ADDITIONAL SUMS INVOLVING GIBONACCI POLYNOMIALS
REVISITED

THOMAS KOSHY

ABSTRACT. We explore three sums involving gibonacci polynomials and extract their Pell
versions.

1. INTRODUCTION

Ezxtended gibonacci polynomials z,(x) are defined by the recurrence z,2(x) = a(z)zp1(x)+
b(x)zy (), where x is an arbitrary integer variable; a(z), b(x), zo(x), and z1(z) are arbitrary
integer polynomials; and n > 0.

Suppose a(z) = x and b(z) = 1. When zp(z) = 0 and z1(x) = 1, z,(z) = fu(x), the
nth Fibonacci polynomial; and when zo(z) = 2 and z1(z) = z, z,(z) = l,(x), the nth Lucas
polynomial. They can also be defined by the Binet-like formulas. Clearly, f,(1) = F,, the nth
Fibonacci number; and 1,,(1) = Ly, the nth Lucas number [1, 5].

Pell polynomials p,(x) and Pell-Lucas polynomials gy (z) are defined by p,(z) = f,(2z) and
qn(z) = 1,(2x), respectively [5].

In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation, when there is no ambiguity; so z, will mean z,(z). In addition, we let g, = f, or
ln, bp =pp OF Gn, A =V22+4,2a(x) =0+ A,28x)=2—A, E=Va?+1,v(x) =2+ FE,
d(z)=x—E,v=~(1), and 6 = §(1).

It follows by the Binet-like formulas that lim 1 0and lim Jmtk oF ().

1.1. Fundamental Gibonacci Identities. Gibonacci polynomials satisfy the following prop-
erties [5, 7]:

fule, if kis odd;

n - Jn— = . 1
Futk = Fot {fkln, otherwise; (L)

liln, if £ is odd;
ln-‘,—k - ln—k = X . (2)

A?fi.fn, otherwise;
lh— A% = 41" (3)
GntkIn—k = Gn = (_1)n+k+1f’g’ W n = Jn: (4)

nkIn " (-1)"T*A2f2 otherwise;
_ (_1)n+k+1f2kv if gn = fu; (5>
In+k+19n—k — In+kGn—k+1 = (—1)"%A2f2k, otherwise.

These properties can be confirmed using the Binet-like formulas.
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1.2. Telescoping Sums. We studied the following telescoping sums in [7]:

i ( 11 ) B Zk 1 o
ne(hrry2 \92n—k  J2n+k —y J2r-1 ’
k>1, odd

D L I D g
W \ Gk Gontk — g’
k>2, even

> (L —) - - L )
ne(hrnyy2 \92ntl-k  G2ntltk —1 92r’
k>1, 0dd

i ( S — > = Ek ! 9)
iz \92ntl-k  Gantitk — g1
k>2, even

The next lemma presents an additional telescoping sum.

Lemma 1. Let k be an odd positive integer. Then,

. k
Gonti-k _ Gan+ltk | _ N 92 ooy
)3 ( > 2 el "

netirny2 N 92n—k 92n+k — Y2r-1
k>1, odd

Proof. Using recursion [5], we will first establish that

m k k
Z <g2n+1k _ g2n+1+k> _ Z 92r Z 92m+1+42r—k

ne(hr1)/2 9on—k 9on+k = 92r—1 T G2ma2r—k
k>1, odd

To this end, we let A,, denote the left-hand side of this equation and B,, its right-hand
side. Then,

k k
9o2m—1+2r—k gom+1+2r—k
By, — B—1 = E 7—5 -
1 Pem—2+42r—k ] 92m+2r—k

92m+1—k . 92m+1+k

9om—k 9om+k
= An—An-1.
Recursively, this implies
Am —Bm = Am—1—Bmo1=""=An+1)2 — Bat1))2
_ (92 _ 92k+2> _ (92 _ 92k+2)
g1 92k+1 g1 92k+1
= 0.
Thus, A,, = Bp,.
Because lim 27k — ok (z), the given result now follows, as desired. ]

m—r0o0 gm
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This lemma has an interesting consequence:

e k
S ([ ) Sy ), ()
n=(k+1)/2 an%’lfk 92n+1+k —1 927’

k>1, odd

Coupled with the above identities, the telescoping sums play a major role in our explorations.

2. ADDITIONAL GIBONACCI POLYNOMIAL SUMS

With the above tools at our disposal, we are now ready for further explorations.

Theorem 1. Let k be an odd positive integer and i = v/—1. Then,

f2r
Z f2n+2fk ZfZ —1 Zer 1 ~ ika(a). (12)

=(k+1)/2
k>1 odd

Proof. Using the identity fo, = fnl, [5], equations (4), (5), (6), and (10), and k with odd
parity, we get

I _ (fon —ify)
f2n+ifk f22n+f]3
_ kfon —ifor
f2n+kf2nfk
_ Sk = fonk <f2n+k+1f2n—k - f2n+kf2n—k+l>
f2n+kf2n—k: f2n+kf2n—lc 7
o0 o0
1 1 _
Z -3 ( B ) S <f2n+1 ko f2n+1+k>
n=(kt1)/2 f2n + ifk ne(kt1)/2 Jon—k f2n+k ne(kt1)/2 Jon—k f2n+k
k>1, odd k>1, odd k>1, odd
f2r
= +4 — iko(
Z f2r 1 Z f27' 1 )
as desired. O

In particular, we have

0 x . '
nzlf%“ = 1+iB(x);

> I3 B 1 i fo é fe .
DBy e M (G nr )i (Fr e p) et

It then follows that [2]

0o 0o

1 . 1 17 26 —15v5 .
)DL IUPAN N NI
. ngn—l-Z n:2F2n+22 40 40

Consequently, we have
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<1 <. F
. 2n
- = 1—f; = 1;[7
nz::lFQn—Z 5 nz::lF;n_’_l []
i 1 _ 6.7 i 1 _ 1T 26-15V5
F2o4+1 Py, —2i 40 40 ’
no—ol no=o2 \/g
F 17 1 13 3
ZFQ—T—AL TR ZF2 N T R T
n=92"2n n=92"2n

This theorem has an interesting byproduct, as the following corollary shows.

Corollary 1.
k

Z f2n_fk Zerl Z

=(k+1)/2 1
k>1 odd

Adding equations (12) and (13), we get [7]

Z f2n+fk wa 1 (14)

=(k+1)/2
kZl, odd

(). (13)

Its validity can be established independently [7] by using the relationship

f2nlk: _ f2n+k - f2nfk:
f22n + f[? f2n+kf2nfk

where k is odd.
It follows from equation (14) that [7]

n=1 f22n +1 ll’ f2n (‘Tz + 1)2 fl f3 f5
Consequently, we have [7]
— P L7 ~ B, 17
ZF2+1 = Ll ZF2+4 TR
n=1"2n n=2"2n
respectively.

It also follows by equations (12) and (13) that

© k
1 1 f2r
= |Rel) - .
nUCZ+1)/2 f22n + f]? ka [ ; fzr_ll
k>1, odd
This implies
Lo W Sl
n=1 f22" + 1 T ’ el F22n + 1 ’

as found earlier.
Using identity (3), we can rewrite equation (14) as

00 k
I B D
B AN R4 N2 for ]

where k is odd. This implies
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S -t Do b
L2 +1 5 L2 +16 200

n=1 n=1

The next result is an application of identities (2), (4), and (5).

Theorem 2. Let k be an odd positive integer. Then,

[ k k
lk Z 1 1 l2r k@(fﬂ)
S M L m
et lon = Af e A Do A
k>1, 0dd

Proof. Using the identity fo, = fuln [5], and equations (2), (4), (5), (6), and (10), we get
Ik _ lellan + AfR)
l2n - Afk l%n - AZf]?

lilon N A for,
lontilon—k  lonyrlon—k

lon+k —lon—k 1 <l2n+1+kl2n—k - l2n+kl2n+1—k>

lonilon—k A lontilon—k
i Ik _ i 11 N 1 i bnt1-k  lont1+k
lon — Afp lon—k  lontk A lon—k lon+k

n=(k+1)/2 n=(k+1)/2 n=(k+1)/2
k>1, odd k>1, odd k>1, odd

k k

1 1 l ka(x
= YLl ta
—1 l2r—1 A —1 l2r—l A
as expected. O

This theorem also has an interesting implication, as the next corollary shows.

Corollary 2.

oo k k
li Z 1 1 Z Loy ka(x)
D — L RO} (16)
vl ln P AS e A o A
k>1, odd
It follows from equations (15) and (16) that
> 1 A+l —ha(r) i 1 A —lx+ha()
il — A B A3 ’ lon + A A3 ’
respectively. They yield
i 1 1445, i 1  3-5

again respectively.
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It also follows by equations (15) and (16) that [7]

2n
Z 2 A2£2 ], Z ; (17)
—(k+1)/2 2n A2f U —l lor—1
k>1 odd
© k
1 1 lQr
= — ka(z)| .
(%:1)/2 13, — A% f} A2 for [; lor—1 ]
k>1 odd
Consequently, we have
e o0
L 1 5— 5
> = b P L)
= Llon—5 —~13,-5 10
With identity (3), we can rewrite equation (17) as
- !
2n
"L—Uchjl)/2 A? (f2n fk) 4 Z ZQT 1
k>1, odd
This implies
- (o)
l 1 L
> g = & vt

The next result invokes the telescoping sums (8) and (11).

Theorem 3. Let k be an odd positive integer and i = \/—1. Then,

00 k
Uy Z 1 Z lar—1 ]
kgL kB 9
T e Lo HiA S A lor lay
E>1, 0dd
Proof. Using the identity fa, = fnln, and equations (2), (4), (5), (8), and (11), we have
Lk _ lelonga —iAfy)
lant1 + @A fr By + A2fF
_ lnpik —longrok @ <l2n+1+kl2n—k l2n+kl2n+1—k>
bntivklonyi-k A lant14klont1-k ’
- Uy B = ( 1 1 ) i = < lon—r lonyk )
el e Lot HIA S n_(,;m bnyi-k  lony14e/) A n_(,;m lony1-k  lont1+4k
k>1, odd k>1, odd k>1, odd
k :
1 lor—1
-y k
>y x| )
as desired. ]

The next result follows from equation (18).

Corollary 3. Let k be an odd positive integer and i = \/—1 Then,

0 k
Ik 3 1 Z lor—1 ]
> otk it
T e Lo — Ay A b lar
E>1, 0dd
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Theorem 3, coupled with Corollary 3, yields [7]

o0

D

2 L+ A :lkrzllmﬁ

lon
2n+1 (19)

n=(k+1)/2 12n+1

k>1, odd

This can be confirmed independently [7] using the equation

llont1

o1tk — lony1-k

l%n—&—l - (
where k is odd.

‘1)’“A2f§ -

9

lont14klont1—k

It also follows by Theorem 3 and Corollary 3 that

[e.@]
1 l2r 1
= +kB(z)| -
2
n=(k+1)/2 By + A3 AQf Z:: Loy
k>1, odd
Thus, we have
N leant 1 Loyt _ 1
l2n+1 + A2 Iily’ o L%nJrl +5 3’
il - mlew] Spts =%
13,41 + A2 A2 = L3, +5 6 10
Using 1dent1ty (3), we can rewrite equation (19) in a different way:
k
> =iyl
2 2 :
n=(k+1)/2 A2f2n-i-1 + A2fk —4 Ik —1 lay
k>1, odd
Consequently, we have
Z l2n+1 _ L > L2n+1 _ 1
— A2f2 4+ A% — lily’ — 5F3 ., +1 3

3. PELL IMPLICATIONS

Using the relationship b, (z) = ¢,(22), we can find the Pell versions of gibonacci formulas.

For example, those of equations (12), (15), and (1

00

>

n=(k11)/2 Pan + 1Pk
k>1, 0dd

[e.9]

>
Gon — 2Epy,

n=(k+1)/2
k>1, 0dd

o0

>
Qon+1 + 12Epy,

n=(k+1)/2
k>1, odd

respectively.

66

8) are:

Dar

+1 — 1k

pQr 1 Zmr 1 7 )
k

> z e 51,
— 1Q27’ 1 q2r—1 7
k

_ i_i q2r— 1_Zk5 )
:1Q27‘ qor ’
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They yield
n=(k+1)/2 Pon, + 1Py 265 Pyrr 247 P 2’
k>1, odd
k
S Ly LBy e v
n=(k+1)/2 Qan — \/§Pk 2 —1 Qo1 4 p— Qor_1 4
k>1, odd
i Qx — 1§k: 1 _iﬂzQ2r_1_i\/§k5
n=(k+1)/2 Q2n+1 + 1\/§Pk 2 r—1 QQT 4 r—1 QQ'I‘ 4 ’
k>1, odd

again respectively.
4. CHEBYSHEV AND VIETA IMPLICATIONS

Finally, we add that Chebyshev polynomials T;, and U,, Vieta polynomials V,, and v,,
and gibonacci polynomials g, are linked by the relationships V;,(z) = i" ! f,(~iz), v,(x) =
il (=iz), Vp(x) = Up—1(2/2), and vy(x) = 2T,(x/2) [3, 4, 5], where i = v/-1. They can
be employed to find the Chebyshev and Vieta versions of Theorems 1-3. In the interest of
brevity, we omit them and encourage gibonacci enthusiasts to explore them.
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