ADDITIONAL SUMS INVOLVING JACOBSTHAL POLYNOMIAL
SQUARES
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ABSTRACT. We explore the Jacobsthal versions of four infinite sums involving gibonacci poly-
nomial squares.

1. INTRODUCTION

Eztended gibonacci polynomials zy,(x) are defined by the recurrence z,42(x) = a(x)znp41(z)+
b(x)zy (), where x is an arbitrary integer variable; a(z), b(x), zo(x), and z1(z) are arbitrary
integer polynomials; and n > 0.

Suppose a(z) = x and b(z) = 1. When zy(z) = 0 and z;(x) = 1
nth Fibonacci polynomial; and when zo(z) = 2 and z1(z) = z, z,(z) =
polynomial. Clearly, f,(1) = F,, the nth Fibonacci number; and ,,(1)
number [1, 5].

On the other hand, let a(x) = 1 and b(z) = x. When z¢(z) = 0 and z1(z) = 1, z,(x) =
Jn(x), the nth Jacobsthal polynomial; and when zo(z) = 2 and z1(z) = 1, z,(x) = jn(x), the
nth Jacobsthal-Lucas polynomial. Correspondingly, J, = J,(2) and j, = j,(2) are the nth
Jacobsthal and Jacobsthal-Lucas numbers, respectively. Clearly, J, (1) = Fy,; and j,(1) = L,

(2, 5].

Gibonacci and Jacobsthal polynomials are linked by the relationships J,, (z) = (*=V/2f, (1/\/x)
and ju(z) = 221, (1/y/7) [3, 4, 5.

In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation, when there is no ambiguity; so z, will mean z,(z). In addition, we let g, = f, or

ln, ¢n = Jp OF jn, A =22+ 4, and D = /4x + 1, where ¢, = ¢, ().

, zn(x) = fo(x), the
ln(x), the nth Lucas
= Ly, the nth Lucas

1.1. Sums Involving Gibonacci Squares. We studied the following sums involving gibonacci
polynomial squares in Theorems 1-4 of [6]:

Jarfan — 4(- )kf2kf4n A2 1

= - (1)
nzL 13, - (k) Z ;
f4kf8n+4 1H* f2kf4n _ 1 : L
Jar f3 n+4+4(— ) f2kf4n+2 A2 "1

= -1 (3)
Z [f341 + (-1 )’“fz?]4 ; 1t
farfanva — A=) for, fanto 1 a1

= — - 4

ZM [Bs1 — (-1FA2f2]" a2 W

where k is a positive integer; 1 < r < k;
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I - (k+1)/2,k>1, if kis odd; s — 2r — 1, if k is odd;
)k /24 1,k >2, otherwise; 2 otherwise;

S e ) e )

M o= (k+1)/2,k>1, ifkis (?dd, and ¢ — 2r, if k is ?dd,
k/2,k > 2, otherwise; 2r — 1, otherwise.

2. JACOBSTHAL CONSEQUENCES

Our objective is to explore the Jacobsthal versions of the gibonacci sums (1)—(4); we will
extract them from the above sums using the Jacobsthal-gibonacci relationships in Section 1.

To this end, in the interest of brevity and clarity, we let A denote the left-hand side (LHS) of
each equation and B its right-hand side (RHS), and LHS and RHS those of the corresponding
Jacobsthal equation, respectively.

2.1. Jacobsthal Version of Equation (1).
fanfsn — 41" for fan
1
(13, — (DR £F]
and denominator of the resulting expression with z

pAn—2k—3 [$(4k71)/2f4k] [x(Snfl)/Qfsn} A1)k b3 [x(2k71)/2f2k] [x(4"*1)/2f4n]

Proof. Let A = . Replacing x with 1/4/z, and multiplying the numerator

8n—4 we get

4= {[w@n=1/2 fo]2 — (-1)kg2n—k[z(k-D/2 f]2}!
g Jgn — 4(-1)Ra RS T g,
) L
s i pin—2k-3 7 g _ 4(_1)kx6"_k4_3J2kJ4n’ (5)
= [J3, — (=1)Fa2n=h 7]

where g, = g,(1/y/x) and ¢, = ¢, (z).
k
1
Now, let B = A2Z F.
r=1"9%

Case 1. Suppose k is odd. Replace x with 1/y/z, and then multiply the numerator and
denominator with %" ~*; this yields

k

D? 1
B - — fT
r=1 72r—1
_ D2 k x4r74
z r=1 (xr_lfQT—l)Zl,
5 k pAr=>5
RHS = D*} —i—,
r=1 “2r—1

where g, = gn(1/v/x) and ¢, = ¢, ().
This, coupled with equation (5) and k odd, yields

0 An—2k— ke k Ar—
e T S T D2Z 4o (6)
(J2, + 2n—kJ2)4 N Ji
n=(k+1)/2 on T k r=1 “2r—1
k>1, odd
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Case 2. Suppose k is even. Replacing x with 1//x in B, and then multiplying the numerator

and denominator with %772, we get
k
D? 1
B = —> &
r=1 72r
B D2 F p4r—2
" [zr-1/2f, ]4’
k pdr=3
RHS = D*) ——,
r=1 J2T

where g, = gn(1/+/) and ¢, = ¢, (z).

Together with equation (5) and k even, this yields

0 An—2k— ke k Ar—
rin k 3J4k<]8n - 433671 k 3J2k<]4n B D2 AT 3 (7)
2 oan—k 724 o Z 4
kij’“” (‘]271 — Jk) r=1 er

Merging equations (6) and (7), we get the desired Jacobsthal version:

i 24 Ty T — 4(—1)kx6nJ2,ZJ4n _ e Z’“: i ®)
nol S5, — (FDka?nh 2]
O
This yields
ZF4kF8n—4 1)kF2kF4n . "1
= IR - ()RRt il
i 16" Ty Jon — 45D o _ . 4,92’“:4{
= [, - (o) =
Consequently, we have [6]
i 3Fs, + 4Fin _ s i 7Fg, — 4Fin _ @;
= (F,+1) = (F5,—1) 243
i 16™ Jg,, + 437+ Jy,, C i 17 - 16" Jg, — 4371y, _ 1,476,864
— (J2, + 22n71) ’ —~ (‘]22n _ 4n—1)4 3,125

2.2. Jacobsthal Version of Equation (2).
4(-1)k
Proof. Let A — farfsn +4(-1) kaf;;ln
B, + (-Dra2p7
numerator and denominator of the resulting expression with x

. Replacing = with 1/y/x, and then multiplying the

8n—4 we get
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2 [ farfsn + 4(=1)F for fan)
(213, + (-1)*D2 2]
pAn—2k+1 [ (4k— 1/2f4k] [ (8n— 1)/2f8 } 4(- 1)k$6n—k+1 [ (2k—1) /2f2k] [ (4n— 1/2f4 ]
{(xQn/QZQn) 4 (_ )kDszn—k[x(k—l /ka] }
x4n_2k+1 [332n<]4n=]8n 4 4(—1)ka}2”+kJ2kJ4n] '
[j2, + (~1)D2a2n—k 2] ’
o TR (20 Ty Jgn 4 4(=1)F 2R Ty T

LHS = , 9
n; (73, + (~1)kD2z2n—k j2]* ©)

where g, = gn(l/\f) and ¢, = ¢, ().
k
Let B = A2 Z 7% With %k odd, replace z with 1/4/x, and then multiply the numerator

r=1 %
and denominator with 24"~2. Then

B = D22l4

2r—1

-1

B DZZ (2= 1/2l2

4r—1

"
1 kaz

4 )
—1 J2r—1

where g, = g,(1/v/x) and ¢, = ¢, ().
Using equation (9) with k& odd, this yields

$4nJ4kJ8n _ 4$2n+k=]2kj4n _ $2k Z x4r72 (10)
.9 _ o\ 4 - 2 -4 :
wmtirnz (33, — D2 R D* = Jora
k>1,0dd

On the other hand, let k£ be even. Replacing = with 1/y/x, and then multiplying the
numerator and denominator with z*" yield

T k 1
B = — —
D7 2,

1 k pAr+1
D2 — ($2r/2l2r)47
ko art1

1 ="
RHS = — _—
D2 Z jélr

r=1

where g, = g,(1/v/x) and ¢, = ¢, ().
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Using equation (9) with k even, this yields

4r
(11)

k
i 2t (Japdsn + 402" Iy Jan) 2% Z T

) _ 2\ 4 - 2 4
n=h/241 (43, + D2k ) =1 Jor
>2,even

By combining the equations (10) and (11), we get the Jacobsthal version of equation (2):

i o [JagTsn + 4D 2 R Ty Ta] 2 Ek: 2% 12
= [+ (CDFD2an k] =t
O
It then follows that
S Pl + A Pl 12’“: 1
= (L3, +5(-)rEE! 5 LY
O 16" [JaJan + (—1)k22nHR+2 7y 7] 4k g
;::L [j2, + 9(~1)k22n—k,12]" N 9234
This yields [6]
o 3Fyn, — 4Fyp 1 o TFsy + 4Fyp 2,482
; 3, 5" 5 HZQ (L3, +5)° 2,017,215
i 16™(5Jg, — 2273 J4,) _ 16, 16™(17Jgy, + 473 J40) _ 23,941,376
— (]Sn —9. 22n—1)4 9’ = an +9.4n— 1) 2,349,028, 125

Next, we investigate the Jacobsthal implication of equation (3).

2.3. Jacobsthal Version of Equation (3).

4(-1)*
Proof. Let A= f4kf8n;r4 +4(1) f2§{14n+2. Replace = with 1/4/x, and then multiply the
[foni1 + CDF£E]

numerator and denominator of the resulting expression with z%”. We then get

pin—2k—1 [x(4k71)/2f4k] [x(8n+3)/2f8n+4] + 4(~1)kg Bk [x(%fl)/zf%] [$(4n+1)/2f4n+2]

A {(xQ”/2f2n+1)2 + (~1)kg2n—h+1 [x(k—l)/ka]]2}4
a2 [y Jgnga 4+ 4(=1) R Jop Jap o]
i [ + (ki
s i 22k [T Jgna + 4(- 1)k 2"+k+1J2kJ4n+2]7 (13)
[J3, 1 + (-1)ka?n= kHJQ]

where g, = g,(1/v/x) and ¢, = ¢, ().
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k
Now, let B = A? Z 7 . Suppose, k is odd. Replace x with 1//x, and then multiply the
r=1 71
numerator and denominator with 2% ~2. This yields
D21
B = — —
P
D2 k pir—2

v = pern/zp, ]

k
RHS = D?Y 7

r=1

4r—3

4 )
J2r

where g, = gn(1/v/x) and ¢, = ¢, ().
Together with equation (13) and k& odd, this yields

k
i ot (JapJgnsa — 427 Ty Junge) D22k Z pir=3 (14)
_ 1 = 7 -
S0 (Bt =
k
With k even, we have B = A2 Z . Replacing x with 1/4/x, and then multiplying the
r—=1 J2r—1
numerator and denominator with 24" =%, we get
k
D? 1
B = — T
T = for
Z (27— 1f2'r )t
5 x4r—5
RHS = D) IR
2r—1

r=1

where g, = gn(1/v/x) and ¢, = ¢, ().
Coupled with equation (13) and k even, this yields

0 4 2n+k+1
Z ™" (J4kJ8n+4 + 4z bRt J2kJ4n+2 DQ 2k+1 Z
27"

2 on—k+1 72)4
Sy (J3p + 2 JR)
k>2, even

1

Combining this with equation (14), we get the desired Jacobsthal version:

00 x4n J4k<]8n+4+4( )k 2n+k+1<]2k<]4n+2 B k $2t

n=M [J3, 01 + (-1)kaz2n— k+1J2]

AUGUST 2023 227



THE FIBONACCI QUARTERLY

This implies

i FarEsnia + 4(_1)kF2k}i4n+2 _ 5 Zk: L.
n=M [F3 41 + (F1)FFE] r=1 Ef
i 16" [JugJsn+a + (_1)k22n+k+3<]2k4<]4n+2] _ 9.4kl i ii_
n=M [J3nq1 + (m1)k22n=ktL 2] el
Consequently, we have [6]
i 3Fsnia —4Funi2 5. i TFgpqa+ 4F 40 _ 85
= (- 7 = (B o+ 48’
2 16™(5Jgnpa — 4" T4 40) 2 16" (17 Jgpya + 22710 T 40) 1,552

= 144; =
n=1 (J22n+1 - 4n)4 71232 (']227L+1 + 22”71)4 45

Finally, we explore the Jacobsthal consequence of equation (4).

2.4. Jacobsthal Version of Equation (4).
fafsnta — 4(=D) for fanto

1
(31 — (F1)FA2SF]
the numerator and denominator of the resulting expression with %", we get
[ farfenta — 4(-1)F for fanso]
1
(213,11 — (-1)FD2f7]

Proof. Let A=

A =

. Replacing = with 1//x, and then multiplying

pin—2k—1 [m(4k71)/2f4k] [x(8n+3)/2f8n+4] — 4(~1)kgSn—k [96(%71)/2]6%] [$(4"+1)/2f4n+2]

{[ae2y,,1)? — (1D [a-02p, ]2
a2 T Tsnga — A(=1)F2F Jop Ju 0
(s — (DR kL)t
LHS — i x4n—2k—-1<]4k!]8n+4 — 4(—1)kx6”_ngfJ4n+2’
n=M (3041 — (F1)k D2z2n=k+1 2]

where g, = gn(1/v/x) and ¢, = ¢, ().

(16)

k
1 1
Next, we let B = N g E and k be odd. Now, replace x with 1/4/z, and then multiply
r=1

the numerator and denominator with z*". Then

k
1 1
B = —Y —
a2

T zk: z*r
= D? — (x2r/2l2r)47

k
T $47‘

RHS = — S 2

where g, = g,(1/v/x) and ¢, = ¢, ().
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Coupled with equation (16) and %k odd, this yields

4r

o0 An—2k—1 2kl
Z ™ (JarJsnta + 42" oy Jap o)

k
x
=73 (17)
n=(k+1)/2 (]gnJrl + szzn_k+l‘]lg)4 D z::
k>1, odd
When £k is even, B = A2 Z . Replacing x with 1//z, and then multiplying the
27‘ 1
numerator and denominator Wlth 242 we get
B =
D2 Z l%’r 1
= D2 Z 27’ 1) /212 ]4;
k_ 4r—2
x x
r=1 J2r—1

where g, = gn(1/v/x) and ¢, = ¢, ().
Using equation (16) with k even, this gives

o dn—2k-1 2n+kt1 -
z*" (JarJgnsa — 42> 54 Jop Junya) =2

) _ D22n—k+1 72)4
k2 (J3n41 — D2a?n J7)
>1,even

Merging this with equation (17), we get the desired Jacobsthal version:

00 $4n—2k:—1 [J4k!]8n+4 _ 4(_1)kx2n+k+1j2kj4n+2] B 1 Zk: .T% (18)
. _ 4 Y a4t
n=M [jgn—‘rl - (_1)kD2w2n k—HJl?] D r=1 Jt
O
In particular, we then have
k
i FupFsnia —4(-1)"FopFuanio ;Z 1
7] = o
n=M [L%n-i-l 5(_1)ka2]
42n_k_1[<]4k<]8n+4 _ (_1)k22n+k+1<]2k<]4n+2] 1 Z 4t
. 7] -
n=M []22n+1 - 9(_1)k22n—k+1J}?] r=1 jt
They yield [6]
o0 o
Z 3Fsnqa +4Fupye 1 Z TFgni4 — 4F 40 B 257
1 - ’ 4 - ’
n=1 (L%n—&-l + 5) 405 n=1 (L%n—‘rl - 5) 37 840
i "(5Jsn4a + 4" i) 256 i 16" (17Jgpsa — 22713 040 40) 618,752
— 9o’ ) 4 = .
n—1 (4341 +9-4n ) 225 n—1 (J341 —9-22071) 108,045
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