SUMS INVOLVING JACOBSTHAL POLYNOMIALS

THOMAS KOSHY

ABSTRACT. We explore the Jacobsthal versions of seven gibonacci sums.

1. INTRODUCTION

Extended gibonacci polynomials z,(x) are defined by the recurrence z,12(x) = a(z)zp4+1(x)+
b(x)zy (), where x is an arbitrary integer variable; a(z), b(x), zo(x), and z1(x) are arbitrary
integer polynomials; and n > 0.

Suppose a(z) = x and b(z) = 1. When zp(z) = 0 and z1(x) = 1, z,(z) = fu(x), the
nth Fibonacci polynomial; and when zo(z) = 2 and z1(x) = z, z,(z) = l,(x), the nth Lucas
polynomial. Clearly, f,(1) = F,, the nth Fibonacci number; and [,,(1) = L, the nth Lucas
number [1, 5].

On the other hand, let a(z) = 1 and b(x) = x. When zp(z) = 0 and z1(z) = 1, z,(x) =
Jn(z), the nth Jacobsthal polynomial; and when zy(x) = 2 and z1(z) = 1, z,(z) = jn(z), the
nth Jacobsthal-Lucas polynomial. Correspondingly, J, = J,(2) and j, = j,(2) are the nth
Jacobsthal and Jacobsthal-Lucas numbers, respectively. Clearly, J,(1) = Fy,; and j,(1) = Ly,
2, 5].

In the interest of brevity and clarity, we omit the argument in the functional notation; so zj,

-1 if n = Jn;
will mean z,(z). In addition, we let A =+v22+4,D =+/4x+ 1, and k = 27 ne _J
D*, otherwise.

Jacobsthal and Jacobsthal-Lucas polynomials satisfy the following Cassin-like identities [5]:

Jn—l—kJn—k_Jy% = _(_x)nik‘]lz; (1)
Jnikdn-r — Ju = (-x)" "DJ}. (2)

Gibonacci and Jacobsthal polynomials are linked by the relationships J,(x) =
c(=/2f,(1/y/x) and j,(2z) = 2/%1,,(1/+/z) [3], and [5] on page 566.

1.1. Gibonacci Polynomial Sums. In [6], we studied the following gibonacci sums:

k

iy

nek+1 In+kIn—k — lgk+rgr
k>1,0dd

A 1,1
Z % fnr2fnfn2 fafi * fafo’

Zl = A12<1+1>; (5)

nt2ln ln 2 I3l1  lalo
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% In+20n—2 A2f4 Sy, otherwise;
> = - s ®)
< o — (D)@ = 1) f7 — a? fsfi
> H)n = o)
=+ (FD)M (e = DA2E — Alg? falalsly’
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2. JACOBSTHAL POLYNOMIAL SUMS

Our objective is to find the Jacobsthal versions of the above seven results using the Jacobsthal-
gibonacci links.

To this end, in the interest of clarity and convenience, we let A and B denote the left side
and right side of each equation, respectively, and LHS and RHS those of the corresponding
Jacobsthal equation, again respectively.

2.1. Jacobsthal Version of Equation (3).

Proof.

l
Case 1. Suppose g, = fn. Let A= L Now, replace = with 1/4/x, and then multiply
frtk fn—k

the numerator and denominator with ”~!. This yields
$(2n_k_2)/2($k/2lk)
[z D2 f L T lat k72, ]

o (2n—k—2)/2.;
LHS =— Z T Ik

n=k+1
k>1,0dd

A

Y

JnJrkJnfk

where ¢, = ¢, ().

1
We now let B = A Replacing = with 1/4/x, and then multiplying the numerator and
k+rJr
denominator with z(*+27=2)/2 yields
. L (k42r=2)/2

[z D72 f T a2 f,] )
ko (k+2r—2)/2

RHS =
—1 Jk+rJ7‘
Equating the two sides, we get
[es) Lk
o
—— Jn+kJn k ; Jk:—i—rjr

k>1,0dd
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Case 2. Suppose g, = l,. Let A =

l
LA Replacing x with 1/4/z, and then multiplying

ln—l—kln—k

the numerator and denominator with =™ yields

Jl(2n_k)/2($k/2lk)

A

LHS

where ¢, = ¢, ().

Let B =

. Replacing  with
lk+rlr
nator with z(*+2)/2 yields

RHS

where ¢, = ¢, ().
Equating the two sides yields

nek+1 In+kJn—k

k>1, odd

Ak

[x(n+k)/2ln+k] [:L.(n—k)/2ln_

i $(2n_k)/2jk
e e—
n—k+1 In+kIn—k
k>1,0dd

1/4/x, and then multiplying the numerator and denomi-

pk+2r)/2
[ (k+r)/2lk+ ] [xr/er]ﬂ
ko p(kt2r)/2
B z:; k+r]r ’
" _ik ko (k+2r)/2
Jk —1 Jhtrr .

Combining the two cases, we get the desired Jacobsthal version:

o0

> i Z (10)
—— Cn+kCn— k Ck—H"CT
k>1,0dd
O
It then follows that [6]
Y Fn+an—k —1 Fk—&—TFr’ n:k+1 Ln—l—kLn—k —1 Lk—l—'rLr
k>1,0dd k>1,0d
> on ok E1 > on ok 1
n_zk;rl Jn-l—kJn—k B jkr:l Jk:-&-rJr’ nzk;rl In+kIn—k - jikrrzl jk-l—r.jr'
k>1,o0dd k>1, odd
In particular, we then have [6]
—~ F,g + (- 7 ~ L2 -5(-) 3
Z 72 =4 2 Z+9(-2 1 T 5
n=2 n=2"“"
respectively.
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Because ¢4 xCn—k — c2 = ()" Fr JZ, we can rewrite equation (10) as

k
2 k. 12 5 Z
oot (—x)" kR JZ gk = ChirCr
k>1,0dd

2.2. Jacobsthal Version of Equation (4).

Proof. With A = fwfl”f, replacing z with 1/4/z, and multiplying the numerator and
n+2JnJn—-2
denominator with 237=3)/2 yields
A x(gn_?’)/Q(ﬂfn/an)
o \/E[x(n—i-l)/an_i_z] [$(n—l)/2fn] [x(n—S)/2fn_2]
—2 -
_ Jn .
Jn—I—QJ Jn 2’
LHS
Z J, +2J Jn 9’
where ¢, = ¢, ().
1
We now let B = ——. Replace = with 1/4/z, and multiply each numerator and
f3f1 f4f2
denominator with 2. This gives
2
B - T n 1
(@22 f3)(2%2f1) -~ (232 f1) (212 f2)
T 1
RHS = — 4+ —
J3Jq * JuJo’

where ¢, = ¢, ().
Combining the two sides, we get the desired Jacobsthal version:

o n; 3 2
) et % il A (1)
= Inv2dndn2 J3t 0 Jud
O
It then follows that [6]
S hnfEn = & Xumm C ©
F+2FFn2 6’ J+2JJn2 15

2.3. Jacobsthal Version of Equation (5).
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Proof. With A = ; xlfrg , replace x with 1/4/x, and multiply the numerator and denomi-
n+2inin—2
nator with z3"/2 yields

& [z 2 f)
[-T(n+2)/2ln+2] [$n/2ln] [x(n—Q)/an_Q]
xJn
jn+2jnjn—2,

oo n
tas = S LM
g Jn+2Jnjn—2

where ¢, = ¢, ().
1 1 1
With B= — | — + —— |, replace x with 1//x, and multiply each numerator and de-
AZ \I3ly Iyl

nominator with 23. This yields

x 1 1
B = —|—+—
D2 <l3[1 + l4l2>

T

./172 133
D? (<x3/2z3><x1/2h> i <:c4/2z4><x2/2z2>> |
a3 1 T
D? <J3J1 J4J2>
where ¢, = ¢, ().

Equating the two sides yields the Jacobsthal version of equation (5):

oo n 3
x"J, x 1 x
= Int2inin—2 D \J3j1  Jaja
O
This implies [6]
S B 5 A/ S .
n—3 Ln+2LnLn—2 84’ n—3 jn+2jnjn—2 995 ‘

2.4. Jacobsthal Version of Equation (6).

Proof.

Case 1. Suppose g, = fn. Let A= Jn-3  fnt1

fo—2  far2
the numerators and denominators with z("*1)/2. We then get
25/2 [‘T(n—4)/2fn73] 2172 (xn/anH)

22 [z(n=3)/2f, ] D2,

. Replace = with 1/y/x, and then multiply

A:

LHS = \/Eé(_l)n (Jn—:s B Jn+1> ’

Jn—2 Jn+2

where ¢, = ¢, ().
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Now, let B = — (fo — ﬁ + é - fg> Replacing = with 1/4/z, and multiplying the nu-
fi fa f3 fa
merators and denominators with z%/2, we get

RHS:—\/§<——I—

where ¢, = ¢, ().
Equating the two sides yields

oo

Jo 1

S Js
T Ja)’

Ji J2

Jn_ Jn J, J J. J:
Z(_nn( 3 +1>:_<0_1+2_3>.
ne3 In—2  Jnt2 Ji Jo J3  Jy
ln— ln . .
Case 2. Let g, = l,,. With A = ; 3 _ 7 +1, replace x with 1/y/x, and then multiply each
n—2 n+2

numerator and denominator with z("t2/2, We then get

25/2 [x(n73)/2ln_3]

/2 [96("+1)/2ln+1]

A 72 [(x(n—Q)/an_Q] o :E(n+2)/21n+2 )

> jn73 jn+1
LHS = =z -1)" ( - - = ) )
;( ) In—2  JIn+2
where ¢, = ¢, ().
l [ l l
Now, with B = - (ZO — l—l + Z—Q — l3>’ replace x with 1/y/z, and multiply the numerator
1 2 3 4

and denominator with z2. This yields

Rits = -5 (22 2R,

where ¢, = ¢, ().
Equating the two sides gives
o

>y

n=3

<jn—3 _
jn72

Ji Jo  J3  Ja

jn+1
jn+2

):(@_ﬁ+
o J2

k)
Jj3  Ja

Combining the two cases, we get the desired Jacobsthal version:

o0

> <C”3 - C”“) =- <C° A2 C3> (13)
" Cn—2  Cp42 i € €3 &4
(]
This implies [6]
i(—l)n (Gn—?; _ Gn—l—l) _ (% _ ﬁ + @ _ G3) .
= Gn—2 G2 Gi G2 Gz Gi)’
S <Cn3 B OnH) . <co LG, G 03>
= Cn—2  Cny2 Gi Gy Gy Ci)

In particular, we then get [6]
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Fn_o 6’ Ly_o 84"

F L
n=3 n+2 n=3 n+2

Z‘” n (=3 Jn+1 19 Z‘” w (Jn=3  Jnt 1251
—1 —_ = _— —1 —_ =
1) <Jn2 > 15’ 1) <

~ T2 ~ oo ni2 595
2.5. Jacobsthal Version of Equation (7).
Proof.
1

Case 1. Let g, = f,. Suppose A = . Now, replace z with 1/y/x, and multiply the

fn+2fn72
numerator and denominator with 2"~ !. This gives
xnfl
A ;
[0, o] [0 972,
o 1
LHS = _—,
nz:; Jn+2<]nf2

where ¢, = ¢, ().

1
Now, with B = —— <fo _h + fa fg), replace z with 1/4/x, and multiply each numer-
fa\fi fo fs Ja

ator and denominator with 23/2. This yields
2
Rus — - (oLl sy
J4 Ji Jé JS J4
where ¢, = ¢, ().
Equating the two sides, we get

(b b kb
= Jnv2dn2 Jo\N o I3 Ji)
1
Case 2. Let g, = l,. With A = T replace x with 1/4/z, and multiply the numerator
+2lp—2
and denominator with ™. This yineldsn
xn
A = ;
[z D721, ] (22720, )]
o0 xn
LHS = » ——),
n:3]n+2]n—2

where ¢, = ¢, ().

1 l l l l
Next, we let B = < 0 ! 2 3

A\ o + L 14). Replace x with 1/4/z, and multiply the nu-

merator and denominator with z2. This yields

D? lo 11 Iy lg)

T fy <ll loy I3 U

D2 2 . . . .

RHS = Ve < T VT TR x/@s)
Ju /1] xJ2 Vg3 Ja

Dz (jo J1 . Je jg)
= — |\ —=+=—-—=].

Jy \J1 J2  J3 Ja
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Equating the two sides gives

[e.9]

C Db i i k)
= dnv2in—2  Ja \J1 J2 J3 Ja

Combining the two cases, we get the Jacobsthal version of equation (7):

0 3 .
" )= Sey, it en = Jp;
— Cn+2Cn—2 T Pes otherwise;

€0 C1 C2 C3
where S¢; = — — — + — — —. U
C1 C2 C3 Cq4

It follows from equation (14) that [6]

1 _ 7 i 1 31
n—3 FoyoFn—o 18’ e3 LyioLy o 252’
i 2* _ 152 i 2" 22,518
n=s Jn+2dn— 75 =4 Int2Jn—2 2,975

(_1>n+k+1f]37 if gn = fn;

Using the identities gn4+k9n—& — g,% = {( 1)”+kA2f2 otherwise:
_ 2, :

and CpipCp—k — c% = (—ac)”_km J,g, we can rewrite these equations as follows:
SRR S SN T ')
ot F2—(-1)» 18’ = L2 +5(—1)" 252’
> on 152 > on 22,518
LR T L Eeaw 2
respectively.

2.6. Jacobsthal Version of Equation (8).

(-1)"
fa— ()M =D fp —a
merator and denominator with 2”3 then yields

Proof. Let A =

5- Replacing z with 1 /+/x, and multiplying the nu-

(-1)"x
efy+ (DM —1)f7 -1
(_1)nx2n—2
T (e a2 L
(1)
JE+ (1) (x — 1)an2J2 — Z2n—3
< (1)
LHS = Z JA+ (-1)(z — 1)an—2J2 — g2n=3’

n=3 T

A =

where ¢, = ¢, ().
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1
With B = —W, replacing x with 1/4/x and multiplying the numerator and denominator
3J4
with z?, gives
B = - z! ;
(222 f3)(23/2 fy)?
4
x
RHS = -—,
J3J?

where ¢, = ¢, ().
Combining the two sides, we get the desired Jacobsthal version:

i (_1)nx2n o .%'6 (15)
Ji+ (1) (x — 1)an=2J2 — 2203 g2’

n=3 "
O
This yields [6]
SN TR R S
—Fi-1 18 T (222 -2 T
Finally, we explore the Jacobsthal consequence of equation (9).
2.7. Jacobsthal Version of Equation (9).
_1)"
Proof. Let A = (-1) Replace = with 1/4/x, and multiply the nu-

I3+ (-1)"(x? — 1)A22 — Atz2’
merator and denominator with 2273, This yields

A = (_1)n
314 — (-1)*(x? — x)D?12 — D*
_ (_1)nx2n .
o (z7/21,)4 — (-1)(x — 1)an—2D2j2 — Dig2n—3’
o0
(71)711:271
LHS - ’
nZ:; (xn/2ln)4 _ (_1)n(x _ 1)xn—2D2jT2L — D4y2n-3
where ¢, = ¢, ().
1
Now, let B = - Tl Replacing = with 1/y/z and multiplying the numerator and de-
4l4l3l2
nominator with z% yields
B = z :
TR R) ) ) (TD)
26
RHS - - R
J1jajsgz

where ¢, = ¢, ().
Equating the two sides, we get the Jacobsthal version of equation (9):

o0

_ nx2n 1:6

o (z/2],)4 — (=1)(z — 1)a"2D2j2 — D423~ Jyjsjsje’
n=3 "

O
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This implies [6]

D o - 5
~Ly-25 252 g —9(-2)"2j2 —81- 2273 2,075

3. VIETA AND CHEBYSHEV IMPLICATIONS

Finally, we can find the Vieta and Chebyshev versions of equations (3) through (9) using
the relationships V,(z) = i" ! fu(=iz), vu(z) = i, (=iz), Vi(z) = Uy_1(x/2), and v, (x) =
2T, (x/2) [3, 4, 5], where i = y/-1. In the interest of brevity, we omit them and encourage

gibonacci enthusiasts to explore them.
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