SUMS INVOLVING TWO CLASSES OF GIBONACCI POLYNOMIALS
REVISITED

THOMAS KOSHY

ABSTRACT. We explore six infinite sums involving gibonacci polynomial squares.

1. INTRODUCTION

Ezxtended gibonacci polynomials z,(x) are defined by the recurrence z,2(x) = a(z)zp+1(x)+
b(x)zn(x), where z is an arbitrary integer variable; a(x), b(x), zo(z), and z;(z) are arbitrary
integer polynomials; and n > 0.

Suppose a(z) = x and b(z) = 1. When zo(z) = 0 and z1(x) = 1, z,(z) = fun(x), the
nth Fibonacci polynomial; and when zo(z) = 2 and z1(z) = z, 2z,(x) = l,(x), the nth Lucas
polynomial. They can also be defined by the Binet-like formulas. Clearly, f,(1) = F,,, the nth
Fibonacci number; and 1,,(1) = Ly, the nth Lucas number [1, 2].

In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation, when there is no ambiguity; so z, will mean z,(x). In addition, we let g, = f,, or
ln, by, = pp OF Gn, A = V22 +4, and 2a(x) =z + A.

Gmir _

It follows by the Binet-like formulas that lim =0 and lim =«

m—o0 gm—H‘ m—0o0 gm

1.1. Fundamental Gibonacci Identities. Gibonacci polynomials satisfy the following
properties [2, 3]:

2 _(_1)n+kf]37 if gn = fn§
2 = 1.1
In+kn—k = In {(—1)”+kA2f,3, otherwise; (L.1)
n+k+19n—k n+kIn—k+1 (—1)n+kA2f2k, otherwise; :
1

191 — (-1 n+k l if — f .

Intk+19n—k + GntkGn—k+1 = Az[ znt = (S alor], i o = fo (1.3)
2oni1 + (1) ralyy, otherwise.

These properties can be confirmed using the Binet-like formulas.

Identity (1.3) has an interesting dividend: 2ls,1 = (-1)"**2l5; (mod A?). In particular,
we have 2L9, 11 = (-1)""* Loy, (mod 5). Replacing n with 2nk and k with 2k, we get 2L4,41 =
L4k (mod 5)

Using the identity I, 11 + l,—1 = A%f,, ([2, p. 57]), this yields

2Lank+1 + Lagy2 = L2 + Laj (mod 5)
= 5F4k+1 (IIlOd 5)
= 0 (mod 5).
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It follows by identities (1.2) and (1.3) that

Ll)ﬂ%[m — (1) ki) f if g, = fu;
A2 2n+1 2k|J2k> 9n = Jn;s (1.4)

(_1)n+kA2 [2lap+1 + (—1)”+kxl2k}fgk, otherwise.

2 2 2 2 _
In+k+19n—k — In+kIn—k+1 =

2. TELESCOPING GIBONACCI SUMS

We established the following telescoping gibonacci sums in [3], where k and A are positive
integers; for convenience, we call them lemmas.

Lemma 2.1.

A A
> [g(zn—l)k—H g(2n+1)k+1] _ 9;?+1 A
) ) =N 4
92n—-1)k 9(2n+1)k Ik

Lemma 2.2.

oo [ A A A
Z Donk+1  I@n+2k+1 | Gokpy1 o
== .
9ok

b} )
9onk 9on+2)k

Lemma 2.3.

A A

= | 9an—3)k+1 Ilant1)ke1 _gﬁﬂ A
Z ) ) =3 "%
9(an—3)k 9(an+1)k 9k

Lemma 2.4.

. \ -
| Ian—2)k+1  Iant2)k+1 _gSkH A\
Z ) T =" e
n=1 L J(an—2)k 9lan+2)k | 9k

Lemma 2.5.
oo [ A A 7] A

Ian—)k+1  Ian+3)k+1 | 9341 A\

Z ) Y = 3 4
=1 L 9an—1)k 9(an+3)k | 93

Lemma 2.6.

00 by A A
Z [94nk+1 _ g(4n+4)k+1] _ Yak+1 o

A ) )
n=1 | 9ank 9(an+a)k 9k

These lemmas, coupled with identities (1.1) and (1.4), play a pivotal role in our explorations.
3. GIBONACCI SUMS

Using the above lemmas with A = 2, and identities (1.1) and (1.4) at our disposal, we are
now ready for further explorations. In the interest of brevity, we let

y o= L, if gn = fu; S -1, if gn = fu;
A% otherwise; 1, otherwise;
1
= ifa. = f.-
pro= AL I and v* = -u.
1, otherwise;
The first result is an application of Lemma 2.1.
Theorem 3.1. Let k be a positive integer. Then
= <_1)kﬂu*y*[212nk+1 + (_1)kl/$l2k]f2k . gl%Jrl 9
Z 2 %, £2]2 =" 32 —a (3.1)
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Proof. Suppose g, = fn. Using identities (1.1) and (1.4), Lemma 2.1 yields

(—D)*2lopks1 — (1) *zlog] for f(22n+1)kf(22n71)k+1 - f(22n+1)k+1f(22n71)k_
A2(f3 . — (=1)k 212 B Fomsvnd on-1yn ’
i )*[2lani1 — (—1)*alo] for i Feon—1yb1 B Feont bt
— A2[ 5 — (=1)FfR]? | fnin Fonii
_ fEn
= —a”. (3.2)

On the other hand, let g, = l,. With identities (1.1) and (1.4), Lemma 2.1 yields

(=DM A2y r1 + (=) wlok] for _ l(22n+1)kl%2n Dk+1 l%2n+1)k+ll?2n—1)k.
(15, + (—1)FA2 f2]2 l%2n+1)kl(22n 1k ’
f: DM A2 2lpppr1 + (=1)Palag] for i Hon—1ks1 B ons st
n—1 [lznk + ( )kAQflz]Q n=1 l%2n71)k l%2n+1)k
l2
% —a? (3.3)
2
Combining equations (3.2) and (3.3), we get the desired result. O

In particular, we have

i2L2n+1+3 _ §+5\6 i2L2n+1—3 _ 3 V5
£ (F3,+1)2 2 2 £~ (L3, - 5)2 210
imnﬂ—? _ 25 5V5 imnﬂw _ L.
— (FZ, —1)2 6 6 ' / (L3, +5)? 54 30
The next result invokes Lemma 2.2.
Theorem 3.2. Let k be a positive integer. Then
XV 2loon ke + velor] for Ghei1 o
> = 2htl 2 (3.4)

1 9% 1y + 1 £ g
Proof. Let g, = f,. With identities (1.1) and (1.4), it then follows by Lemma 2.2 that

[2la(2n11)kt1 — Tlok] for _ f(22n+2)kf22nk+1 - f(22n+2)k:+1f22nk.
AQ[f(Qn—I—l)k ] f(22n+2)kf22nk ’
= [202n+1)kt1 — Tlog] for _ i !ﬁnkﬂ B f(22n+2)k+1]
n=1 A2 [f @n+k ] n=1 f22nk: f(22n+2)k
foir o
5 a”. (3.5)
fan
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On the other hand, let g, = l,,. Using identities (1.1) and (1.4), Lemma 2.2 yields

12 e — 2 12

—A?2y(9n41)k+1 + Tlok] for

o (2n+2)k"2nk+1 (2n+2)k+1"2nk
[l (2n+1)k + A2fk] l%2n+2) l%nk 7
i — A2y 1yhr1 + lok] for i [lénkﬂ B l(2n+2)k+1]
n=1 [l (2n+1)k + Asz] n—1 l%nk l(22n—|—2)
B
z2+ —a? (3.6)
2k
Combining the two cases, we get the desired result. O
It follows by this theorem that
2 2L4ni3—3 o %_5\/5‘ i 2L4p4+3+3 _i%_@'
= (an+1 1)2 2 2 — (L3,.1+5)? 18 10’
2Lgnis —7 115 5V5 i 2Lsrs +7 19 V5
= (F4nJr2 1)2 54 6 ‘ (Lin+2 +5)2 294 30

Next, we investigate sums involving squares of gibonacci polynomials of another special
class. The following result invokes Lemma 2.3.
The following theorem is an application of Lemma 2.3.

Theorem 3.3. Let k be a positive integer. Then

> (—l)kﬂ'u*l/* [2l(8n—2)k+1 + (_1)kl/$l4k]f4k g%+1 9
n=1 9Can—1y + (=D v 3] g:

Proof. Suppose g, = fn. Lemma 2.4, coupled with identities (1.1) and (1.4), yields

("2 sn—2yps1 — (=D @lag] far. f(24n+1)kf(24n73)k+1 - f(24n+1)k+1f(24n73)k.
A2[f(24n Wk~ (—=1)kf2 ]2 a f(24n+1)kf(24n—3)k: ’
Z 2l(8n et — (D ellfe & [f(24n—3)k+1 B f(24n+1)k+1]
- f4n 1k — (DR N n—1 f(24n—3)k: f(24n+l)k
= fin o, (3.8)
Ii
On the other hand, let g, = l,,. Using identities (1.1) and (1.4), and Lemma 2.4, we get
—(=1)FA22gn—nper + (1) Fxlae] far l%4n+l)k:l(24n 3)k+1 1(24n+1)k+1l%4n 3k
[y + (FDFA2f5]2 a Bkl tan—syh ’
i — kA2 2l(gn 2)k+1 + (- )kfvl4k]f4k . > [l(24n3)k+1 _ l%4n+1)k+l]
ot [l(24n 1k + (=DFAZfR]? el l%4n—3)k l%4n+1)k
l’%lgl —a? (3.9)
k
This, coupled with equation (3.8), yields the given result, as desired. O

This theorem yields
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0o 2L, 1+ 7 . ?_{_5\/5 © 2Lg, 1 — 7 . l_é
— (Ff,_q + 1) 6 6 — (L3, —5% 2 30
= Ly — 4T _ 25 5V5 i 2Lign-3+47 1 V5
= (Fg, o —9)? 42 427 — (L, +45)? 378 210°
The next theorem employs Lemma 2.4.
Theorem 3.4. Let k be a positive integer. Then
21 l 3
Z v 2lonk+1 + vl fak _ Y1 o2, (3.10)

(G + 10 13,)? it
Proof. Let g, = fn. It then follows by identities (1.1) and (1.4), and Lemma 2.6 that

8nk+1 — Ttak)J4k (24n+2)k (24n—2)k:+1 B (24n+2)k+1 (24n—2)k:
(21 L) fae f S f S .
Az(ffnk B f22k)2 f(24n+2)k:f(24n—2)k ’
00 00 f2 f2
(2lgnkt1 — vlag) far @n—2)k+1  Jant2)k+1
n=1 A2 f4nk f2k) n=1 f(24n—2)k f(24n+2)k
_ f22k’+1 2 (3 11)
= f22k (67 .

On the other hand, let g, = l,,. Lemma 2.6, coupled with identities (1.1) and (1.4), yields

—A?[(2gppi1 + xlap)) fae l?4n+2)kl%4n—2)k+1 - l(24n+2)k+1l?4n—2)k‘
(G + A2f5,)2 l%4n+2)kl(24nf2)k ’
i — A2t + wlag)] fan _ i l(24n—2)k‘+1 B l(24n+2)k:+1
n=1 linkz A2f22k)2 n=1 l?4n—2)k l%4n+2)k
l2
= a2 (3.12)
57
This, combined with equation (3.11), yields the desired result. O

It follows by formula (3.10) that

i2Lsn+1—7 _ 25 5V5 i%gnﬂw _ 15

= (F? — 1)2 6 6’ = (L3, +5) 54 30’
Z 2L16n+1 _ 115 55, i 2L16n+1 +47 9 V5
—~ o378 42 — (L§, +45)2 2,058 210

Theorem 3.5. Let k be a positive integer. Then

i ,u,u v* 2l(8n+2)k+1 + (= ) valyg) fak B g§k+1 — a2 (3.13)

n=1 [g(4n+1)k+( Dk pv f3,]2 B 9§k
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Proof. Suppose g, = fn. Using identities (1.1) and (1.4), and Lemma 2.5, we get

(—DF2hsnsoprr — (“DFalalfie FnrspdGnovper — Fonrayprr Sn-vn
A [y — (FDFRP? Feinsayed Ginyi ’
i (D" 2lsnroper — (D 2l fare & Fln—1in B Flmsain
= NS e — (CDRR] 2= ok Fnian
! ??’“2“ — a2 (3.14)
sk

On the other hand, let g, = [,,. With the same identities and Lemma 2.5, we get

(—1)* A2 (20 gy 2)k1 + (1) lar] far _ l%4n+3)kl(24n Dk+1 l(24n+3)k+1l%4n Dk
l%4n+1)k + (_1)kA2f22 l%4n+3)kl?4n 1)k ’
i DR A2 2L g4 0pp41 + (—1)Flar] fan _ > 5(2471 1k+1 l(4n+3)k+1
n=1 l?4n+1) (_ )kAZka n=1 l%éln 1)k l%4n+3)k:
l2
?’l’;“ — a2 (3.15)
3k
By combining equations (3.14) and (3.15), we get the desired result. ([
y g g
It follows by this theorem that
2. 2Lgni3+7 _ _§+5\/5' i 2Lgny3 — 7 9 _@,
(F42nJrl +1)2 4 6 ' ot (L3,11 —5)? 48 30’
Z 2L16n+5 —47 365 5V5 i 2Lignis +47 71 N V5
= (Fgpp —9)? 1,344 427 = (L3, 40 +45)? 6,804 210

Finally, the next theorem exemplifies an application of Lemma 2.6.
Theorem 3.6. Let k be a positive integer. Then
i vt 2 gy ayker T velal fae 95 o

= — a2 (3.16)
— [9(24n+2)k + v f3,]? 9k
Proof. Suppose g, = fn. Using identities (1.1) and (1.4), and Lemma 2.5, we get

[2l(8nayk+1 — Tlak] far _ F I f(24n+4)k+1f3nk‘

AZ [f (4n+2)k f2k] f(24n+4)kféfnk 7
i (20 (8n+aykt1 — Tlag] far _ i St B f(24n+4)k+1
n=1 AQ[f (4n+2)k f2k] n=1 ffnk f(24n+4)k
fien 9
5 a”. (3.17)
i
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On the other hand, suppose g, = [,,. With identities (1.1) and (1.4), Lemma 2.5 yields

2 2 2 2
— A2 qayrer + 2larl fae Hangarlink 1 — angayrerlink
Boroy, + A3, iyl ’
2
i 21 Sntayk+1 + 2lag] fae i !link+1 B l(4n+4)k+1]
= 2 2
— (4n+2)k + A2f5 = L Kantay
l2
a2 (3.18)
Uik
By combining the two cases, we get the desired result. U
In particular, we get
2Lgnys —7 115 5vV5 o~ 2Lgny5+7 E—I—@
= (i — 1) b4 6 = (Lipya +5)° 204~ 307
o~ 2L1on49 —47 4,945 5V5 i 2Lignio +47 985 V5
L (FR g —9)? 18,522 42 < (L3 yq +45)° 92,778 ' 210°

4. ACKNOWLEDGMENT

The author is grateful to the reviewer for a careful reading of the article, and for the
encouraging words and constructive suggestions.
REFERENCES

[1] M. Bicknell, A primer for the Fibonacci numbers: Part VII, The Fibonacci Quarterly, 8.4 (1970), 407-420.

[2] T. Koshy, Fibonacci and Lucas Numbers with Applications, Volume 11, Wiley, Hoboken, NJ, 2019.

[3] T. Koshy, Sums involving two classes of gibonacci polynomials, The Fibonacci Quarterly, 61.4 (2023),
312-320.

MSC2020: Primary 11B37, 11B39, 11CO08.

DEPARTMENT OF MATHEMATICS, FRAMINGHAM STATE UNIVERSITY, FRAMINGHAM, MA 01701
Email address: tkoshy@emeriti.framingham.edu

NOVEMBER 2023 333



