ADDITIONAL SUMS INVOLVING GIBONACCI POLYNOMIALS

THOMAS KOSHY

ABSTRACT. We continue the exploration of sums involving gibonacci polynomials and their
numeric versions, and their Pell versions.

1. INTRODUCTION

Extended gibonacci polynomials z,(x) are defined by the recurrence z,12(z) = a(z)zp4+1(x)+
b(x)zn(x), where x is an arbitrary integer variable; a(x), b(x), zo(x), and z1(z) are arbitrary
integer polynomials; and n > 0.

Suppose a(z) = z and b(z) = 1. When zp(x) = 0 and z1(x) = 1, z,(z) = fu(x), the
nth Fibonacci polynomial; and when zp(x) = 2 and z1(z) = z, z,(x) = l,(x), the nth Lucas
polynomial. They can also be defined by the Binet-like formulas. Clearly, f,,(1) = F,, the nth
Fibonacci number; and [,,(1) = L, the nth Lucas number [1, 4, 5].

Pell polynomials py(x) and Pell-Lucas polynomials g, (x) are defined by p,(z) = f,(2z) and
qn(x) = 1,(2x), respectively [4].

In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation, when there is no ambiguity; so z, will mean z,(z). In addition, we let g, = f, or

I, A =+22+4, and E = Va2 +

1
It follows by the Binet-like formulas that lim — = 0.

m—00 gm

1.1. Fundamental Gibonacci Identities. Gibonacci polynomials satisfy the following prop-
erties [4, 5]:

Foor—f B fole, if k is odd;
bk T ek filn, otherwise;

liln, if £ is odd;
ln-‘rk —lpk = X . (2>
A?f.f,, otherwise;
=A% e = 4(-1)" (3)
Gn+kn—k = Gn = (_1)n+k+1f’g’ 0 = I (4)
kI " (-1)"RA2f2. otherwise.

These properties can be established using the Binet-like formulas.

2. GIBONACCI POLYNOMIAL SUMS

We begin our explorations with four telescoping sums. Coupled with the above identities,
they play a pivotal role in our discourse.
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2.1. Telescoping Sums.

Lemma 1. Let k be an odd positive integer. Then,

k
> (- )=y
n=(kt1)/2 9on—k 9on+k —1 —
k>1, odd

Proof. Using recursion [4], we will first establish that

I )—z
n=(k+1)/2 92n—k 9on+k
k>1, odd

To this end, we let A,, denote the left-hand side (LHS) of this equation and By, its right-hand
side (RHS). Then,

gor—1 ;QQm 2r+k

k—1 1
S e
—o L92m—2(r+1)+k  92m-2r+k
B 1 1
C Gomk N 92m+k
= Apn—An—1.
Recursively, this implies that
Ap—Bn = Ap1—Bpi=--= A(k+1)/2 - B(k+1)/
1 i
a (91_92k+1> - [Zgzr 1 _;g% (2r—1 ]
= 0.
Thus, A,, = By,.
Because lim = 0, this yields the desired result. O

m—0o0 gm+,’.
Lemma 2. Let k be an even positive integer. Then,
i ( 1 1 > &1
nek/2 41 9on—k 9on+k — .

k>2, even
Proof. Using recursion [4], we will first confirm that

S AR I
netjoi1 \92n—k  Gon+k — 92r 0 92m— Mtk
k>2, even

Again, we let A,, = LHS of this equation and B,, its RHS. Then,

k-1

Bm - Bmfl = Z |: ! - ! :|
r=0

9om—2(r+1)+k  92m—2r+k

1 1
9o2m—k 9om+k
= A, —Ap—1.
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This implies

Ay — By = Amfl_Bmfl:"':Ak/2+1_Bk/2+1
) B s
92 92k+2 iy — 092k 2(r—1)
= 0.

Consequently, A,, = By, as expected.
The given result follows from this formula. O

Lemma 3. Let k be an odd positive integer. Then,
> ()Y
w2 N92ntl—k - 9n+l+tk — ga

k>1, odd
Proof. Using recursion [4], we will first validate the formula

m ( 1 > k 1 k—1
ne(hrnyy2 \92ntl-k  G2ntltk — g2r —o 92m
k>1, odd

—(2r—1)+k

As before, we let A,, = LHS and B,, = RHS. Then,

k—1 1 1
Bm - Bmfl — Z |: - :|
—o LI2m—(2r+1)+k  92m—(2r—1)+k
1 1
92m+1—-k  92m+1+k
= An—An-1.
This implies
Am —Bn = Am—1—Bmo1="=Auq1)2 — Blt1))2
k k—1
1 1 1
B (92 92k+2> [Z:: G2r ; g2k—2(r—1)]
= 0.
Consequently, A, = B,.
The given result follows from this formula. O

Lemma 4. Let k be an even positive integer. Then,

k
> (e )yt
S \Gmiiok Gmiitk) o G2
k>2, even

Proof. To establish this formula, we will first confirm using recursion [4] that

= 1 1
nZk;Q <92n+1—k g2n+1+k> Z292701 §gzm (2r—1)+k
k>2, even
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Let A,, = LHS and B,, = RHS of this equation. Then,
k-1

1 1
Bn—Bu1 = Y [ _
—o L2m—(2r+1)+k  92m—(2r—1)+k
B 1 1
92m+1-k  92m+1+k
= A, —An_1.
Recursively, this yields
Ap =By = Ap1—Bp1=--= Ak/Q - Bk/2
1 1
B <91 92k+1> [Z 92r—1 Zo 92k—(2r—1 ]
= 0.
Consequently, A,, = B,,, establishing the validity of the given formula. O

With these tools at our disposal, we are now ready for the explorations.

Theorem 1. Let k be a positive integer; 1 < r < k;

I - (k+1)/2,k>1, if kis odd; 0 - fn, if kis odd;
| k/2+1,k>2, otherwise; " )i, otherwise;
2r — 1, if k is odd; lg, if k is odd;

s = ] and dp = )
2r, otherwise; fr, otherwise.

Then,

Z N Zfs ®)

Proof. Suppose k is odd. Wlth 1dent1t1es ( ) and (4 ) and Lemma 1, we have

Sk fonek = fon-k
f22n+f]3 f2n+kf2nfk ’
f: fonli - _ i < 1 1 )
2 2
n=(k+1)/2 f2n+fk =(k+1)/2 f2n k f2n+k
k>1, odd "1>1, 0dd

G|
rzl f27“—1.

On the other hand, let k£ be even. Using identities (1) and (4), and Lemma 2, we get

_Srlan  fonek = fonk
f22n - f]? f2n+/€f2n—k
o0 00
3 _frlan 3 ( 1 1 )
2 2 -
n=k/2+1 f2n - fk n=k/2+1 Jon—k f2n+k
k>2, even k>2, even

L
- >4
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Combining the two cases yields the desired result. ([
In particular, with the identity fo, = fnln [4], we get
S -5 Yy
f2n+1 f2’ n:1F22n+1 7
Z lon _ s i Ly 4
S -2 B el
With identity (3), we can rewrite equation (5) as
> a
2n
- 2. ()
nz:L 3, — (-DFA2f2 -4 A2d ; fs
This implies
i f2n _ 1 . i Fon _ 1
2B IA—d N S Ly, +1 5
> S Y S A
— 13, — (22 +2)? A2f2fy o L3, -9 15
The next result employs identities (1) and (4).
Theorem 2. Let k be a positive integer; 1 < r < k;
M (k+1)/2,k>1, if kis odd; fn, if k is odd;
= a =
k/2,k > 2, otherwise; " l,, otherwise;
2r, if k£ is odd; l, if k is odd;
t = ] and dp = )
2r — 1, otherwise; fr, otherwise.
Then,
> a
2n+1
- 7
2B+ (DR Z 5 @
Proof. With k odd, equations (1) and (4), and Lemma 3 we have
fonvrle  _ fontaik = fonvak
21— ;3 Jont1+kfont1—k
i Sl i < 1 >
ity fo — 1R wlhye \ontiok - fonvitk
k>1, odd k>1, odd

16

L]
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Now, let £ be even. Using equations (1) and (4), and Lemma 4, we get

felontr  _ fontak = fonvak
foni1 + 17 font14kSont1—k
i Jelony1 i ( 11 >
S B T 1 S, \Janti-k o fontrk
k>2, even k>2, even
Syl
r—1 f2r71.
By combining both cases, we get the given result, as desired. O

In particular, with the identity f,+1 + fn—1 = I, [4], we get

S 1 U
= fonn — 1 z’ Ry -1 ’
o0 o0
lons1 _ b Lont1 3
= [ 27 fafs’ L FE L+ 2
With identity (3), equation (7) yields
k
> andl = > (®)
B CURATE A A 2,
This implies
o feann 1 P L
S, — AT +4 A2f3 =31 5’
i lon+1 _ la —  Loni _ 3
13,0+ (27 4 2) A2fafs’ = Lia 9 10
The next theorem features the Lucas version of Theorem 1.
Theorem 3. Let k be a positive integer; 1 < r < k;
I - (k+1)/2,k>1, if kis odd,; b= ln, if k is odd;
B E/2+1,k>2, otherwise; " ) fn, otherwise;
2r — 1, if k is odd; Ui, if k£ is odd;
s = ] and e, = 9 )
2r, otherwise; A®f, otherwise.
Then,
k
P ©
—~ 13, + (-1)kA2f2 ey — ls
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Proof. Suppose k is odd. With identities (2) and (4), and Lemma 1, we have

lilon ok —lon—k

l%n - A2.1013 l2n+k’l2n—k ’

[e.9] o0

lilon 1 1
R e P Yl rerkt oy

w2 bon lon—k  lontk

n=(k+1)/2
E>1, 0dd E>1, 0dd
a1
Now, let k be even. Using identities (2) and (4), and Lemma 2, we have
Afifon  _ lopak — bk
l%n + A2.](.13 12n+kl2n—k

= A%fifon > 1 1
> g - 2 )

nek/2+1 lQn l2n—k l2n+k

n=k/2+1
k>2, even k>2, even
k
- 35
—1 l2r
The given result now follows by combining the two cases. O

With the identities fo, = fuly, and ly11 +1,—1 = A?f, [4], it follows from this theorem that

i b _ 1 i Lon — _ .

L3 —A? 2 13 -5 ’
S B b Ba 2
=13, + A2 fs’ — L5, +5 21

Using the identity 2 — A%f2 = 4(-1)", we can rewrite equation (9) as

00 k
> T e (10)
—~ A2f2 + (-1)FA2f2+4 e o ls
It then follows that
oo o0
l 1 L
Y m = Yy = &
= fo, —x I3 ot 5F5, —1
Z f2n _ E Z Fop _ 3
= A5+ (27 4 2)° fs' = 5F5, 19 21

Finally, we present the Lucas version of Theorem 2.

Theorem 4. Let k be a positive integer; 1 < r < k;

M- (k+1)/2,k>1, if kisodd; ‘ 2r, if k is odd;
)k /2,k > 2, otherwise; ~12r—1, otherwise;
ln, if k is odd; i, if k is odd;
h, = ] and e = 5 ]
fn, otherwise; A®f, otherwise.
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Then,
i 2 h2n+1k 2¢2 Z (11)
n=M l2n+1 ( A f lt
Proof. Suppose k is odd. Using identities (2 ) and (4), and Lemma 3, we have
lklonsa _ lnviik —lontik
By — (F1FA2 lon+14klon+1-k

oo o0
Z lklon+a B Z < 1 1 )
2 2,2 -
n=(k+1)/2 l2’l’L+1 + A fk? n=(k+1)/2 l2n+1_k l2n+1+k

k>1, 0dd k>1, 0dd

P
— ;lzr

On the flip side, let k be even. By identities (2) and (4), and Lemma 4, we get

Afifonsr Lk — bk
31— A%fE lontitklonsy1—k
i A*frfontr i ( 1 >
n=k/2 l%n—i—l - AQf]g n=k/2 l2n+1—k l2n+1+k
k>2, even k>2, even
k
B ; lor—1’
Combining the two cases yields the desired result. O

In particular, using the identity I, 41 + l,_1 = A%f, [4], we get

o0 o0

lon+1 _ L Lopnt1 _ L

— l%n+1+A2 lily’ ot L%n+1+5 3’
o0 (oo}

Jons1 _ 1 Fonr 1

n=1 l%nJrl — AZg? his’ L%nJrl 5 4’

With identity (3), we can rewrite equation (11) in a shghtly different way:

> h 1 a1
Z 242 MHk 2 72 = *Z*- (12)
o Ao — (CDRARf =4 e i
This implies

Z lons1 _ 1 —  Lonp 1
CNfE e Dy 5FZ, ., +1 3
io: Jont1 _ 1 i Fonpa 1
AR — (27 +2) his’ Za5F3,., -9 4

3. PELL CONSEQUENCES

With the gibonacci-Pell relationship b, (x) = g,(2x), Theorems 14 yield the following Pell
versions:
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i a 1 ox 1 o0 a 1 <~ 1
e - . 2n+1 - .
DB Al D P B Dl iy 2

00 % 1 k 1 00 % 1 k 1
Z 2 & 7 = *Z*? Z 2 e 7 = *Z*’
Tt Gan + A1 E?py 12 s i Gann — ADEE?py € &

respectively, where af = a,(2), d} = d,(2), e, = e,(2), and h} = h,(2). In the interest of

brevity, we omit their numeric versions and encourage gibonacci enthusiasts to explore them.

4. CHEBYSHEV AND VIETA IMPLICATIONS

Finally, we add that Chebyshev polynomials 7;, and U,, Vieta polynomials V,, and v,,
and gibonacci polynomials g, are linked by the relationships V;,(z) = i" ! f,(~iz), v,(x) =
"l (=ix), Va(x) = Up—1(x/2), and v, (z) = 2T,,(2/2) [2, 3, 4], where i = v/=1. They can be
employed to find the Chebyshev and Vieta versions of Theorems 1-4. Again, we omit them
and encourage gibonacci enthusiasts to pursue them.
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