MORE SUMS INVOLVING GIBONACCI POLYNOMIAL SQUARES

THOMAS KOSHY

ABSTRACT. We explore eight infinite sums involving a family of gibonacci polynomial squares.

1. INTRODUCTION

Eztended gibonacci polynomials z,(x) are defined by the recurrence z,+2(x) = a(x)zp+1(x)+
b(x)zn (), where x is an arbitrary integer variable; a(z), b(x), zo(x), and z1(x) are arbitrary
integer polynomials; and n > 0.

Suppose a(x) = z and b(z) = 1. When zp(x) = 0 and z1(x) = 1, z,(z) = fu(x), the
nth Fibonacci polynomial; and when zp(x) = 2 and z1(z) = z, z,(x) = l,(x), the nth Lucas
polynomial. They can also be defined by the Binet-like formulas. Clearly, f,,(1) = F,,, the nth
Fibonacci number; and I,,(1) = L, the nth Lucas number [1, 2].

In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation, when there is no ambiguity; so z, will mean z,(z). In addition, we let g, = f, or

lny by =ppor gu, A=vVr2+4, 2a=z+ A, and 26 =2 — A
It follows by the Binet-like formulas that lim —0and lim 977 — o

m—ro0 gm_;’_,r, m—r0o0 gm

1.1. Fundamental Gibonacci Identities. Gibonacci polynomials satisfy the following prop-
erties [2, 4]:

-1 n—+k+1 27 if — :
(-1)"TFA%fE,  otherwise;
In+k+29n—k — In+kGn—k+2 = (—1)”+kA2xf2k, otherwise. .

These properties can be confirmed using the Binet-like formulas. Identity (1.2) is a gibonacci
polynomial extension of d’Ocagne identity [2].

2. TELESCOPING GIBONACCI SUMS

With recursion, we will now study four telescoping sums involving a special class of gibonacci
polynomials.

Lemma 2.1. Let k and A be positive integers. Then

0o [\ A A
an—3)k+2  Jlan+1)k+2 | Jiyo 9\
Z A - hy - N . (21)
n=1 L J(4n-3)k 9(an+1)k Ik
Proof. Using recursion [2], we will first establish that

A A
i [9(4n 3)k+2 g(4n+1)k+2] B 9;;\+2 _ 9(4 +1)k+2

(2.2)

) )
9(4n 3)k 9(an+1)k 9k 9(4m+1)
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Letting A,, denote the left-hand side (LHS) of this equation and B, its right-hand side
(RHS), we get
By, — Bpo1 = Am - Amfl-
With recursion, this implies
Ap—By = Ap1—Bp1=--=A4; —
= 0,
confirming the validity of equation (2.2).

Because lim Imtr
m—00 gm

= ', equation (2.2) yields the given result. O

The next three lemmas can be confirmed using similar steps. In the interest of brevity and
clarity, we omit their proofs.

Lemma 2.2. Let k and X\ be positive integers. Then

oo [ A\ A 7 A

Jan—2)k+2  Jant2)k+2 | 9opyo 22
Z A B A - by —a. (23)
n=1 L 9an—2)k Iant2)k | 9ok

Lemma 2.3. Let k and A be positive integers. Then

oo [, A ] A

Ian—)k+2  Ian+3)k+2 | Y342 21
> B =—5 a7 (2.4)
n=1 L 9an-1)k I(an+3)k | 93k

Lemma 2.4. Let k and X be positive integers. Then

g A4 Vk g)‘

Ank+2 n+4)k+2 4k+2 2

E [ e ]: o a (2.5)
n=1 Tk 9(an+a)k 9k

The following four lemmas also present telescoping gibonacci sums. They are directly related
to the above results. Their proofs follow by those of the above sums [3]. In the interest of
brevity and clarity, we omit them and still call them lemmas.

Lemma 2.5. Let k and A be positive integers. Then

00 A A
g(4n_3)k g(4n+1)k 912\ 2\
Z[ A X =58 (26)

Ian—-3)k+2  I(an+1)k+2 Ii+2

n=1

Lemma 2.6. Let k and A\ be positive integers. Then

o [ A A b

Z I(4n—2)k B 9(an+2)k . g%‘k _52,\ (2.7)
) X =X : :

n=1 [Jun—2)k+2  Jln+2)k+2]  92k+2

Lemma 2.7. Let k and A be positive integers. Then

oo [ A A T A

S [ M S ] ghe g 2s)
) ) ) : .

=1 L9un—1k+2  un+t3)k+2]  93k+2

Lemma 2.8. Let k and X be positive integers. Then

) A
g n In+4)k g
Z [ dnk ( +4) ] _ )\4k ey (2.9)

94n1<;+2 9 (4n+4)k+2 9ak+2

n=1
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3. GIBONACCI SUMS

The above lemmas with A = 1, coupled with identities (1.1) and (1.2), play a pivotal role
in our explorations. In the interest of brevity, we now let

. 1, if gn = fu3 S -1, if gn = fn;
A% otherwise; 1, otherwise;
and v* = -v.
Theorem 3.1. Let k be a positive integer. Then

o0

(_1)kNV*fo4k _Gk+2 9
2 i (_1>k sz - a-
=1 (an-1)k KV [y, 9k
Proof. Suppose g, = fn. Using identities (1.1) and (1.2), Lemma 2.1 then yields

(=1)52 fa _ Junropfean-akr2 — fantyrrafun-s
f(24n 1)k - (*1)kf22k flans1)kf (an—3)k ’

i Vex fap _ i |:f(4n—3)k+2 ~ Juntre
= e — GRS, fan—3)k Jnt1)k
fk+2 a2.

Tk
On the other hand, let g, = [,,. With the same identities and Lemma 2.1, we get
(=D A2 fy, _ lant 1kl @an—3)k+2 — l(4n+1)k+2l(4n—3)k.
By T (FLFAZSS Lans 1)kl (an—3)k ’

—  (CDMIA%fy _ i [Z(4n—3)k+2 lant ke
n=1 l(24n 1)k + (_1)kA2f22k l(4n73)k l(4n+1)k

lk42
+ 012.

By combining the two cases, we get equation (3.1), as desired. (]

In particular, we get [4]
F o1 +1

n=1
oo
1

- 1 L V5
= F 59 1 = L5, o +45 126 210’

11 V5 L _ 1

— Iy, + 64 144 = 288’ = Liy,_5 — 320 576 1,440

1

[ =
+

8% ol

V5
30’

D=

’ L?lnfl -9

"_‘c:

W

Theorem 3.2. Let k be a positive integer. Then

P ak  Gkrr o
n=1 gznk + Myf22k 92k

(3.2)
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Proof. Suppose g, = f. Using identities (1.1) and (1.2), Lemma 2.2 then yields

x far, _ fan+2)kfan—2)k+2 — fant2)k+2fan—2)k
foe = 13, fans2kfan—2)k ’
Cowfw i [f(4n—2)k+2  Jfuntopkse
= [~ Ta =l fan—2k Jant2)k
S . (3.3)
fok
Now let g, = l,. Using the same identities and Lemma 2.2, we get
~AZzfyy, _ Vantoyrlan—2)k+2 = lant2)kt2l@an—2)k
o + A% f3, Lian+2)kl (4n—2)k 7
= =A% fyy _ i |:l(4n—2)k:+2  lans2)reo
=1 link + A2-]022k n—1 l(4n—2)k l(4n+2)k
l
_ 2k+2 B a2.
log,
This result, with equation (3.3), yields the desired result. O
It follows by this theorem that [4]
=1 1 V5 =1 1 V5
I T
ZaF7 -1 2 6 LT3 %5 18" 30
=1 1 \/5 > 1 1 V5
> 52 BT o = "ty
F -9 18 42 — L7, +45 98 " 210
5 S SRS NN S S SN IR
ZoFp,—64 128 288 —~ L3, +320 648 1,440°

The next result invokes Lemma 2.3.

Theorem 3.3. Let k be a positive integer. Then

- (—D*pv*a fa,  93k+2 9 3.4

5 1y 7 = — . (3.4)
= Gangy T GOy gs

Proof. Let g, = fn. With identities (1.1) and (1.2), Lemma 2.3 then yields

(=) *x fa _ Janiakfan-vrr2 = funapprafan-ne
f(24n+1)k - (_1)kf22k f(4n+3)kf(4n—1)k 7
i Vex fap _ i |:f(4n—1)k+2 _ Juntapree
— 4n+1)k — (—D)kf3, Jn—1)k Jan+3)k
= D o (3.5)

I3k
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Suppose g, = l,,. Using the same two identities and Lemma 2.3, we get

(=DM 1A% fiy _ lanesrlan—nere = lantaykolan—n.
l(24n+1)k + (_1)kA2f22k l(4n+3)kl(4n—1)k ’
X (=DFA2f, B i [l(4n1)k+2  lantppee
n=1 1(24n+1)k + (_1)kA2f22k n=1 l(4n—1)k l(4"+3)k?
_ l3k+2 _ a2
I3k '
This result, with equation (3.5), yields the given result. O
This theorem yields [4]
1 1. V5 -1 _ 1V
“~Fpa+l 30 67 = Li 5 12 307
-1 3 V5 =1 _ 2 5
—Fg,—9 56 427 L3, +45 189 210
. 1 19 V5 i 1 1T W5
— Fh,5+64 2,448 288 S L3, 15— 320 10,944 1,440°

Finally, we present an application of Lemma 2.4.

Theorem 3.4. Let k be a positive integer. Then

— (“Dfwrrzfuy gamee o
2 2 - (3.6)
= Ilanr2n TV 9k
Proof. Suppose g, = fn. Using identities (1.1) and (1.2), Lemma 2.4 yields
T fak  JuntayrSinkt2 — fantakr2fank
f (4n+2)k — I fan+ayk fank ’
.- & _ i l:f4nk+2  fuantappe
= fnroe — I =L Sank fantayk
_ fuw2 o 3.7)
Jak

On the other hand, let g, = [,,. Using the same two identities and Lemma 2.4, we get

— A%z fy,  lansayklank+2 — lanpaykrolank
l%4n+2)k +A2 R Lanta)klank ’
> — A2z fay, _ i |:l4nk+2  lansayrte
n=1 l%4n+2)k + A2f2 = | lank Lan+ayk
l
-l
Combining the two cases, we get the desired result. U

This theorem implies [4]
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L T s ! _ 1Y

= Ff,—1 18 6 Lo +5 14 30’

= 1 41 V5 j;i 1 _ Ll V5

= Fa—9 882 427 L3 pq +45 94 = 210’
- 1 161 V5 jii 1 __ b V5
— Fiy, g — 64 20,736 288’ L3y, 46 + 320 644 = 1,440

3.1. Gibonacci Delights. Using the theorems, we can extract interesting byproducts. With
Theorems 3.1 and 3.3, we get [4]

> 1 > 1 > 1
1 _ v
= Fia 1 ;an+1+1 ZFn1‘|'1
1 5
_ L
2" 3
o0 oo o0
1 1 1
e D DY s ) D pey
n=1" 2(2n+1) n=1" 2(4n-1) n=1" 2(4n+1)
1 5
_ 4,4,1[:; (3.8)
8§ 21
oo oo o0
1 1 1
— F 64 :E: F2 61 < P 64
32n+1) T 12n—3 T 1ony3 T
_ 1 V5
68 144’
o0 o0 o0
1 1 1
2 . —5 §£:<L2 Al R
n=1""2n+1 n=1""4n+1 n=1 " "4n—1
_ 1V
4 15’
o0 oo
1 1 1
e Y e
=1 Lonyn) T49 ool Lon—y T4 = Loy 49
1 5
:_7+£; (3.9)
54 ' 105
- 1 L« 1 N - 1
L2 ) — 320 13y, 5 —320 I3, .5 —320
_ LV
304 7207
Likewise, Theorems 3.2 and 3.4 yield [4]
o 1 D
= -
nz:g F22n -1 nz:l F22(2n Z F2(2n+1)
_ 8 _ V5,
9 37
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o0 o0 [e.e]

1 1 1
Yow—s = m gt
n=2 F4n -9 n=1 F4(2n) =9 n=1 F4(2n+1) -9

16 5
= — - 5{:; (3.10)
147 21
(o) o oo
1 1 1
- —_— - +
DBy D By e TR Db -
_ 3B W5
20,736 144’
o0 o0 oo
1 1 1
Do = Xt
n=2 L3, +5 n=1 L2(2n) +5 n=1 L2(2n+1) +5
8 5
63 15
oo o0 o0
1 1 1
Z 2 = Z 2 + Z 2
= L%, +45 = Ly T45 = Ly, ) +45
48 5
= - + i; (3.11)
2,303 ' 105
o0 o0 o0
1 1 1
- B S S
_ 323 +_3{§
104,328 720

3.2. Gibonacci Delectables. With equations (3.8)—(3.11), we can get additional dividends
[4]

— = +
2 2 2
;_:3172”_9 nZlF2(2n+1)_9 712_:2}7471_9
215 25
1,176 21
oo o0 oo
1 1 1
o .
4,805 25

_124,362_+ 105

4. ADDITIONAL GIBONACCI SUMS

Next, we explore four additional gibonacci sums using Lemmas 2.5-2.8, again with A = 1.
The first result employs Lemma 2.5.

Theorem 4.1. Let k be a positive integer. Then

o0

(=D pvz fay _ 9k g2

- (4.1)
— g(24n71)k+2 + (-DFuvfs  gro
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Proof. Suppose g, = fn. With identities (1.1) and (1.2), Lemma 2.5 yields

(=) fy, fantvk+2fan—3)k — fant1)ef(an—3)k+2

I

f(24n 1)k+2 - (_1)kf22k f(4n+1)k+2f(4n—3)k+2
k+1

Z T fai _ i[ fan—k  fantr
f(4n 1)k+2 - (= 1)kf22k n=1

Jun—3)k+2  fnt1)kt2

— i _ ﬁ2.
Jh+2
On the other hand, let g, = [,,. Using the same identities and Lemma 2.5, we get
(—1)EA2z fyy, Auntnrr2lan-s)k — lantirlan—s)k+2
l?4n—1)k+2 + (_1)kA2f22k Lan+vkr2l@n—3)k+2 ’
= (—1)F A2z fyy B i [ lon—sk  lantyk
n—1 l%4n_1)k+2 + (*1)kA2f22k n—1 l(4n—3)k+2 l(4n+1)k+2
_ B2.
lkt2
By combining the two cases, we get the desired result. O
In particular, we then have [3]
[e.9] (0.9}
1 1 5 1 1 V5
s il PRI e S S
= Fipq +1 3 6 = L —5 12 30
o (o9}
1 1 V5 1 1 V5
Dy B R T LEND DF s B T
= Fg —9 = Ly, +45 98 0

The next three theorems can be established similarly using Lemmas 2.6-2.8, respectively. In
the interest of conciseness, we omit them; but we encourage gibonacci enthusiasts to confirm
them.

Theorem 4.2. Let k be a positive integer. Then

PYTfae Gok o
Ginkro T VS5 gokr2 (4.2)
n=1 J4nk+2 2k +
This theorem implies [3]
[e.@] o0
1 7 V5 1 1 V5
FoL-1 1 ¢  XD.,i5 - 1
n=1 " 4n+2 n=1 ""4n+2
- 1 3 5 - 1 _o2 V5
— F§0—9 56 427 L + 45 189 © 210
The followmg theorem invokes Lemma 2.7.
Theorem 4.3. Let k be a positive integer. Then
o
-1
(=1)* v fag 93k g2 (4.3)

n=1 9(24n+1)k+2 + (=1)k /“’f% 93k+2

In particular, we get [3]
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i#Z_EJr@. L 5 W5
L Fp g1 30 6 L35 66 30
= 1 47 Vb - 1 1 W5
aF2 -9 882 42 202 w45 94 210

The following theorem is an application of Lemma 2.8.

Theorem 4.4. Let k be a positive integer. Then

o0

B fag, 94k 2
5 g — 5. (4.4)
n=1 Jan+2)k+2 T HV ]9k 4k+2
It follows by this theorem that
oo oo
1 3 V5 1 2 V5

a1 8 6 > e C wmtw
n=1 " 4n+4 n=1"_4n+4
- 1 41 5 . 1 _ % V5
A FZ 69 770 427 L I3+ 45 5,166 ' 210

4.1. Additional Gibonacci Delights. Theorems 4.1-4.4 can be used to compute additional
gibonacci sums. Using Theorems 4.1 and 4.3, we get

- 1 O L . 1
n=2 F22n+1 +1 n=1 F42n+1 +1 n=1 F42n+3 +1
7 5
_ TV
10 3
o0 o0 [o.¢]

1 1 1
S c Y it m T
n=2 Fi =9 n=1 F4(2n) -9 n=1 F4(2n+1) -9

1
_ 16 ﬁ; (4.5)
147 21
o0 o o
1 1 1
- - I
_ T2
44 157
o o e.)
1 1 1
Z 2 - Z 2 + Z 2
= L3, +45 ot L4(2n) + 45 = L4(2n+1) + 45
48 b
_ V5 (4.6)
2,303 105
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Likewise, Theorems 4.2 and 4.4 yield

[e.o] o0

1 1 1
E = E + E
2 2 2
Fs, -1 n=1 F2(2n-|—1) -1 n=1 F2(2n+2) -1

n=3
_ 55 V5
72 37
o [o.¢] oo
1 1 1
D5 T X +2
n=2 F2(2n+1) -9 n=1 F2(4n+1) -9 n=1 F2(4n+3) -9
_ AT V5 (47)
440 21° '
o0 o0 o0
1 1 1
Z 2 - Z 2 + Z 2
ims Lan +5 = Laenny 70 2 Longe) 0
55 5
_ 55 V5
378 15
oo [o.¢] o
1 1 1
S tE T LB TE LT TE
n=2 L2(2n+1) +45 n=1 L2(4n+1) +45 n=1 L2(4n+3) +45
47 5}
= - ey (4.8)
2,214 ' 105

4.2. Additional Gibonacci Delectables. Using four of the above sums, we can evaluate
two additional sums. With sums (4.5) and (4.7), we get

o0 o0 [e.e]

1 1 1
_— = _— _|_ -
géi‘ﬁg% -9 2;; PZZ/_>9 2;; Pﬁ%+2 -9
_ 13,949 2V
64,680 21 °
Likewise, equations (4.6) and (4.8) yield
(0.9] o oo
1 1 1
- - 4 L
;Lgn+45 ;Lin+45 ;Lin+2+45

214,513 +2\/3
5,098,842 105"
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