbers and Lucas numbers. For instance in 2011, Luca and Oyono [9] concluded
that there is no solution (m,n, s) to the Diophantine equation Fy;, + F | = F), for integers
m > 2, n>1, and s > 3 by applying linear forms in logarithms. In 2013, Marques and the
fourth author [10] found all solutions (n, a, b, ¢) to the Diophantine equation F}, = 2% 4 3% 4 5¢
and L, = 2% + 3% 4 5¢ for integers n, a, b, ¢ with 0 < max{a,b} < c.
We recall that a positive integer R is called a base g-repdigit if all its digits are the same in
base g. That is, R is of the form

d(g™ -1
r=N""YD 7
g—1 —_

for some positive integers d, m with 1 < d < g—1, and m > 1. When g = 10, we omit the
base and we say that R is a repdigit. The problem of searching for repdigits in the Fibonacci
and Lucas sequences has been studied by Luca. In [8], he determined the largest repdigits in
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the Fibonacci and Lucas sequences are Fjg = 55 and Ly = 11. Given k£ > 1, we say that N is
a concatenation of k repdigits in base g, if IV can be written in the form

di...didy...ds...dg...dy (9)-
N — N — ——

my times mao times my times

In [1], the authors solved the problem of finding the Fibonacci numbers that are concatenations
of two repdigits. In [5], Ddamulira studied the problem of finding the Padovan numbers that
are concatenations of two repdigits. In [13], Rayaguru and Panda determined all balancing
numbers that are concatenations of two repdigits. Motivated by these works, in this study, we
address the following two Diophantine equations

Fn:dl...dldQ...dg (9) and Ln:dl...dldg...dg(g), (13)
—— ———~ —— ——
m1 times mo times m1 times mo times

where dj,m1,mg > 1 and dy,dy € {0,1,...,9 — 1} with d; # d2. That is, we will determine
all Fibonacci or Lucas numbers that are concatenations of two repdigits in base g. The main
object of this study is to generalize the work of the authors of [1] and [12]. Here is the outline
of this paper. In Section 2, we will give some lemmas, and then we prove our main theorems
in Section 3.

2. UseruL TooLs

In this section, we gather the tools we need to prove Theorems 2 and 3. Let n be an algebraic
number of degree d, let a > 0 be the leading coefficient of its minimal polynomial over Z, and
let n = 17(1), e ,n(d) denote its conjugates. The logarithmic height of « is defined by

d
1 .
== 3 m‘
h(n) pi log |a| + 2 log max (1, ‘77 ) .

This height has the following basic properties. For 71, 12 algebraic numbers, and m € Z, we
have

h(m £ n2) < h(m) + h(n2) +log 2,
h(mny) < h(m) + h(n),
h(n") = [m|h(m).

Now, let L a real number field of degree dr,, n1,...,ns € L and b1,...,bs € Z \ {0}. Let
B > max{|b1],..., |bs|} and

A:nlfl---ngs—l.
Let Aq,..., As be real numbers with
A > max{dlh(ni)v ‘lognz’7016}7 1=1,2,...,s.

The first tool we need is the following result due to Matveev [11]. Here, we use the version of
Bugeaud, Mignotte, and Siksek [3, Theorem 9.4].

Theorem 1. Assume that A # 0. Then,
log [A] > -1.4-30%3 - s*5 . a2 - (1 +logdy) - (1 +log B) - Ay - -+ A,.

Our second tool is a version of the reduction method of Baker and Davenport [2]. We use
a slight variant of the version given by Dujella and Pethé [6]. For a real number z, we write
||z|| for the distance from z to the nearest integer.
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Lemma 1. Let M be a positive integer, p/q be a convergent of the continued fraction expansion
of the irrational number T such that ¢ > 6M, and A, B, and p be some real numbers with
A >0 and B > 1. Furthermore, let
e:= llpqll = M- |[rqll.
If € > 0, then there is no solution to the inequality
0<|ur —v+pul <AB™" (2.1)

in positive integers u, v, and w with

log(Aq/e)

u< M andw > log B

We see that Lemma 1 cannot be applied when 1 = 0 (because then ¢ < 0). For this case,
we use the following well known technical result from Diophantine approximation known as
Legendre’s criterion, which is our third tool. This comes from the theory of continued fractions
(see [7], pages 30 and 37).

Lemma 2. Let i be an irrational number.

(i) If n and m are positive integers such that

then n/m = pi/qx is a convergent of n.

(ii) Let M be a positive real number and po/qo, p1/qi, ... be all the convergents of the
continued fraction of n. Let N be the smallest positive integer such that qn > M. Put
a(M) := max{ay : k=0,1,...,N}. Then, the inequality

-2l Gan T

holds for all pairs (n,m) of integers with 0 < m < M.

3. MAIN RESULTS

We use the method in [1] to prove our two results of this paper. Note that in the case g = 2,
we will just take into account d; = 1 and dy = 0 because of the assumption d; # ds of (1.3).
Moreover, the case g = 10 is already studied in [1]. Thus, we only need to investigate what
happens with 2 < g <9.

3.1. Fibonacci Numbers as Concatenations of Two g-repdigits. In this subsection, we
will prove the following result.

Theorem 2. The only Fibonacci numbers that are concatenations of two repdigits in base g
with 2 < g <9 are

2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 377, 1597.
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Namely, we have

2 = F3 = 109,

3 = Fy = 103

) = F5 = ﬁg = T5,

8 Fs = 1005 =204 = 135 = 126 = 10s,
13 = F;, = ﬁ4:ﬁ5:716:177:178:179,
21 = Fy = 415 =255 =239 = 307,

3 = Fy = 1145 = 54 = 467 = 423 = 37,
55 = Fig = 673 =061y,

8 = Fy, = 225¢= 115,

144 = Fj, = 400 = 220,

377 = Py, = 111222,

1597 = Fir = 44415.
The immediate consequence of Theorem 2 is the following result.

Corollary 1. The largest Fibonacci number that can be representable as a concatenation of
two repdigits in base g when g € {2,...,9} is Fi7 = 1597. More precisely, we have

Fy7 = 44415.
We will prove our result under the assumption that n > 200; then we will finish using

a computer program for what happens for n < 200. From (1.3), the first equation can be
rewritten like this

Fo=di...dids...d3 (g
—— ——

m1 times mo times

:dl...dlxgm2+d2...d2
—— ——

m1 times mo times

1
=— (dig™ "2 — (di — dg)g™ — do) . (3.1)
g—
We prove the following lemma, which gives a relation on the size of n versus m; + mo.
Lemma 3. All solutions of the Diophantine equation (1.3) satisfy
(m1 +mg)logg —2 < nloga < (m1 + mgy)logg+ 1.

Proof. The proof is deduced essentially from the first relation of (1.2). So, one can see from
(3.1) that
A" < F, < g™t

Taking the logarithm on both sides, we get
(n —2)loga < (m1 +ma)logg,
which leads to
nloga < (my +maz)logg + 2loga < (my +ma)logg + 1. (3.2)
For the lower bound, we have from (3.1) that
gmtmel o F< ol
Taking the logarithm on both sides, we get that
(m1 +me —1)logg < (n—1)loga,
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which leads to
(m1 + mg)log g+ loga —log g < nloga. (3.3)
Because 2 < g <9, we can easily see that -2 < loga —log9 < loga — log g. Thus,
(m1 +ma)logg —2 < nloga. (3.4)

Comparing (3.2) and (3.4) gives the result in the lemma. O

Next, we examine the Diophantine equation (3.1) in two different steps to find the upper
bound of n and my + mo. Thus, we need to prove the following result.

Lemma 4. All solutions to the Diophantine equation (3.1) satisfy
mi+ma < 3.8x 10%  and n < 5.4 x10%.
Proof. Step 1. Substituting Binet’s formula for F}, in (3.1), we get that

o — pg" 1
\/55 b (dig™ ™2 — (dy — d2)g™* — da)

which is equivalent to
(g — D" — diV5g™ 1™ = (g — 1)B" — V/5((dy — d2)g™ + da),
from which we deduce that

(g — D)™ — div/bg™ 2| (g = DB" = V5((d1 — d2)g™ + do)|
8 +/5(8¢g™2 + 8)

27.7 - g™z,

AVANI

Thus, dividing both sides by div/5¢™ ™2 we get that

9=1 o Gmiamn) 4| o 2TT7-g™ 124

e < < . 3.5
s Y dn/agmim g (3:5)

Put

g—1
Ty := o
1 d1\/5 g

Next, we apply Theorem 1 on I';. First, we need to check that I'y # 0. If it were not, then we
would get that

—(mi+mz) _ 1 (3.6)

5d%g2(m1+m2)
o (g-12

which is impossible because " is irrational for all n > 1. Therefore, I'y # 0. So, we apply
Theorem 1 on I'y with s := 3 and

2n

2n

(n1,b1) := (fl;/é’ 1> , o (m2,b2) = (a,n), (m3,b3) := (g,-m1 — ma).
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Using g™+t~ < F, < a1 < ¢g" !, we get m; + mgo < n. Therefore, we can take B := n.
Observe that L := Q(n1,12,73) = Q(«v), so dr, := 2. We have

(e
< h(gd_l) + h(v/5)

1

1
= log(max{g —1,d1}) + B log 5
1
< log8+ §log5.

Furthermore, h(n2) = h(a) = %loga and h(n3) = h(g) = logg <log9. Thus, we can take
A1 =58, Ay:=05, and Az:=4.4.
Using the previous data, Theorem 1 tells us that
log |T1| > -1.4-30% - 3%% . 22(1 + log 2)(1 + log n)(5.8)(0.5)(4.4).
Comparing the above inequality with (3.5) gives
mylogg < 1.24-10%(1 + logn). (3.7)
Step 2. Combining (3.1) with Binet’s formula for F},, we obtain

o — \/5 (dlgml - (dl - d2)> g™ =B — \/5d2

g—1 g—1’
from which we deduce that

™ —d daV'b
a”\/5<dlg (d1 2)>gm2 _ g - 2vh <1+v5<33.
g—1 g—1
Thus, dividing both sides by o™, we get that
dig™ — (dy —d 5 3.3
<( 19 (ds 2))*[> o™ < 28 (3.8)
g—1 am
Put
m1 __ —
FZ = <(dlg (dll d2))\/5> o ng 1. (39)
g—

Next, we apply Theorem 1 on I's. First, we need to check that I's # 0. If not, then we would
get that

a?n _ 5(dlgml — (dl — d2)>292m2
(g—1)°
™ is irrational for n > 1. Thus, 'y # 0. So, we apply Theorem 1

which is impossible because o

on I'y with
(dig™ — (di — d2))V/5

=3 = = q, =g,
$ y M g— 1 y M2 « 13 g

and the exponents
b1 :=1, by:=-n, bg:=mao.
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As before, we have that mg < n. Thus, we can take B := n. Similarly, L = Q(n1,n2,73) =
Q(@), so we take dr, := 2. Furthermore, we have

h ((dlgml — (- dﬂ)ﬁ)

g—1

< h ( V5 ) + h(dig™ — (d1 — d2))

h(m) =

g—1

IN

h(v/5) 4+ h(g — 1) + h(d1) + h(dy — d2) +1og 2 + m1h(g)

IN

1
§log5+3log8+log2+mllogg

IN

1 f
5 log5+3log8 +log2 +1.24 - 1013(1 +logn) (by (3.7))

IN

1.25 - 1013(1 + log n).
Thus, we can take
A :=25-1018(1 +logn), A;:=0.5, and Az:=4.4.
Theorem 1 tells us that
log |Ta| > 1.4 - 305 - 3%5.22(1 + log 2)(1 + log n)(2.5 - 1013(1 + log n))(0.5)(4.4).
Comparing the above inequality with (3.8) gives
nloga —log3.3 < 5.34 x 10°(1 + logn)?,
which is equivalent to
n < 1.11 x 10%(1 + log n)? (3.10)

The above inequality gives us
n < 5.4-10%,
and Lemma 3.2 implies
my +ma < 3.8 10%.
This completes the proof. O

To lower the bounds in Lemma 4, we return to inequality (3.5). Put

Ay :=-log(T1 + 1)

g—1
= (m1 +ms9)logg —nloga —lo .
(m1 +mg)log g g g<d1\/g>

Inequality (3.5) can be written as

12.4
‘e*Al - 1‘ < .
gm
A 124 1 D
Assume that m1 > 5. Because 2 < g < 9, we get ‘e T—11 < — < 3 which implies that
g
1 3
—<e ™M <2 If Ay >0, then
2 2
24.8
0<Ay<eM—1=eM(1-eM)< ==,
gm
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If Ay <0, then

124
0<|A] <el—1=¢M 1

g™
. 24.8 D .
In any case, it is always true that 0 < |[A| < ——» which implies

1 log ((g — 1)/d1V/5
0< (m1+m2)1§§i—n— g((glogl/ 1v5) <51.6-g ™.

! 1
It is easy to see that 989 s irrational. If 29 = P
log v

(3.11)

oga g (p,qg € Zandp >0,q >0, ged(p,q) =1),
then of = g7 € Z, which is an absurdity because 2 < g < 9. Now, we apply Lemma 1 with

log g log ((g = 1)/d1V/5)
T = , ==
log

, A: =516, B:=g.
log «
Note that m; + mg < 3.8 - 10%° by Lemma 4, so we take M := 3.8 - 10%°. The application of
Lemma 1 leads to the different results, which are reported in Table 1.
| g 2 [ 3 [ 4[5 ] 6 [ 7 [8 ]9 |
rth convergent | ges d62 d66 460 d60 d68 d60 q58
€ > 0.451 | 0.229 | 0.002 | 0.104 | 0.058 | 0.061 | 0.026 | 0.043
my < 110 71 58 47 44 40 37 36
Table 1.

Referring to the above results, it follows that m; < 110 is valid in all cases.
(3.8) and put

For fixed 1 < my <110 and d;,ds € {0,1,

,g — 1} with dy # da and d; # 0, we return to
Aoy = 10g(F2 + 1)

dig™ — (dy — d 5

:mglogg—nloga—i—log(( 19 ( 11 2))\f>.
g p—

From inequality (3.8) and n > 200, we conclude that

jehe 1| < 33

<
an
6.6
In any case, because 0 < [Aa| < —-, we have
!
1 lo 5(dig™ — (dy — d -1 13.8
0< |mp 289 _ g (Vo(dig™ — (di —d2))/(g — 1)) | _ 138 (3.12)
log log an
Again, we apply Lemma 1 with
log g
-

gy, Tor (VBldig™ — (d — )/ (9 = 1)
" loga’ o

, A:=138, B:=«
log

and M := 3.8 -10%°. With the help of Maple, the results obtained are presented in Table 2.
FEBRUARY 2023
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| g | 2 | 3 [ 4 | 5 [ 6 [ 7 [ 8 [ 9 |
rth convergent | gs9 | o2 q70 69 q6s qr2 62 58
e > 0.004 | 0.001 | 0.0001 | 0.00009 | 0.000009 | 0.001 | 0.0008 | 0.0001
n < 118 74 61 955 52 43 40 38
Table 2.

Thus, n < 118 is valid in all cases, contradicting that n > 200. Now, we search for the
solutions to the first Diophantine equation of (1.3) with
0<n<200, 1 <mp <110, 1 < mgy <140,
2<g9g<9, 1<di<g—1,and0<dy <g-—1,
by applying a program written in Maple. The only solutions we obtain are listed in Theorem 2.
This completes its proof.

3.2. Lucas Numbers as Concatenations of Two g-repdigits. In this subsection, we will
follow the method in Subsection 3.1. For the sake of completeness, we will give most of the
details.

Theorem 3. The only Lucas numbers that are concatenations of two repdigits in base g with
2<9g<9 are
2, 3,4, 7, 11, 18, 29, 47, 76, 123, 521, 843, 1364.

Namely, we have

2 = Ly = 10,
3 = L2 = m?)a
4 = Lz = 1009 = 104,
7T = Ly = 13;,=125=10,
11 = Ly = 23;,=215=155=14; =133 =129,
18 = Lg = mgzio(;:ﬂ7=%g,
29 = L; = 455 =417 = 353 = 329,
47 = Lg = m4:1T6:757:578:729,
76 = L9 = 22113 = 1145 = 84y,
123 = Lig = 4435,
521 = L1353 = 22254,
843 = L4 = 113335,
1364 = Li5 = 1111104.

The next result is a straightforward consequence of the above theorem.
Corollary 2. The largest Lucas number that can be represented as a concatenation of two
repdigits in base g when g € {2,...,9} is L5 = 1364. Namely we have
L5 = 1111104.

For the proof, we assume that n > 510. We rewrite the second Diophantine equation of

(1.3) as

1
bn =07 (dig™ ™2 — (di — d2)b™* — da) . (3.13)

The next lemma relates the sizes of n and my + m;.

Lemma 5. All solutions of the Diophantine equation (3.13) satisfy
(m1 +ms2)logg —2.68 < nloga < (m1 + ms)logg + 0.5.
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Proof. The proof follows from (1.2). One can see from (3.13) that
"<, < gmitme,
Taking the logarithm of the extreme sides, we get
(n—1)loga < (m1 +me)logg,
which leads to
nloga < (my +mg)logg + loga < (my + msg)log g+ 0.5. (3.14)
For the lower bound, from (3.13) we have
gm1+m2—1 <L,< antl,
Taking the logarithm of extreme sides, we get
(m1+mo—1)logg < (n+1)loga,

which leads to

(m1 +mg)logg —2.68 < (my +mg — 1)logg — loga < nloga. (3.15)
Comparing (3.14) and (3.15) gives the result in the lemma. O

Next, we examine (3.13) in two different steps.

Step 1. Substituting the second relation of (1.1) in (3.13), we get
(9 —Da" —dig™ ™™ = (g = 1)B" — (d1 — da)g"™* — da,
from which we deduce that
(g — Da™ = dig™ ™| < (g —1)|B]" + |di — da|g™ + dy
<3(g—1)g™ <24-g".
Thus, dividing both sides by d;b™ ™2, we get

—_ . g2
g—1 L. g(mitm2) _ | < 249 < 24 (3.16)
dl dlgm1+m2 gml
Let
—1
Tyi=d . qn.g-(m+ms) _q, (3.17)

dy
Next, we apply Theorem 1 on I's. First, we need to check that I's # 0. If it is not, then we

would get that

digm1tme
a"="——eq
g—1
which is impossible. We conclude that I's # 0. So, we apply Theorem 1 on (3.17) with s :=3
and

-1
(nlubl) = <gd17 ]-> P (7727b2) = (aan)) (7737b3) = (ga_m]. - m2)‘
Thus, we have L = Q(«), dr, = [L : Q] = 2. Note that
—1
h(m) :=h (gd> = log (max{g — 1,d1}) <log8,
1

and from the previous subsection, we can take
A1 = 4.2, A2 = 05, and A3 =4.4.
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Because g™ T™m271 < [, < 20" < g™ we have that mi+ma < n+2. As B > max{|1]|,|n|, |-
(m1 + ma)|}, we can take B :=n + 2. Hence, we get

T3] > exp(—8.97 - 10'%(1 + log(n + 2))). (3.18)
Thus, from (3.16) and (3.18), we obtain
m1logg < 8.98-10"(1 + log(n + 2)). (3.19)
Step 2. We rewrite equation (3.13). Then, we get
dig™ — (dy — d d
a”—<1g (1 2)>gm2 :\5|n+ 2 <9
g—1 g-—1
It follows that
dig™ — (dy — d 2
’( 19 (da 2)) ,an,gm2_1‘§n‘ (3.20)
g—1 «
Let J g
mi _ _
Ty = ( L9 g_(ll 2)> caT g 1, (3.21)

Next, we apply Theorem 1 on (3.21). First, we need to check that I'y # 0. If not, then we

would get that
dig™ — (dy — d
o/‘:<1g (d 2))‘97”26@7
g—1

which is false. It follows that I'y £ 0. According to Theorem 1, we can consider the following
data:

- _ g™ — (di — dy) ._ ._
S = 35 m = g—l y Ti=a, T73:=4g,

and
b1 = 1, bg =N, b3 = ma.
Thus, we have L = Q(«), dr = [L : Q] = 2. From (3.19), we can get
dib™ — (dy — d2)
h =h
(m) = (L
< h(dig™ — (dy —dy)) + h(g — 1)
< 3log(g — 1) +milog g + log2
<9-10"(1 + log(n + 2)).

Thus, as above, we take
Ay =1.8-10%(1 +log(n+2)), Ay =0.5, and Az =4.4.
As before, we have that me < n + 2. Thus, we take B :=n + 2. Hence, we get
IT4| > exp(—3.85 - 10%(1 + log(n + 2))?). (3.22)
Thus, from (3.20) and (3.22), we get
n < 8.01-10%°(1 + log(n + 2))>.
This implies that n < 3.9 - 10%. Hence, we conclude that

1 2.
my +mag < nloga +2.68 <2.8-10%.
log 2

To sum up, we have the following lemma.
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Lemma 6. All solutions to the Diophantine equation (3.13) satisfy
mi+my <28-10% and n<3.9-10%.

We note that the bounds in Lemma 6 are too large for computational purposes. However,
with the help of Lemmas 1 and 2, they can be considerably sharpened. The rest of the proof
is dedicated towards this goal. Put

Ag = —log(F3 + 1)

—1
= (m1 + mg)logg — nloga — log (gd >
1

From (3.16), we conclude that

24
e M1 < ——. (3.23)
g 1
. “A 24 1 C
Note that if m; > 6 and 2 < g < 9, then |e7™ — 1| < — < X which implies that
g
1 3
—<e M < Z If A3 > 0, then
2 2
48
0<Az<ef—1=eM3(1—e)< —.
g 1
If A3 <0, then
JAs] A 24
0<|Ag] <e™—1=e™-1< .
gm
48 R .
In all cases, we have 0 < [As| < ——, which implies
1 1 —-1)/d
0 < |(my +mg) 89 _, _Joslg = V/d)| 50 o (3.24)

log log v

Note that mj + mg < 2.8 - 102 by Lemma 6. According to (3.24) and Lemma 1, we take
M :=2.8-10%. To apply Lemma 1 for 3 < g <9 and 1 <d; < g— 2, we define the following
quantities:

_._ logg _ log((g—1)/d1)
" loga’ ’ log o

, A:=100, B:=g.

The results obtained following the application of the Lemma 1 are presented in Table 3.

| g | 3[4 ] 5[]6 [ 7 ]81]09 |

rth convergent | gs2 | g66 | 960 | G58 | 68 | @60 | 58

e> 0.07]0.18 | 0.14 | 0.01 | 0.14 | 0.05 | 0.03

my < 72 55 47 44 40 37 36
Table 3.

Therefore, the inequalities

< log (100¢/¢)

<72 3.25
log o ( )
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hold in all cases. Now, in the case d; = g — 1, we have that u = 0. In this case, we will apply
Lemma 2. Inequality (3.24) can be rewritten as
1
ogg n‘ - 1()0‘
log « gmi
According to Lemma 2, we take M := 2.8 x 102 because m; +ms < 2.8 x 10%°. For 2 < g<9,
we use Maple to find the first convergent gy such that gy > M, and then we get a(M ) =
max{a; : i =0,...,N}. Thus, Lemma 2 tells us that
100 log g
gm )1
1
(a(M)+2)-2.8 x 1029’

0< (m1 —|—m2)

1
(a(M) 4 2)(m1 + mg)

> |(m1+m n‘>

>

which implies
log (100 - (a(M) + 2) - 2.8 - 10%)

log g

my <

We thus arrive at the results in Table 4.
| g [2[3[4][5[6[7][8]9]
gy > M | qes | q61 | 964 | 958 | 956 | 966 | G59 | 57

a(M) [ 134161 66 | 59 | 347 | 35 | 44 | 80
mi < |112| 71 | 55 | 47 | 44 | 39 | 36 | 35

Table 4.

So we have
my < 112. (3.26)

Combining (3.25) and (3.26), we can consider 1 < m; < 112.
Let

Ay = log(F4 + 1)

dig™ — (di — d2)>

:mglogg—nloga—i-log( |

From (3.20) and n > 510, we conclude that

2 1
M1 <— =
o< 2 <L
. . . 1 A 3
which implies that 3 <eM < X If Ay > 0, then
2
0<A4<6 _1<J

If Ay <0, then

4
O<\A4\<e‘A4|—1:e_A4—1:e_A4(1—e < —.
o

4
In any case, because 0 < |A4] < no we have

logg _ ¢ 1°g((dlgm1 —(h =)/ = D)| gy qn, (3.27)

0 < |mo
log o log
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If g =2, then d; = 1 and dy € {0,1}. Assuming do = 0 and m; # 1, (3.27) becomes

log 2 log (2™ — 1)

Cpy o )
log

0 < |me <84-a™" (3.28)

So, in this case, we apply Lemma 1 with the data:

log 2 log (2™ — 1)
Tloga’ M7 T loga
We take M := 2.8 - 10%°. Using Maple, we find that ges of log 2/ log « satisfies ggs > 6M and
€ > 0.003. So according to Lemma 1, we get

1 . :
< 0g(8.4¢8,/0.003)
log

A:=84, B:=a.

T

< 166. (3.29)

Next, assume that do = 0 and m1 =1 or d2 = 1. In this case, (3.27) becomes

log 2
a—— —n
log o

0< <84-a™ ", where a € {ma,m; +ma}. (3.30)

Because gg7 of log 2/ log « satisfies ggg > M and a(M) = 134, by Lemma 2, we get

log 2 1 1
— . 3.31
log « ' ~ 1364~ 136 .2.8 - 1029 (3:31)
From (3.30) and (3.31), we deduce that
log(8.4-136-2.8-10%
n < o8l ) < 156. (3.32)

log
From now on, we assume that 3 < g < 9. For inequality (3.27), we study the following two
cases.

Case (di,m1,d2) # (1,1,0).
Here we have u # 0 and we apply Lemma 1 with
1 mi _ _ _
g lo((dg™ =l —d))/la=1) 4o
log log
and M := 2.8 x 10%°. With the help of Maple, we get the following results in Table 5.

| g | 3 [ 4 | 5 [ 6 [ 7 | 8 [ 9 |
rth convergent | gr5 Qo8 | quio | qu4 | @122 | qi20 | 58
> 1072110781072 1072 [ 10732 |10 | 10734
n < 260 327 380 415 451 482 509
Table 5.

So, we have in all cases
n < 509. (3.33)
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Case (di,m1,d2) = (1,1,0).
In this case, inequalities (3.27) become

log g
log

8.4
< JR—

am™’

0< ’mg (3.34)

Once again, we apply Lemma 2 with M := 2.8 - 10%°, while finding ¢y such that ¢y > M and
a(M):={a;:i=0,1,...,N}. It follows that

' logg ’ 1 1

(3.35)

2loga |7 @) +2) ma  (a(M)+2)-2.8 x 108
Combining (3.34) and (3.35), we get
_ log (8.4 - (a(M) +2) - 2.8 - 10%)
" log ’
Therefore, for 3 < g < 9 and using Maple, we get the following results in Table 6.
| g [314[5[6[7[8]9]
gy > M | g61 | g66 | 959 | G56 | Q67 | 960 | q57
a(M) |161| 66 | 59 347 | 35 | 44 | 80
n < 157 | 155 | 155 | 158 | 154 | 154 | 155
Table 6.
which lead in all cases to
n < 158. (3.36)

In summary, from (3.29), (3.32), (3.33), and (3.36), we have n < 509. This contradicts the
assumption n > 510. Finally, we search for the solutions to the second Diophantine equation
of (1.3) with
0<n<510, 1 <my <112, 1 < mgy < 360,
2<9<9,1<d1<g—1,and0<dy<g—1,
by applying a program written in Maple. The only solutions we obtained are listed in Theo-
rem 3. This completes the proof.
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