SUMS INVOLVING GIBONACCI POLYNOMIAL SQUARES:
GENERALIZATIONS

THOMAS KOSHY

ABSTRACT. We explore generalized versions of four sums involving gibonacci polynomial
squares.

1. INTRODUCTION

Ezxtended gibonacci polynomials z,(x) are defined by the recurrence z,12(x) = a(z)znp+1(x)+
b(x)zn(x), where z is an arbitrary integer variable; a(x), b(x), zo(z), and z;(z) are arbitrary
integer polynomials; and n > 0.

Suppose a(z) = x and b(z) = 1. When zo(z) = 0 and z1(x) = 1, z,(z) = fun(x), the
nth Fibonacci polynomial; and when zp(x) = 2 and z1(z) = z, z,(x) = l,(x), the nth Lucas
polynomial. They can also be defined by the Binet-like formulas. Clearly, f,(1) = F,,, the nth
Fibonacci number; and 1,,(1) = L, the nth Lucas number [1, 4].

Pell polynomials p,(x) and Pell-Lucas polynomials q,(x) are defined by p,(x) = f,(2z) and
gn(z) = 1,(2x), respectively [4].

In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation, when there is no ambiguity; so z, will mean z,(x). In addition, we let g, = f,, or
Ly by = pn or qn, A = V22 + 4, and E = /22 + 1. Pell and gibonacci polynomials are related
by the relationship by, (x) = g, (2x).

It follows by the Binet-like formulas that lim

m—=00 Gmtr

= 0. [4,6,7

1.1. Fundamental Gibonacci Identities. Using the Binet-like formulas, we can establish
the following gibonacci identities [4, 6]:

2 2
B 1
Int+k — In—k A2 for. fon, otherwise; W

{f2kf2n7 i g = fos

(2)

In+kIn—k —

gQ _ {(_1)n+k+1f1§7 if 9n = fn§

(-1)"T*A2f2 otherwise.

1.2. Sums Involving Gibonacci Polynomial Squares. We explored the following gibonacci
sums in [7]:

[e's) k o) k
S fok fan 3 1. A2 for, fan -y 1,
L - CuEE T L LBy T
(o) k 00 k
forJan+2 _ 1. Z A f2k:f4n+2 -y 1
n=M [f22n+1 + (_1)kf]3]2 -1 ft2’ n=M 2n+1 )kA2f£]2 r=1 ll%,
where k is a positive integer; 1 < r < k;
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(k+1)/2, k>1, ifk isodd; 2r — 1, if k is odd;

L = ] and s = .
k/2+1, k> 2, otherwise; 2r, otherwise; and
(k+1)/2, k>1, ifk isodd; 4t 2r, if k£ is odd;

an =
k/2, k> 2, otherwise; 2r — 1, otherwise.

1.3. Telescoping Gibonacci Sums. The objective of our discourse is to explore general-
izations of variations of these sums. To this end and in the interest of brevity, we will first
investigate four telescoping sums in the following lemmas.

Lemma 1. Let k and X be positive integers. Then

= 1 1 1
Z [ Py BSY ] = - (3)
=1 L9en-1k  Yent)k Ik

Proof. With recursion [4, 6, 7], we will first confirm that

Z[Al - ]=1A—1 - ()
9

=1 L92n-1)k gf\2n+1)k 9k g()\2m+1)k
Letting A, denote the left side (LHS) of this equation and B,, its right side (RHS) , we get

1 1
Bm - Bm—l — B - B
Jom-1k  Iem+1)k
= An—An_1.
Recursively, this implies
Am_Bm = Am—l_Bm—lz"':Al_Bl
= 0.

Thus, A,, = B, establishing the validity of equation (4).

Because lim = 0, the given result now follows from equation (3). O

m—r0o0 gm+7.

Lemma 2. Let k and X be positive integers. Then

> 1 1 1 1
ol - =5 T (5)
n=2 L9@2n-2k  Y2n+2)k 9ok Yak

Proof. By invoking recursion [4, 6, 7], we will first prove that

" 1 1 1 1 1 1
Z[A -~ ]:A+%_[ - ]‘ (6)

)
Jon-2)k  I2n+2)k 92k 9omk  Yem+2)k

n=2
By letting A,, = LHS and B,, = RHS of this equation, we have
1 1
Bm - Bmfl = by - by
Jom-2)k  Iem+2)k
= Am— Am_1.
By recursion, this yields
Am_Bm = Am—l_Bm—lz"':AQ_BQ
= 0.

Thus, A, = By, establishing the truthfulness of equation (6).
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Because lim
m—00 gm+r

= 0, equation (6) yields the desired result. O

An Interesting Byproduct. It follows by Lemma 2 that

I e "

X
n=1 [92nk  92n+4)k 2k Yak

Lemma 3. Let k and A be positive integers. Then

> 1 1 11
Z[A e ]:A+A' (8)
=1 L9en-1k  Yent3)k 9k 93k

Proof. Using recursion [4, 6, 7], we will first establish that

“ 1 1 1 1 1 1
P e AT T T3 : (9)
n=1 L9en—-1k  J(2n+3)k 9% Y3k 9om+1)k I 2m+3)k
Let A,, = LHS of this equation and B,, its RHS. Then
1 1
Bm - Bmfl = by DY
Jom-1k  92m+3)k
= An—Anm_1.
With recursion, this yields
Am_Bm = Am—l_Bm—lz"':Al_Bl

= 0.
Thus, A,, = B, establishing the veracity of equation (9).

Because lim
m—00 gm+7.

= 0, equation (9) yields the given result. O

Lemma 4. Let k and X be positive integers. Then

- 1 1 1
Z A oY - (10)
n=1 g(2n+1)k g(2n+3)kz 93k

Proof. With recursion [4, 6, 7], we will first confirm that

m
1 1 1 1
Z [ ) Y ) : (11)
n=1 L9en+1)k  Y2n+3)k 93k Yem)k
Letting A,, = LHS of this equation and B,, its RHS, we get
1 1
Bm - Bm—l = by S
om+1)k 9 2m+3)k
= Am — Am-—1
By recursion, this implies
Am_Bm = Amfl_Bmflz"':Al_Bl
0.
Thus, A,, = B,, verifying equation (11).
This yields the given result. O
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2. GENERALIZED GIBONACCI POLYNOMIAL SUMS

With the above identities and lemmas at our disposal, we now begin our explorations with
the restriction A = 2. In the interest of brevity, we now let

_ 1, if gn = fn; _ -1, if gn = fu;
W= 9 . and v = .
A<, otherwise; 1, otherwise.

The first result invokes Lemma 1.

Theorem 1. Let k be a positive integer. Then

o0

n 1
S 2 Mf2kf4kk = (12)
=t (B + (VP fE]7 9%
Proof. Tt follows by identities (1) and (2) that

gQ —92 _ f2kf4nk; if gn = fn§
(2n+1)k (2n—1)k A? for, fank, otherwise;

I+ DRICn—1)k — ok = {(—1)Z+12f,32, i gn :.fn;
(-1)*A*fZ, otherwise.
Suppose g, = fn. With these two identities, Lemma 1 then yields
Jok fank B f(22n+1)k - f(22n—1)k_
[ = CORES Sl
i Sok fank _ i [ IR ]
= - (DR ol [V W VRNY r SN
- ;,3 (13)
On the other hand, let g, = [,,. Using Lemma 1 and the above two identities, we then get
A? for fank B l(22n+1)k - l(22n71)k.
(12, + (-1)kA2 ) kbl
= A for fank _ > [ 11 ]
il ERES (—1)’“A2f§]2 1 l%2n—1)k l%2n+1)k
— l‘% (14)
Combining equations (13) and (14), we get the desired result. O
It then follows that
S 2\ Fu 1
nz::l (ani 1)2 = 1[7]; nZ::l (L%n4_5)2 = 3 [7];
S 1 N 1
nz::l (ang— 12 3 7} ; (LGi 52 135
i Fiay, _ i; i Fiay, _ L
— (Fg, +4) 32 = (L§, —20)2 640
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The next result is an application of Lemma 2.

Theorem 2. Let k be a positive integer. Then

- pfagfank 1 1

Z 9 2\2 2 + 2 (15)

n=2 (ankz + :“Vf%) 9ok Yak
Proof. Using identities (1) and (2), we get

Iiomt 2y — 9
@2n+2)k — 9(2n—2)k A2 fu1. fank, otherwise;

{f4kf4nk, i gn = fo:

{‘f%m it g, = fu;

9
9(2n+2)k9(2n—-2)k — 92nk A?f2 . otherwise.

Suppose g, = fn. By invoking these two identities and Lemma 2, we get

2 2
Jak fank ~ Jentok — Tion—2k
2 = 2 2 ’
(f2.6— 13) fontoyef on—2)k
Z Jar fank B i [ 1 ]
= 2 2
n=2 f2nk: fk:) n=2 f(2n—2)k f(2n+2)k
Fan Th
Now let g, = [,,. Invoking the above identities, Lemma 2 yields
2 2
A2 fai fank _ Kons2yk — lon—2)k
(B, + A2f22k)2 l(22n+2)kl%2n*2)k
— A2 fup fank 1
Z 2 2£2 \2 = Z o 12
5 (15 +A2f3) - 2n N “ent2)k
1 1
= 5+ (17)
l2k Uik
The given result now follows by equations (16) and (17). O
This theorem yields
—  Fu, 10 <. Fu, 58
ot = 2 [T o =
L -1 2B+ Gor
L. R S B 228
= (Fi, —9)? 9,261’ = (L3, + 45)2 11,365,305’
i Fion B 325 i Fion B 13,001
— (Fg, —64)2 2,085,984 ¢ (L§, +320)2  3,023,425,440°
This theorem can be re-stated in a slightly different way, as the next corollary shows.
Corollary 1. Let k be a positive integer. Then
o~ farfaento)n 1 1
> 3= 5 T (18)

2 2 g g
n=1 |:g(2n+2)l~c + v fa, 2k Tk
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The next result is an application of Lemma 3.

Theorem 3. Let k be a positive integer. Then

OO

Bk f22ns 1)k 1 1

== 4+ —. (19)
2 2 2
n=1 [g( 1)k + ) lu/fgk} 95 931
Proof. With identities (1) and (2), we get

7 _ Jak f22n4 1)k if gn = fn;
(gl en—k A fag fa(ont1yk,  otherwise;
if gn = fu;

2
Jeen+3)hfen-1k = Jen+i)k (—1)'“A2f22k otherwise.

{(—1)’“+1f§k7

Suppose g, = fn. Lemma 3, coupled with these two identities, then yields

Jakfa2n+1)k f(22n+3)k - f(22n—1)k.

[f(22n+1)k - (_1)kf22k:} 2

i Jak f2e2nt 1)k - Z

f(22n+3)kf(22n71)k ’

o1 ]
f(22n+3)k

n=1 [f(22n+1)k - (_1)kf22k} = f(2” Dk
1 1
= S+ (20)
i
Now let g, = [,,. Using Lemma 3 and the two identities above, we then have
A? fige fa2nt1)k B Bontays — 5(227171)1@.
2 ka2 ]2 12 W12 7
[z@nﬂ)k +(-1)kA f%} (2n+3)k! 2n—1)k
= A? fige fa2nt1)k  « 1 1
2 e P B
n=1 {l(%ﬂ)k + (-DHFA f%} n=1 L (2n—-1)k (2n+3)k
1 1
Combining equations (20) and (21), we get the desired result. O

It then follows that

o~ Paen 5 Py 17
Yoy~ o Yot = oo
= (Fpyq +1)? = (Lgyg —5)
i Fyont1) _ 65 i Fyont1) _ 37
= [Flonyny — 9 1,344 L2, + 45 34,020’
- Fo2n+1) _ 145 i Fo2n+1) _ 181
2 (P2 + 647~ 83,232 212y — 3207 2,079,360

The next result is an application of Lemma 4.
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Theorem 4. Let k be a positive integer. Then

w2k f22n4-2)k 1
> e 2)
n=1 [g(2n+2)k +(-1) W/f%} sk
Proof. With identities (1) and (2), we get

e _ Jok f2nt2)ks if gn = fn;
(@r+8)k — F(2n+Dk A? for font2)k, otherwise;

9@2n+3)k9(2n+1)k — g(22n+2)k:

(_1)k+1f]?v if gn = fn§
(-1)*A?f2, otherwise.

Let g, = fn. With these two identities, Lemma 4 then yields

fokfo@nt2)k _ VI
2 k £2 2 f(22 +3)kf(22 +1)k 7
[f(2n+2)k - (1) ka] " "
i forfo@nt2)k Z _ 1
k f(g +1)k e +3)k
n=1 |:f(2n+2 - (-1) fk] n=1 n (2n
1
= —. (23)
I3k
Next, we let g, = [,,. Using Lemma 4 and the two identities above, we then have
A? for, foont2)k B l%2n+3)k - l(22n+1)k:'
2 waop2]? 12 7
[1(2 o T (CDFA fk:} (2n+3)k! (2n+1)k
i A? for, fa@nt2)k B Z [ 1 ]
2 = 2
n=1 [l(2n+2)k + (- )kAzfiﬂ n=1 2”“)'“ Honvayn
1
3k
Combining equations (23) and (24), we get the desired result. O
In particular, we then have
i Pognyyy 1 i Fy@ni2) _ 1
- (F3psn +1)2 4’ - (L3, 12 — 5)? 80’
i Fyont2) _ 1 > Fiont2) _ I
n:1 2(2n+2) —1)? 192’ ot [L§(2n+2) + 52 4,860’
= Fsanto) 1 =~ Foenio) B
< [Flonsoy +42 9,248 [LZie — 202 231,040

This theorem also can be reworded in a Slightly dlfferent way, as the next corollary shows.

Corollary 2. Let k be a positive integer. Then

i ff 2k fank 1 (25)
3= 2
=2 (93 + (CD)Puv f3] I3k
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Finally, with identities (1) and (2) and the sum

> |

n=1

1 1
ank g(2n+2)k 9ok

we can establish the following result. Its proof follows similar steps in previous theorems. So
we omit it for brevity.

Theorem 5.

w2k f22n4 1)k _ 1

—. (27)
— [9(22n+1)k +uvfil? g3,
In particular, we then have
St g y Py 1
n=1 <F22n+1 1)2 ’ n=1 (L%n-i-l + 1)2 45,
= Fiong 1 Faant1) L
Sy — 12 27 2 (L2 + 512 735’
oo
Foan+1) 1 Fs@n+1) 1
ot [F2(2n+1) 4]2 512’ [L§(2n+1) + 20]2 12,960
2.1. Gibonacci Treasures. The theorems yleld interesting gibonacci dividends. Using

Theorems 1 and 3, we get

204

Fop N Foont N
> = Z +2 ;
2 (Fn + 1) (F 2n+1 + 1) n=1 (F22n + 1)

_ L7.
12’

> Fy, 5

z:: (F2+41)2 3 6]

— Fyont1) N )
= +

nZQ (L7 —5)? = (L3, —5)? nzl (L3, —5)
_ 13
48’

= Py, 1

NGE L
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Likewise, Theorems 2 and 3 yield

Fyp, Fyony1) > Fyon)
L + P ot
Z (L3, +45)2 Z [Lg(znﬂ) +45) Z [Lg(%) +45]2

n=2 n=1 n=1
4,736,509
~ 3,682,358,820’

i;i Fu 236,804

(L3, + 45)* 102,287,745’

F2(2n+1) i F2(2n+2)
(F22n+1 + 1>2 <F22n+2 + 1)2

&
3
3

(]
=
+ |
I
(]

—_

n=1

Wl ot Wl

=

as obtained above.
Using the result [5, 6]

i Pogntn) 1
it follows by Theorem 2 that
i Fop _ i Foeni1 n i Fyn)
2 F12 T (R, -1 2 (R, - 1)
37
= —[7].
27 7]
Finally, it follows by Theorems 4 and 5 that
i Fyn o Fyont1) > Fyont2)
n=3 (L%n + 5)2 n=1 (Lg(Zn-l-l) + 5)2 n=1 (L§(2n+2) + 5)2
B 373
238,140’
ot (L3, +5)? 540

3. PELL, CHEBYSHEV, AND VIETA IMPLICATINS

Finally, with the Pell-gibonacci relationship b, (z) = ¢,(2x), we can extract the Pell ver-
sions of the theorems. Chebyshev polynomials T, and U,, Vieta polynomials V,, and v,
and gibonacci polynomials g,, are linked by the relationships V;,(z) = i" ! f,(=iz), va(x) =
i, (=ix), Va(x) = Up_1(x/2), and v, (z) = 2T,,(2/2), where i = /=1 [2, 3, 4]. They can be
employed to find the Chebyshev and Vieta versions of the theorems. In the interest of brevity,
we omit them all; but we encourage gibonacci enthusiasts to pursue them.
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