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ABSTRACT. We explore an infinite sum involving a special class of gibonacci polynomial
squares and its consequences.

1. INTRODUCTION

Extended gibonacci polynomials z,(x) are defined by the recurrence z,12(x) = a(z)zp4+1(x)+
b(x)zn (), where x is an arbitrary integer variable; a(z), b(x), zo(x), and z1(x) are arbitrary
integer polynomials; and n > 0.

Suppose a(z) = x and b(z) = 1. When zp(z) = 0 and z1(x) = 1, z,(z) = fu(x), the
nth Fibonacci polynomial; and when zo(z) = 2 and z1(z) = z, z,(z) = l,(x), the nth Lucas
polynomial. They can also be defined by the Binet-like formulas. Clearly, f,,(1) = F,,, the nth
Fibonacci number; and 1,,(1) = L, the nth Lucas number [1, 2].

In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation when there is no ambiguity; so z, will mean z,(z). In addition, we let g, = f, or
ln, A =22+ 4, and 20 = = + A.

Im+r T

It follows by the Binet-like formulas that lim =0 and lim =«

m—ro0 gm_;’_,r, m—ro0 gm

1.1. Fundamental Gibonacci Identities. Gibonacci polynomials satisfy the following
properties [2, 3, 4, 5]

(_1)n+k+1f]?’ if gn = fn;
(-1)"*kA2f2 otherwise,
(_1)n+k+1frf2k;a if gn = fu;
~1)"*kA2f, for., otherwise,

Intkn—k — Gn = { (1.1)

(1.2)

In+k+rIn—k — In+kGn—k+r = {(

where k and r are positive integers. These properties can be confirmed using the Binet-like
formulas. Identity (1.2) is a gibonacci polynomial extension of d’Ocagne identity [2].

2. A TELESCOPING GIBONACCI SUM
Using recursion, we will now explore a telescoping gibonacci sum.

Lemma 2.1. Let k, r, t, and \ be positive integers, where t < 6. Then

o [A A A
g(6n+t 6)k+r  J6n+t)k+r | Giktr Ar 2.1)
- == —a". (2.
1 6n+t 6)k 9(6n+t)k 9tk
Proof. With recursion [ , we will ﬁrst establish that

m A A A

g(6 +t—6)k+r g(6n+t)k+r o gtk+q~ g(6m+t)k+r 9.9
Z B A N A . (2:2)
—1 9 (6n+t—6)k Y6ntk Itk I6mik
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Letting A,,, denote the left side of this equation and B,, its right side, we get
By — Bp—1=Apm — Ap—1.
Recursively, this implies

Am_Bm = Amfl_Bmflz"':Al_Bl
= 0,

establishing the validity of equation (2.2).

Im+r

Because lim = ', equation (2.2) yields the desired result. O

m—00 gm

3. GIBONACCI SUMS

It follows by identities (1.1) and (1.2) that

2 (_1)tk+1f§k7 it gn = fn;
n n—+t— - _ = 3.1
9(6n+t)k9(6n+t—6)k — 9(6n+t—3)k {(_1)“‘7A2f§k, otherwise, (3:1)
g g o g g — (_1)tk+1f’r'f6k7 lf gTL = fn’ (3 2)
(6n+t)k+r9(6n+t—6)k (6n+t)k9(6n+t—6)k+r (‘UtkAerka; otherwise, .

respectively.
Coupled with these two identities, Lemma 2.1 with A = 1 plays a major role in our explo-
rations. To this end, in the interest of brevity, we let

{17 if gn = fu; * {17 if gn = fu;
uo= and v* =

A otherwise, -1, otherwise.

Some of the numeric examples following Theorem 3.1 involve large numbers. So, again in
the interest of brevity and convenience, we let A = 104,006; B = 372,096; C = 788,120;
D = 3,524,576; and E = 6,677, 056.

With these tools at our disposal, we now begin our discourse with the next result.

Theorem 3.1. Let k, r, and t be positive integers, where t < 6. Then

& -1 tk,,, * ; .,
(=)™ p™ fr fok _ Gthar (3.3)

n—1 9(26n+t—3)k - (_1)tk/j’y*f32]€ gtk
Proof. Suppose g, = fn. Lemma 2.1, coupled with identities (3.1) and (3.2) yields

(=1)* f, for _ JenrorSenti-6)krr — fontohirfnti-o)k
Flonst—zw — (D™ fE, fen+t)k S 6nti—6)k
0 (=)™ f, fon _ i |:f(6n+t—6)k+r  Jenttpkr
S fonsrayn — (CDEf3, =L Sfentt—o6) f(on+o)k
ftk—i—r r
= —a’.
ke
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On the other hand, let g, = [,,. Using the same two identities and Lemma 2.1, we get

(—1)*+LA2f, for, _ lentoplenti-6)krr — UontokrrlGntt-o)k
l(26n+t73)k +(—1)*AZf Len+t)kl6nti—6)k
> (—1)**HLA2F, fop, _ i |:l(6n+t—6)k:+r  Yonatyhtr
= gy, + (C1)RAZSS =L lontt—6)k ln+t)k
— ltk+T o ar'
Lk
By combining the two cases, we get the desired result. U

Next, we compute sum (3.3) for six values of ¢, with the restrictions r = 1 and 1 < k < 3
for simplicity.
When ¢t = 1, the theorem yields

> 1 1 N V5 i 1 1 5
— g, o +4 16 16’ = LE, 5 —20 16 80’
> 1 1 V5 i 1 1 NG
™2 _ a1~ 0 91’ T2 anen — T ord T T a0
= Fyg, g — 64 96 288 L3, gy +320 864 ' 1,440
2 - r 16R° 2 - o :
= Fi, g + 1,156 2,584 5,168" <= L3 . — 5,780 10,336 25,840
When t = 2, we get
oo oo
1 3 V5 1 1 V5
St w % moTw - BT
—~ F6n L —4 16 16 L5, +20 48 80
i - T 5 “;__g+¢5.
— Fgn_1) — 864 288" L3, ., +320 672 40
> 1 B 9 VB o 1 1 N NG
2 = - ’ 2 - - :
= Fyg, 1) — 1,156 20,672 5,168" 4= L3 ) +5,780 11,628 ' 25,840
When ¢ = 3, this theorem implies
o oo
1 1 V5 1 1 5
S = st S rm - W
— Fg, +4 8 16 — 32 80
LU I 3L R S I
= F,, — 64 128 288’ = L%y, + 320 648 1,440’
> 1 B 1 N V5 i 1 B 1 NG
— FkL,+1,156 2,312 5168’ 4= L%, —5780 11,552 25,840
With ¢ = 4, we have
S U S ARG R NS S SRS
— Fg,—4 48 167 = Ly +20 112 807
i 1 AT V5 i 1 B 7 N 5
2 - T 288’ 2 - ’
= Fg,,) — 64 6,048 288" L= L3 )+ 320 4,512 ' 1,440
i 1 161 V5 i 1 9 N V5
2 ~ B T F 168’ 2 - :
= Fig,. ) — 1,156 B 5,168 ¢ L3 y1) + 5 780 A ' 25,840
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Using t = 5, we get

[o¢] (o]
1 11 5 1 5 5
_t_ u. v 227 _ 5 V5
Fg, o +4 80 ' 16 < L3,,9— 20 176 80
> 1 41 V5 = 1 55 N V5
= gy — 64 5,280 288 = L3 6,9 320 35,424 ' 1,440
= 1 _o3u Vb i 1 305 V6
2 — 0 T E16R’ 2 - T :
= Fignya) T 1,156 C 5168 L3, ., — 5,780 D 25,840
When ¢t = 6, the theorem yields
o (e.)
1 9 5 1 1 V5
R TR TS 2 7w - mtw
n=1 "~ 6n+3 n=1 "6n+3
> 1 161 NG > 1 1 N V5
= Flgnys) — 64 20,736 288 — L3 g3 T 320 644 ' 1,440
— 1 2,889 V5 i 1 1L V5
2 = - ' 2 = - :
= Fignys — 1,156 E 5,168" 4= L3, 4 + 5,780 11,556 ' 25,840

Similarly, we can compute the close counterparts of the above sums for r > 2. For example,
with ¢t =2 and r = 3, we get

S 13 V5 11 V5
= Fg,  —4 16 16’ = LE, 420 48 ' 80’
ST R S : NP S SR
= Fgnqy — 04 864 288’ “ L3 (1) +320 672 1,440’
- 1 9 V5 i 1 I S Vb
= Fgnqy — 1,156 20,672 5,168’ L3 g1y 5,780 11,628 = 25,840’

as found earlier.

3.1. Gibonacci Delights. Using {asn—1}n>1 U {a3n}n>1 U {agn+1}tn>1 = {an}n>2, we can
employ the above results to extract additional dividends. Using the cases t = 1, 3, and 5, we
get

[ — + - -
2 2
;FQH—HL an(3n1 Z ZF(3n+1)+4
13 3
_ 13,35
40 16
> 1 > 1
Do = X —at Z Z
n=2 Fi, — 64 n—1 Iy 4(3n—1) 3n) 4(3n+1) — 64
L @.
7,040 96
o (@) oo o
1 1 1 1
Z 2 = Z 2 + Z 2 + Z 2
= Fg, + 1,156 g, ) T 1156 S Fgg  + 1,156 A Fgg L)+ 1,156
883 3v5

= T705.1640 | 5,168’
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> 73 D o Z ) 3
n—2 L3, —20 n=1 L 2(3n—1) L 2(3n) n=1 ""2(3n+1) 20
43 3v5
352 80 '
o0 o0 o0
1 1 1 1
> 7 > 7 +> 7 + Z D)
~ L3, +320 Ly, gy +320 0 4 Ly, + 320 L3 (g 41y T 320
EN
26,568 480’
(0.@) oo o] (e.@)
1 1 1 1
P +2 +2
2 2 2 2
L%, —5,780 = LYy _q) = 5780 A Lgy,) — 5,780 4= L3 1) — 5,780
1,063 3v5
3,939,232 25,840
Likewise, when t = 2, 4, and 6, the theorem yields
o0 o o0 o0
1 1 1 1
- + +
n—2 F22n+1 —4 nz::l F62n71 —4 Z F62n+1 4 1 F62n+3 4
91 3V5
192 16 °
o (e.0] o o]
1 1 1 1
ZF2 — 64 F?2 —64—’_Z 2 —64+ — 64
n=2" 2(2n+1) n=1" 2(6n-1) n=1" 2(6n+1) n 2(6n+43)
3,431 V5.
145,152 96’
o0 (o] [o¢]
1 1 1 1
F2 — 1,156 Z F? — 1,156 + Z F? -1 156 F2 — 1,156
n=2 " 3(2n+1) J n=1 " 3(6n—1) 3(6n+1) ) 3(6n+3) )
156, 331 3v5
120,187,008 5,168’
[o.¢] o0 (o]
1 1
2 T2 1 o9n + Z T2 1 9n L2
= Lot +20 L6n 1 +20 L1 + 20" Gn+3 T 20
_E 3v5,
504 80 ’
o0 o0 [o¢] o0
1 1 1 1
—_— + +
2 2 2 2
y; Lioni1) 320 Z 1 Len_1) 320 ; Loens1) 7320 1= Ly(gpys) +320
130 V5
30,268 480’
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[e.9] o0

1
+ 5,780

1 > 1 > 1
§ : 2 = § : 2 + § : 2 + E : 2
n—2 L3(2n+1) + 5,780 n—1 L3(6n71) + 5,780 n—1 L3(6n+1) + 5,780 n—1 Ly

B 241 3v/5
930,258 25,840
3.2. Gibonacci Pleasantries. Using four of the above sums, we can compute two additional

sums

(6n+3)

[e.e] o0 o0

1 1 1
; F} — 64 ;::2 F2 —64 * ; F22(2n+1) — 64
396,227 /5
T 7,983,360 48’
0 0 0

1 1 1
S rim C Lmam LI
= L5, + 320 L5, +320 0 S L3, )+ 320
1,778,309 N V5
201,040,056 = 240
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