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ABSTRACT. This paper extends two Catalan identities, originally formulated for the Fibonacci
and Lucas numbers, to polynomial sequences of the second order, which have a Binet formula
similar to that of the Fibonacci and Lucas numbers. These polynomial sequences are classified
as of Fibonacci type and Lucas type. As a result of this generalization, Catalan identities
are obtained for a range of polynomial sequences, such as Pell, Pell-Lucas, Fermat, Fermat-
Lucas, both types of Chebyshev polynomials, Jacobsthal, Jacobsthal-Lucas, and both types
of Morgan-Voyce polynomials.

Furthermore, we use generating functions and the Wilf-Zeilberger algorithm to derive a
general expression for Catalan identities and other combinatorial identities.

1. INTRODUCTION

The Binet formula is a fundamental tool in the study of linear recursive sequences, and
the Binet formulas for Fibonacci and Lucas numbers are well known. In this context, a
second-order polynomial sequence is said to be of Fibonacci type (Lucas type) if its Binet
formula has a similar structure to that of Fibonacci (Lucas) numbers. Such sequences are
called generalized Fibonacci polynomials (GFPs). Remember that the Fibonacci and Lucas
polynomials are defined by the following recurrence relations:

Fy(x) =0, Fi(z)=1, Fy(x)=aF,—1(x)+ Fh—2(z) forn>2,

Lo(x) =2, Li(x)==z, Ly(z)=xLlp_1(z)+ Lyp_2(z) forn >2.
Evaluating these polynomials at x = 1 gives the well-known Fibonacci and Lucas numbers,
respectively. Other familiar examples of GFPs include Pell, Pell-Lucas, Fermat, Fermat-
Lucas, both types of Chebyshev polynomials, Jacobsthal, Jacobsthal-Lucas, and both types

of Morgan-Voyce polynomials (see Table 1).
The classic Catalan identities, given in [8], are expressed as

G

5]
n i 1 ny\_;
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In this paper, we generalize the Catalan identities to include GFPs. We provide three different
proofs by using combinatorial identities, generating functions, and the combinatorial algorithm
of Zeilberger. In particular, we use the algorithms implemented in the software Mathematica
by the Research Institute for Symbolic Computation (RISC).

Here, we highlight the application of computer algebra in studying such problems.
Additionally, we study the sequences defined by the combinatorial sum Zizo (ﬁis)ti. Note
that for £ = 2, ¢t =5, and s = 0,1, we recover the sums in the Catalan identities. We prove
that the sequence defined by this combinatorial sum satisfies a recurrence relation of order ¢,
and we provide their generating functions.
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Polynomial Initial value Initial value Recursive Formula

Go(z) = po(z) | Gi(x) = p1(x) Gn(w) = d(z)Gn-1(z) + 9(2)Gp—2()
Fibonacci 0 1 Fo(z) = 2F_1(z) + Fh_a(x)
Lucas 2 x Ly(x) =xLp—1(x) + Lp—2(z)
Pell 0 1 P,(z) =2xP,_1(x) + Py_2(z)
Pell-Lucas 2 2x Qn(z) = 22Qn_1(z) + Qn_2(x)
Pell-Lucas-prime 1 x Ql(z) =22Q),_(z) + Ql,_5(z)
Fermat 0 1 O, (z) = 3xP)— 1(x) -2, _s(z)
Fermat-Lucas 2 3x On(x) = 320,—1(x) — 29,—2(x)
Chebyshev second kind | 0 1 Up(z) = 22Up—1(x) — Up—2(x)
Chebyshev first kind 1 T To(x) = 22T, —1(x) — Th—a(x)
Jacobsthal 0 1 Jn(z) = J 1(x) + 22J,—2(x)
Jacobsthal-Lucas 2 1 Jn(®) = fn_1(2) + 22jn—2(z)
Morgan-Voyce 0 1 B, (z) = (x + 2)Bp_1(x) — Bp_2(x)
Morgan-Voyce 2 r+2 Cn(z) = (z + Z)Cn,l(w) — Ch—2(2)
Vieta 0 1 Vi(z) = 2Vp_1(2) — Vpo(z)
Vieta-Lucas 2 x p(x) = zop_1(x) — vp_a(x)

TABLE 1. Recurrence relation of some GFPs.

Finally, we extend Stewart’s integral representation of the Fibonacci numbers [18] to

polynomials by leveraging

the Catalan identities.

This

extension further enriches the

understanding and applications of these polynomial sequences.
By evaluating these polynomial sequences at x = 1, we can derive Catalan identities for

numerical sequences (see Table 2, for examples).

For instance, substituting the appropriate

values into the Catalan identities provided here yields the classical Catalan identities for
Fibonacci and Lucas numbers.

‘ Sequence ‘ Sequence ‘ OEIS ‘ Catalan identity ‘
Fibonacci, Fy,(1) 0,1,1,2,3,5,8,13,21,... | A000045 (1/2”*1)2!‘%lJ (5i41)5"
Lucas, Ly,(1) 2,1,3,4,7,11,18,29,... | A000032 | (1/2"~ 1)2L OJ (5,)5"

Pell, P,(1) 0,1,2,5,12,29,70,169... | A000129 Zz:o J(%H)ZZ
Pell-Lucas-prime, @/, (1) | 1,1,3,7,17,41,99,239... | A001333 ZL%OJ (52"

Fermat,®,,(1) 0,1,3,7,15,31,63,127... | A000225 | (1/2"~ 1)2L E J(2Z+1)3" 2i—1
Fermat-Lucas, U, (1) 2,3,5,9,17,33,65,129... | A000051 (1/2"*1)2%J (5;)3m %

TABLE 2. Catalan identities for some numerical sequences.

Most of the topics covered in this paper are well-suited for undergraduate students.

The

generalization of the Catalan identities to include generalized Fibonacci polynomials and
the proofs using combinatorial identities can be accessible and engaging for undergraduate

students.

These topics provide an opportunity for students to explore various techniques and

approaches in combinatorics, algebra, and computer algebra systems.

Additionally, the

application of these concepts to polynomial sequences and the extension of integral
representations offer a deeper understanding of the subject matter.
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Overall, the paper presents a range of topics that can be incorporated into undergraduate
course work or research projects, allowing students to delve into the world of combinatorial
identities and polynomial sequences.

2. BACKGROUND: THE GENERALIZED FIBONACCI POLYNOMIALS

We now summarize some concepts from [4, 5, 6]. Consider two fixed nonzero polynomials
d(x) and g(x) in Q[z]. For n > 2, we define a second-order polynomial recurrence relation of
Fibonacci-type as

Fo(x) =0, Fi(x)=1, and F,(z)=d(z)Fn-1(z)+g(x)Fr_2(x) forn>2. (2.1)
Similarly, a second-order polynomial recurrence relation of Lucas-type satisfies the relation
Lo(x) =po, Li(z)=pi(z), and L,(z)=d(@)Lm_1(x)+ g(x)Ln_2(x) forn>2, (2.2)

where |pg| = 1 or 2 and p;(z), d(x) = api(x), and g(z) are fixed nonzero polynomials in Q|x]
with a an integer of the form 2/py.

If n > 0 and d?(x) +4g(x) # 0, then the Binet formulas for the recurrence relations in (2.1)
and (2.2) are given by
a™(zx) + b"(x)

a'(2) V@)l () = L@ @) (2.3)

Falw) = a(x) — b(x) a

respectively. Here, we have

d(z) + /d?(z) + 49(x)
2

d
an 5

a(x) =
Therefore,

a(z) +b(z) =d(x), a(z)b(z)=-g(x), and a(x)—b(x)=+/d?*(z)+ 4g(z). (2.5)

(For details on the construction of the two Binet formulas, see [4].) Table 1 presents some
examples of polynomial sequences of these types.

3. CATALAN IDENTITY FOR GENERALIZED FIBONACCI POLYNOMIALS

In this section, we aim to prove one of the main objectives of this paper, that both Catalan
identities hold for GFPs of Fibonacci and Lucas type. Theorem 3.3 provides the required
generalization. By evaluating F,(z) and £, (z) at, for instance, z = 1, we can naturally apply
this identity to establish the Catalan identity for Fibonacci numbers, Lucas numbers, Pell
numbers, Mersenne numbers, Fermat, and other sequences. However, by evaluating them at
other values, we can derive some identities from the Online Encyclopedia of Integer Sequences
OEIS [15] (see for example, Table 2).

For brevity in the rest of the paper, we present polynomials without the variable “z”.

Lemma 3.1 ([6]). Let F,, and L,, be GFPs of Fibonacci type and Lucas type, respectively.
Then, forn > 1,

1
5=

M F= Y (” e 1>dn—%—1gi.

i=0
J

n n—1 9
( » )dn 2292'
. n-—1 1
=0

102 VOLUME 62, NUMBER 2

ﬁ
NIE]

(2) ['n =

SRS
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Lemma 3.2. Let m, n, and k be positive integers. Then, we have the following identities.
(1) If 0 <m < n, then

o CoLyy ,
— 22m—n+1 E )
< m > , <m) <2j + 1>

j=m

(2) If0<k<|(n—1)/2], then

n o n—i—1\ (i
@h)= % ()6

1=k
(3) If 0 < k < |n/2], then

()= S &= (7))

Proof. We begin by noting that Part 1 of this lemma has already been proved by Webb and
Parberry [19]. We can give a computational proof by means of the Wilf-Zeilberger algorithm
[12]. Let F'(n,i) be the expression

2 () )
(n—m—l)
m
By the Wilf-Zeilberger algorithm, we have that F'(n,7) satisfies the relation
F(n+1,i) — F(n,i) = G(n,i + 1) — G(n,1),

F(n,i) :=

with the certificate
(1+2))(=j +m)

(=2 +n)(=m+n)’
That is, R(n,i) = F(n,i)/G(n,i) is a rational function in both variables. Notice that if
f(n) = > 50 F(n,i), then f(n+1) — f(n) = 0; that is, the sum is constant, in particular
f(n) = 1. This last equality is equivalent to the desired identity.

Now, we provide the proofs for Parts 2 and 3.

Proof of Part 2. Using equation (2.4), with x = 1 and the first and second lines of Table 1,
we have that a1 := a(1) = (1++/5)/2 and B; := b(1) = (1—+/5)/2. Using the Catalan identity
given in (1.1) and Lemma 3.1 Part 1 with z = 1, we obtain the identity

1254] ol

QTl,l k:z:o <2k7:— 1) (o1 =B = > (n _Z: - 1>41i[(041 —B)? —17".

1=0

R(n,i) =

We can now simplify the expression to become
|25 1254 ]

> ("7 = S (07 (1) S

=0 =0

L2zt 1t

Sy oy e ("7 () e -

k=0 i=k

The proof follows by comparing coefficients of (a1 — 7).
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Proof of Part 3. Using the Catalan identity given in (1.1) and Lemma 3.1 Part 2 with « = 1,
we obtain the identity

L3 l3] )
1 n 2%k n n—1 9 .
on_1 - = —_— — — 1)~
i ()00 =S (1))
The remaining part of the proof follows identically to the proof of Part 2. ([

The reader interested in knowing more applications of the computer algebra to prove
combinatorial sums can read the references [1, 7, 11, 12, 13, 16].

The result presented in Theorem 3.3 offers an extension of the well-known Catalan identities
(1.1). Catalan identities have been the subject of numerous generalizations, often relying
on the utilization of the Binet formula. Although an existing proof available in [10] can be
manipulated to align with our proposition and incorporate the Binet formula, we aim to provide
three alternative proofs for our proposition in this paper. Additionally, a combinatorial proof
for this proposition can be obtained by adapting the proof given by Rouse in [14, Theorem
2.10], which can also be found in [2].

Theorem 3.3 (Catalan identities for GFPs). For n > 0, we have the following identities.
1 Ln 1J
1 = v 2i—1 4 d2
0 7 = (o) 0 )’

an—1

(2) Ly = —= 12":< >d" % (49 +d?)".

First proof. We first prove Part 1. Using equation (2.5), we can express g in terms of a, b, and
d. Then, Lemma 3.1 Part 1 implies that
e n—i—1\1
_ -t 277 m—2i—1
Fp = z; < . )41[(ab) — d)rdnA
1=
Using the binomial theorem and simplifying, we obtain
) iy i
_ —t= k 2k m—2k—1
Fo = Z ( . >4@.Z(-1) <k>(a—b) d" .
=0 k=0
It can be verified that the right side is equal to
L% [l

Sy (Z)ii_k <n f;' —~ 1) <;> (a — b)Zan=2-1, (3.1)

k=0 i=k

The expression within the brackets is Lemma 3.2 Part 2, and (a — b)? corresponds to d? + 4g.

Substituting these expressions into (3.1) and simplifying, we obtain the desired result.
The proof of Part 2 is similar, except we use Lemma 3.1 Part 2 and Lemma 3.2 Part 3. [

Second proof. We now present our second alternative proof using generating functions. First,
we focus on proving the identity

gn— 1fn_z< )dn 20i/2]— 1(4g+d2)u/2j
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Note that the sequence h, = 2"~ F, satisfies the recurrence relation h, = 2dh,_1 + 4gh,_o

for n > 2, with initial values hgp = 0 and h; = 1. Using standard techniques, we can derive the
following expression for the generating function of the sequence h,,.

H(z) = hpe" = g

=
= 1—2dz —4gz

On the other hand, we have

§ : 2": n—1 ln—2\_i/2j—1 l2 i/2] n § : l2 1i/2] § : ln—Z\_i/ZJ—l n—1 n

n>0 =0 i>0 n>i
_ 2(49 + d2>Li/2Jdi—1—2Li/2Jzi Z (TL -1+ Z> (dz)n
: n—1
>0 n>0
; 1 dz
— 4 d2 1 12/2] d’L*l i v
> (a4 DV
By considering the even and odd terms in the last sum, we obtain that
2,201 21,2042
2 2
2 g/ + 1) T —do)Frt * D_(4g/d* +1) (1 — dz)2i+2
i>0 i>0
is equal to
1 —dz)? dz?
(1~ dz) + © = - — H(2).
—dz)(1 —2dz — 4gz —2dz — 49z —2dz — 49z
(1—dz)(1 —2dz—4g2%)  1—2dz—4g2%2 1—2dz — 4922
By comparing the nth coefficient, we obtain the desired result. O

Third proof. We now present our third alternative proof using Zeilberger’s creative telescoping
method [12]. We denote the right side of the equality, given in the statement of the proposition,
by F(n,7). That is,

n
2141

F(n,i) = < )dn—l—%(z;g + d?)'.

By Zeilberger’s algorithm, we have that F'(n,) satisfies the relation
F(n+2,i) —2dF(n+1,i) —4gF(n,i) = G(n,i + 1) — G(n,1), (3.2)

with the certificate
2d%i(1 + 2i)
(—2i+n)(1—2i+mn)

That is, R(n,i) = F(n,i)/G(n,i) is a rational function in both variables. If p, denotes the
right side in the first Catalan equality, given in the statement of the proposition, then we have
that summing both sides of (3.2) with respect to i yields p,y2 — 2dp,4+1 — 49p, = 0. Because
the sequences h,, = 2"~ F, and p, satisfy the same recurrence relation and have the same
initial conditions, we conclude that these sequences coincide for all positive integers n. This
completes the proof. O

R(n,i) =
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4. A GENERAL COMBINATORIAL SUM

If we take the odd and even terms in the binomial sum )., (?)SW 2}, we obtain the sums
of the Catalan identities given in (1.1), see Figure 1. This observation serves as the inspiration
for our investigation in this section, where we explore this pattern in the context of a general
combinatorial sum. To establish the validity of various combinatorial sums, we employ the
Wilf-Zeilberger algorithm.

Z (7;>5W2J =2"Fn

i>0
Even terms Odd terms
n ; n .
1 _ 2n_1Ln T _ 2n—1Fn
5 (5)0 5 (5i41)7
>0 >0

FIGURE 1. Catalan identities.

For a fixed positive integer ¢ and a parameter ¢, we define combinatorial sequences for all
n >0 as

Ty(n;t) == Z; <’;>tW@ (4.1)
and
Ty o(nit) = ; < &,i S) i, (4.2)

From the definitions, it is clear that Ty(n;t) = Zi;é Ty.s(n;t). Note that To(n;5) = 2" 1L,
Tr1(n;5) = 21 F, . and Th(n;5) = 2" Fpyq.

The main result in this section is the generating function of the sequence Ty := (Ty(n;t)),.
For that, we need some previous results.

Lemma 4.1. Forall1 </{<n, [(1—-3s)/t] <j<|[(n—s)/t], and s > 0, we have

2 (62 (")

Proof. We use the Wilf-Zeilberger algorithm [12]. Let F'(n,i) be the expression
l n—i
(z’)(_l)f (Zj—i—s)
(e )es)
£(j—1)+s
By the Wilf-Zeilberger algorithm, we have that F'(n,i) satisfies the relation
F(n+1,i) — F(n,i) = G(n,i + 1) — G(n,1),

F(n,i) =

with the certificate
i(l—i+n)
1—l+n)(—14+i+lj—n+s)

R(n,i) =
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It is worth noting that if we define f(n) := 3 ;5 F'(n, i), then we observe that f(n +1) —
f(n) =0, indicating that the sum is constant. In particular, we have f(n) = 1. This equality
is equivalent to the desired identity. O

The combinatorial sum given in Lemma 4.1 is equivalent to

(S0 () () e

Multiplying (4.3) by ¢/ and summing over all j > 0, we obtain, for all 1 < ¢ < n and
0 <s </ —1, the identity

S( ) n (oS (e ()

By using the notation introduced in (4.2), identity (4.3) can be written as

4

14 ; .

Tys(nit) =Y (Z) (1) My o(n — i5t) + tTys(n — 4 1). (4.5)
i=1

It says that the sequence Ty = (Ty(n;t)), satisfies a recurrence relation of order ¢. From this

recurrence relation and using the notation introduced in (4.1), we have the following theorem.

Theorem 4.2. For alln > 0 and £ > 1, we have

l
Z (f) (-1)'Ty(n+ € —i;t) — tTy(n;t) = 0.
i=0

The characteristic polynomial associated with the recurrence relation of the sequence 7y is
given by

l
/ o
— izttt = (z - 1) —t.
o) =32 ;) e @-1)
From similar arguments, we can prove the following identity.

Lemma 4.3. For all n > 0, we have
n n—i . n .
l , n—i fi+Ll—n—1
S (e (") = e ()
i=0 =0~ 7 =0
Theorem 4.4. The generating function of the sequence Ty(n;t) is the rational function

Zi;l ’?: (_1)i iHl—k=1) .k
Toi(x) := ZTe(n; t)x" = 0 (i E L —(tx; )
n>0

Proof. It is evident that the generating function must be rational because the sequence 7T, obeys
a linear recurrence relation with constant coefficients. It is known that the denominator of
the rational generating function is determined by the reflected polynomial of the characteristic
polynomial (as described by Stanley in [17]). In this particular case, the polynomial is given
by ztci(1/z) = 2* (1 — 1) —t) = (1 — z)* — tz*. Moreover, the sequence 7Ty is of order ¢; the
numerator of its generating function is a polynomial py(z) of degree < ¢. This polynomial can

be calculated as .
pile) = (Z Te(n;t)l“n> CEERCIESE
n=0
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From Lemma 4.3, we conclude that
{—1

_ Zk: <z+£ k—l)xk'

k=0 i=0
This completes the proof. O
For example, for £ = 1,2, 3,4 we have the rational generating functions
1 1
T = — T =
G way o UL GOl w oy e Pl
1 — x4 22 1—2x + 222

Tg’t(m) = T4¢(.’L‘) =

1—3z+322— (1+t)z3’ 1 —4dx + 622 — 423 + (1 — )z

Let p(n,m) = Y1 o(-1)" (H";m*l), that is the sequence p(n, m) corresponds to the coefficients
of the polynomial p,(x). The array (p(n,m))nm>o0 coincides with the sequence A220074 and
the first few rows are

10 0 0 0 0 0
10 0 0 0 0 0
1 -1 1 0 0 0 O
1 -2 2 0 0 0 O
1 -3 4 -2 1 0 O
1 4 7 -6 3 0 0
1 -5 11 -13 9 -3 1

1 -6 16 -24 22 -12 4

This matrix was studied as the alternating Jacobsthal triangle by Lee and Oh in [9].
From a similar argument as in Theorem 4.4, we obtain Theorem 4.5.

Theorem 4.5. The generating function of the sequence Ty.s(n;t) is the rational function

ZT@S n;t)x Z e 1)1‘(5) Sk, (TkHzS)tt k:'

(1 —x)t — tzt

TZ s t
n>0

For example, consider the case of ¢/ = 3, which corresponds to the combinatorial sum
Ts(n;t) = Zizo (’Z)tLl/?’J. By applying Theorems 4.4 and 4.5, we can derive the generating
functions

1 —z+ a2
T: T: T: T:
(Tas(e): Toaele). Taa o). Toas0) = (1= ey 7m0
1— 2z + 22 x — 12 x2
1—3z+322—a23 —tx3’ 1 -3 +322 —23 —ta3’ 1 — 32+ 322 — 23 — tz3

In Table 3, we give the first few values of the sequences T3 4(n, 2) and T3 4(n, 3) for s = 0, 1, 2.
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| ¢ | Sequences (Ts(n,t), Ts0(n,t),T51(n,t), T32(n,t)) ,n>0] OEIS |

1,2, 4,9, 21, 48, 108, 243, 549, 1242, 2808 A137256
21,1, 1, 3,9, 21, 45, 99, 225, 513, 1161 A052101
0,1, 2, 3, 6, 15, 36, 81, 180, 405, 918 A052102
0,0, 1, 3, 6, 12, 27, 63, 144, 324, 729 A052103
1,2, 4,9, 21, 48, 108, 243, 549, 1242, 2308
31,1, 1, 4, 13, 31, 70, 169, 421, 1036, 2521 A007122
0, 1,2, 3,7, 20, 51, 121, 290, 711, 1747
0,0, 1, 3, 6, 13, 33, 84, 205, 405, 1206

TABLE 3. Some values of T3 4(n,2) and T3 4(n, 3).

5. INTEGRAL REPRESENTATION OF GENERALIZED FIBONACCI POLYNOMIALS

The function A(z,y) := (d 4+ y\/d? + 4g)/2 can be seen as a generalization of the golden

ratio (14+/5)/2. In particular, when we set y = 1, we have A(x,1) = (d++/d? + 49)/2 = a(x
as defined in (2.4). Therefore, when we choose g = d = 1, we recover the golden ratio.

In this section, we integrate A(x,y)" ! to obtain a representation for the GFPs. Moreover,
Theorem 3.3 can be used to extend the proof of Corollary 5.1, which was presented in [18] for
Fibonacci numbers, and consequently derive a second proof of Proposition 5.1.

Proposition 5.1. Ifn > 2, then

1
Fn = ;/ (d +y\/d? + 4g)n71dy
~1

Proof from Catalan identity. By the binomial theorem and the Catalan identity, we have

s [ = [ 5 (e v

2

1

n o n—1 n—1—1 i 3
_2”;< . )d 1 (\/d2+4g)/ y'dy

-1

|_7L51J

n n=1\ 192 /7 2 2
2iﬁ]( 2 )d (Ve +49)" 5
5]

= > A+ 4g) =27 F,. O
P (2@ + 1)
Second proof. We can start by noting that if

(y(a—b) +d>n
a—1b ’

then, taking the partial derivative of s(z,y) with respect to y, we have
0
Sgy (Y& + 4g + d)"
Yy
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From the Fundamental Theorem of Calculus, we have that the integral in the statement of the
proposition is equal to

(W(a-b)+d)" ) (-1)(a=b)+a)"
a—>b a—"b )

Simplifying this expression using equations (2.5), we obtain equation (2.3). This completes
the proof. O

Corollary 5.1 ([18]). If F,, is the nth Fibonacci number, then

1
Fn - ;/1(1 + y\/g)n_ldy'

It is worth noting that as a corollary of Proposition 5.1, using [5, Identity 2], it is possible
to obtain an integral expression for L.

It should be noted that the second proof presented in Proposition 5.1 can be adapted to
derive a more general result. By changing the limits of integration, we can obtain an integral
representation for a binomial expression involving Fibonacci numbers. (See other integral
expressions in [3].)

Proposition 5.2. If k > 2, then

- k
2 (”) (k+1)'(k = 1)""g" Foni = n/k (yV/ @ + 49 +d)" " dy.

i
=0
Corollary 5.2. If F,, is the nth Fibonacci number and k > 2, then

n

2 (ZL) (bt k= ) Pz = /_Z (Vo +1)"" a.

1=0
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