INFINITE SUMS INVOLVING POWERS OF GIBONACCI POLYNOMIALS
YINQI LIN AND BO ZHOU

ABSTRACT. We give formulas for infinite sums involving even (odd, respectively) powers of the
gibonacci polynomials, unifying and extending some recent results on infinite sums involving
low powers of the gibonacci polynomials.

1. INTRODUCTION

The gibonacci polynomials (short for generalized Fibonacci polynomials) g, (x) are defined
by the second-order recurrence gn42(z) = xgn+1(x) + gn(x), where x is an arbitrary integer
variable, go(x) and g;(x) are arbitrary integer polynomials, and n > 0. Let go(x) = a = a(x)
and g1(z) = b =b(z). If a =0 and b = 1, then g,(x) is the nth Fibonacci polynomial fy(x)
and if a = 2 and b = z, then g, () is the nth Lucas polynomial £,(x). In particular, f,(1) is
the nth Fibonacci number F),, and ¢,,(1) is the nth Lucas number L,,, see [1,2]. The first four
gibonacci polynomials are go(z) = a, g1(x) = b, g2(x) = a + bx, and g3(z) = ax + b(x? + 1).
Note that there are two other closely related polynomials, one is the Pell polynomials p,(x),
defined as p,(x) = fn(2z), and the other is the Pell-Lucas polynomials g, (z), defined as
qn(z) = £,(2x) [2]. For brevity and convenience, we omit the argument z in the functional
notation.

Koshy studied systematically properties of the gibonacci polynomials such as infinite sums
of the squares and fourth powers of the gibonacci polynomials. Throughout the paper, let k
be a positive integer; r =1,...,k;

) (k+1)/2, ifkis odd;
N k/2+1, otherwise;
) (k+1)/2, ifkis odd;
)k /2, otherwise;
2r — 1, if k is odd;
S =
2r, otherwise;

. 2r, if £ is odd;
~12r—1, otherwise;

and A = vz2 + 4. Koshy [5] proved the following formulas for infinite sums involving the
squares of the gibonacci polynomials, which were also derived via graph-theoretic techniques
in [6].
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- for fanto

ngj\:J [f22n+1 + (-1)Ff212 Z f (1.3)
- fok fan+to

n:ZM (B, — CLFAZF2 ~ A2 Z Z (1.4)

For infinite sums involving the fourth powers of the glbona(:(:1 polynomials, Koshy [7] also
established the following formulas.

f4kf8n*4 D forfin 1o 1
Z )kf2] — A ;f;}’ (1.5)
A forfan _ 1 g 1
A5
fa fonva +4(- )kfzkf4n+2:A2 ) 1.7
Z [P + (CLFFE rzlfé*’ "
n - _1k n 1 i 1
e e

More results may be found in [3 ,8712]. Inspired by Koshy’s results on infinite sums involving
powers of the gibonacci polynomials, we establish some further properties on infinite sums
involving powers of the gibonacci polynomials. The aim of the paper is twofold. First, we try
to establish formulas on infinite sums involving even powers of the gibonacci polynomials by
extending the above results as follows.

Theorem 1.1. Let m be a positive integer. Then

= P ) DY oo fanen ) < apmey
= A2(m—
ZZL [£50 — (CDF P Zf

Theorem 1.2. Let m be a positive integer. Then

i Z?zol (Z;n)(_1)kjf2k(m—j)f4n(m—j) _ b Zk: 1
[g%n + (_1)kA2f]?]2m A2 — £2m

n=L
Theorem 1.3. Let m be a positive integer. Then

=M (/2,1 + (~1)F f2]2m -

7
Theorem 1.4. Let m be a positive integer. Then

i Z;”:BI (2;71)(*l)kjfzk(m—j)f(4n+2)(m—j) :AQ(ml)zk: 1
r=1

i ;n:_o (Qm)(_ )(k+1)jf2k(m—j)f(4n+2)m —7) . Z
= [£%n+1 ( 1)kA2f’§] A2 £2m‘

Letting m = 1,2 in Theorem 1.1, we have (1.1) and (1.5). So, Theorem 1.1 extends (1.1)
and (1.5). Similarly, Theorem 1.2 extends (1.2) and (1.6), Theorem 1.3 extends (1.3) and
(1.7), and Theorem 1.4 extends (1.4) and (1.8).

Second, we give formulas involving infinite sums involving odd powers of the gibonacci
polynomials as follows.
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Theorem 1.5. For a positive integer n and a nonnegative integer m with n > k,

= 30 () Fan(emat—2) Ck@me1—27) koo
- =A*N" __—__if k is odd, and
% o Jiem! 2
i Z;n:o (2mj+1) (_1)j€2n(2m+1—2j)fk(2m+1_2j)

= (f3, = )P+t

Theorem 1.6. For a positive integer n and a nonnegative integer m with n > k,

L1
= A" if k i
= ot 1 1S even.
r=1 J2r

i 237jﬂ=0 (27@'—’_1) (_1)j€2n(2m+1—2j)£k(2m+1_2j

k
) ...
(2, — A2 f2)2mtl = Z 5T i K is odd, and

n=L r=1 "2r—1

i Z;-n:o (%}H)f2n(2m+1—2j)fk(2m+1—2j) _ 1 zk: 1 i & is oven
2 2 — A2 2m+1 :

—~ (€2n + A2fk)2m+1 A2 — 52;71-5-

Theorem 1.7. For a positive integer n and a nonnegative integer m with n > k,

k
1
= A"y — if k is odd, and

S T O S s

2 2
n=M <f2n+1 - fk)2m+1 r=1J2r
2m+1 k
> Z}n:o ( W; )£(2n+1)(2m+1—2j)fk(2m+1—2j) _ A2m 1 .
Z (f2 .+ f2)2mHt - Z om+1 L RIS even.
-y 2n+1 k r=1 J2r—1

Theorem 1.8. For a positive integer n and a nonnegative integer m with n > k,

S ZTZO (2wg'+l)£(2n+1)(2m+172j)€k(2m+1,2j) k 1 .
n:ZM (£%n+1 + AQf}?)Qm-&-l = Tzl @niﬂ if k£ is odd, and

i ZT:O (2mj+1)(_l)jf(2n+1)(2m+172j)fk(2m+1f2j) - i zk: 1 i I is even
=, (G0 — A2fR)>m A2 =]

The case m = 0 in Theorems 1.5, 1.6, 1.7, and 1.8 reduces to equations (5), (9), (7), and
(11), respectively in [3].

As corollaries of Theorems 1.5-1.8, we derive a series of identities related to Fibonacci and
Lucas polynomials (numbers, respectively).

2. PRELIMINARIES
We need the following general properties of the gibonacci polynomials, where g, = fi, €.
Lemma 2.1. [5] Let n be a positive integer with n > k. Then
{(—D”*’““f;?, if gn = fui

(-1)"RA2f2 0 otherwise.

Gnsknk — g2 =

We also need the following telescoping sums suitable for any positive integer power A\ of
g(x), established in [5].

Lemma 2.2. [5/

> 1 1 G
> (s )=
n=(k+1)/2 Jon—k Jon+k r=1 Jor—1

k odd
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Lemma 2.3. [5/
i ( 1 1 )_z’“: 1
nek/2+1 gg\nfk 92An+k — 9%{
Lemma 2.4. [5]
i ( 1 1 )‘Zk: 1
n=(k+1)/2 Donti—k Fons1th —1 e
k odd
Lemma 2.5. [5]
i ( 1 1 )_ LA
n—tk/2 gg\nﬂ—k 92/\n+1+k —l 9or_1

k even

Fibonacci polynomials f,(z) and Lucas polynomials ¢, (x) can be calculated by the Binet-
like formulas [2]: f, = a;:gn and £, = o + ", respectively, where a = 7"’3+V2ﬁ+4 and

B =T=vZH Clearly, a — f = A and aff = -1.
3. SuMs INVOLVING EVEN POWERS OF THE GIBONACCI POLYNOMIALS

In this section, we investigate sums involving even powers of the gibonacci polynomials. We

need two key lemmas.
Lemma 3.1. Let n and m be positive integers with n > k. Then
m—1 2 '
A=) (f2m ) = Z < i >(_1)(n+k+1)]f2k(m—j)f2n(m—j)-
j=0

Proof. For j =0,...,m—1, let
A; = (P (C1yiamRiem—i gok (2T (yyame g (k)i gtk 2m—j)
J ] 2m — j

J
(2N i k) @m—g) gn—k)j _ [ 2T\ (_q\2m—j . (n—k)j g(n—k)(2m—j)
(-1 a B (-1) o 5 -
] 2m —j

J
Because af = -1, we have
A = (2{”> (-1)7 (@) gty gk gl (am=)
J

— k) @m=j) gn=k)j _ (n=k)j B(n—k)@m—j))

N ( ;n > (1) (a(n+/€)(2m—2]) q(ntk)j B(n—&-k)] + (k) 5(n+k)y 5(n+k)(2m—2a)
— (=R (2m=2]) o (n=R)j gn=k)j _ (\(n=k)j gn—F)j 5<n—k>(2m—2j))

_ (2;71)(_1)j [(_1)(n+k)ja(n+k)(2m—2j) + (=1)( k) glntk)(2m—27)
_(_1)(n—k)j(_I)ija(n—k)(Zm—Qj) _ (_1)(n—k)j(_1)2kjﬁ(n_k)(2m—2j)]

<2m) (~1)(ntk+D)i (a(n+k)(2m72j) 4 glntk)@m=2)) _ ,(n=k)(2m=2j) _ B(nfk)(meZj)>
J
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— (2;”> (—1)(nHk+D)] (a<n+k><2m—2j> 4 Bk (2m=27)

— o R)@m=2)) ( (2m=2))k g@m—2j)k _ g(n—F)(2m~2)) B<2m—2j>ka(2m—2j>k)
_ (2;”> (1) (k0 <a<n+k>(2m—2j> | gl @m-2i)

_(2m=2)n g(2m=2))k _ ,(2m~2j)k 5<2m—2j>n>

_ (2;:1) (<1)(nht1) <a2k(m—j) _ 52k(m—j)> <a2n(m—j) _ 52n(m—j))

2m n ;
= A2< j )(_1)( +k+1)]f2k:(m—j)f2n(m—j)a

where the last equality follows from the Binet-like formula. Note also that

<2m> (_1)m (a(n+k)(2m7m)/8(n+k)m _ a(nfk)(mem)IB(nfk)m)

m

2m

= _1\m | (_1\(n+E)m _ (_q1\(n—k)m/_1\2km

(3 [t — yo-bm-ayer]
=0.

By the Binet-like formula and the binomial theorem, we have

)

= (@ = B)"" (faf = fa"%)
(Oé Bn-l—k)Qm _ (an—k _ IBn—k)2m

= Aj+ ( > —™ (a(n+k)(2m—m)lg(n+k)m _ a(n—k)(2m—m)6(n—k)m)

7=0
m—1
7=0
m—1 2m, '
= A? ( ] )(_1)(n+k+1)]f2k(mj)f2n(mj)- U
7=0

By a proof similar to that of Lemma 3.1, we have the following lemma.
Lemma 3.2. Let n and m be positive integers with n > k. Then
m—1 o '
€n+k K%Tk = A Z < j )(_1)(n+k)]f2k(m—j)f2n(m—j)'
§=0
Now, we are ready to prove Theorems 1.1-1.4.

Proof of Theorem 1.1. By Lemma 2.1, we have
f22n - (_l)kflg = f2n+kf2n—k~
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By Lemma 3.1, we have

m—1
2m ; — m
Z ( . ><_1>(k+l)Jf2k(m—j)f4n(m—j) - A2 2 (f 2n+k 22n7k) :

=0 7
Thus,
—1 2m j
> (2j ) (1) DT for i) Fanm—s) _ pA20m1) | Jam e — fam
[f3, — (“)k f212m LA

(3.1)
ok fontk
Summing both sides of (3.1) over all n € [L,c0), we get
—1 /2 j
i Z;n:() (;n)(*1)(14?4‘1)]f2k(m-j)f4n(m—]) _ A2(m71) io: 1 1
= [f3, — (=1)kfF12m B B
If k£ is odd, then we have, by Lemma 2.2, that
f2n k f2n+k n=(k+1)/2 f2n k f2277lr}&-k:
k odd
k
1
D
2r—1 r=1 7%
If k is even, then we have, by Lemma 2.3, that
= 1 1 - 1 1
Z 2m f = Z 2m T 2m
n=L 2n—k 2n+k n=k/2+1 2n—k 2n+k
k even
k k
1 1
DIE N
r=1"72r r=1"7%
Now, the result follows readily. O

The proofs of Theorems 1.2-1.4 are similar to those of Theorem 1.1 (by Lemmas 2.1, 3.2,
2.2, and 2.3 for Theorem 1.2, Lemmas 2.1, 3.1, 2.4, and 2.5 for Theorem 1.3, and Lemmas 2.1,
3.2, 2.4, and 2.5 for Theorem 1.4) and are left as exercises for the interested reader.

4. SuMs INVOLVING ODD POWERS OF THE GIBONACCI POLYNOMIALS

We need some lemmas in the proofs.

Lemma 4.1. Let n be a positive integer with n > k and m be a nonnegative integer. Then

gty _ {Z?;o C™ D™ fa@mir-gjylhemir—op), i kis 0dd;

AP (fQT/;H - k 2m+1
n n— y .
oo ( W}Jr Y1) HDIC o1 9 fr@mt1-2;),  otherwise.
Proof. For j =0,...,m, let

C; = <2mj+ 1) (~1)f a(n+R)@m+1=5) g(ntk)i
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2m+1 2m+1—j (n+k)j g(ntk)(2m+1—j)
_1)2m 7 (n+k)j a(n m j
+<2m—|—1—j>( ) ap

_ <2m + 1) (1) =R Em+1=0) gn-h);
J
2m+1 It l—i (k)i o(n— .
_ _1)2m+1-3 o, (n=k)j g(n—k)(2m+1—j)
<2m +1- j>( ) B
Because af = -1, we have
c; = (Zm—i- 1) (-1)] (a(n+k)(2m+1—j)5(n+k)j — (k)] glntk)(2me1 )
J
_ k) @mA1-5) gn—k)j |_ o (n—k)j ﬂ(n—kxzmﬂ—j))
_ <2m_+ 1) (_1)(n+k+1)j <a(n+k)(2m+1—2j) — gntk)(@m+1-2j)
J
_an—k)@m+1-2j) B(nfk)(2m+172j)> _
Now, if k is odd, then, by the Binet-like formula, the binomial theorem, and o3 = -1, we have

2 2m+1 2m+1
1

— — /B [(anJrk _ ﬁn+k)2m+1 _ (anfk _ ank)Qerl}

m

B <2m - > )i (a(n+k)(2m+1—2j) _ glntk)2m+1-2)

_l’_

a( - )(2m+1723)ak(2m+172j)ﬂk(2m+172j)

_B(n—k)(2m+1—2j)ak(2m+1—2j)ﬁk(2m+1—2j)>

_ <2m + ) 1y ( (k) (@m+1-2)) _ gln+k) (2m+1-27)
a— B J

a (2m+1—23 ﬁk 2m+1-25) ak(2m+1—2j)ﬁn(2m+l—2j))

_|_
= 2m + 1 1y 1 n(2m+1-25) _ an(2m+1-2j)
- ; ( ) [a 5 g )

_ (ak (2m+1-27) +6k (2m+1— 23))

= [2m +1 i
= Z < > 1) an(2m+1—2j)€k(2m+1—2j)~

=0

<.

<.

Similarly, if £ is even, then

A2m (f2m+1 f2T+1 i <2m + 1) (n+1)] ( n(2m+1-2j) | Bn(?m-{-l—?j))

J=0
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. [aig (ak(2m+1—2j) _ Bk(2m+1—2j))]
N (2m + 1
(")
as desired. (Il

> (1), 01— 95) Fr@mr1-25)

By a proof similar to that of Lemma 4.1, we have the following lemma.
Lemma 4.2. Let n be a positive integer with n > k and m a nonnegative integer. Then
{ZT: 0 (2’”;1)(—1)<n+1>wn@m+1,Qj)gmmﬂ,zj), if k is odd,;
A? >t (2"?“1) (1) fr@mt1-25) fr@m+1-2j), otherwise.

Now, we are ready to prove Theorems 1.5-1.8.

2m~+1 2m~+1
gn—s—k - e —k

Proof of Theorem 1.5. Suppose first that k is odd. Using Lemmas 2.1 and 4.1, we get
f2ml 2m-+1

Z;n:o (QTr;'Jrl)f2n(2m+1—2j)£k(2m+1—2j)

_ AQm .7 2n+k 2n—k
2 2 - 2 1,2 1
(fan + fi)2m*t Fane fonh

1 1
2
= A" ( 2m+l 2m+1>
2n—k fnJrk
By Lemma 2.2, it follows that

oo 0o k
1 1 1 1 1
Z 2m+1 f2m+1 = Z 2m+1 f2m+1 = Z 2m+1-

n=L 2n—k 2n+k n=(k+1)/2 2n—k 2n+k r=1 J2r—1
k odd

So, the first formula follows.
Suppose next that k is even. By Lemmas 2.1 and 4.1, we get

2m—+1 j
Z;n:O ( Tnj )(_1)]€2n(2m+1—2j)fk;(?m—i—l—?j) _ A2m Jontk In—k
(7, TR

1 1
2
:Am< omtl 2m+1)'
2n—k f2n+k
Using Lemma 2.3, we have

k
> 1 1 > 1 1 1
E : 2m+1 f2m+1 - § : 2m+1 f2m+1 - E : 2m+1"
n=L 2n—k 2n+k n=k/2+1 2n—k 2n+k r=1J2r

k even

f2m+1 2m+1

Then the second formula follows. O

Setting m = 1 and k = 1 in the first formula and m = 1 and k£ = 2 in the second formula
of Theorem 1.5, we have the following corollary.
Corollary 4.3.

— (2% + 3x) fon + 3z fon

2
— —|— 4’
e s )
z(zt + 42 + 3)lon, — 3wla, (2 + 4)[(2% 4+ 2)% + 1]
an — z2)3 o 23 (22 4 2)3 :

n=2
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Setting = 1 in Corollary 4.3, we have the following corollary.

Corollary 4.4.

(F3,+1)3 7

>\ 4Fy, + 3F, > 8Lgn — 3La, 140
5 —r en
Z Z (F22n — 1)3 27

n=1 n=2

The proofs to Theorems 1.6, 1.7, and 1.8 are similar to that of Theorem 1.5 (by Lemmas
2.1, 4.2, 2.2, and 2.3 for Theorem 1.6, Lemmas 2.1, 4.1, 2.4, and 2.5 for Theorem 1.7, and
by Lemmas 2.1, 4.2, 2.4, and 2.5 for Theorem 1.8) and are left as exercises for the interested
reader.

As immediate consequences of Theorem 1.6, we have the following corollaries.

Corollary 4.5.

[e.e]

Z 33 + 3z Eﬁn 333€2n . i
— (62 — A2)3 x3’
i o(z 4+ 42% + 3) for + 30 for, 1 1 N 1
= (02 + (22 + 4)22)3 2244\ (22423 (2t +422+2)3 )7
Corollary 4.6.
i 4Lg, — 3Loy i 8Fgn + 3Fo, T4
(L%n - 5)3 - (L%n + 5)3 9261

n=1 n=2

From Theorem 1.7, we have the following corollaries.

Corollary 4.7.

i (2° + 3x) font3 — 3z fons1 22 +4

n=1 (f22n+1 - 1)3 B x3
i z(zt + 42 + 3)lon+3 + 3xlont1 (22 +4)[(22 +1)3 + 1]
i (f3ngr +22)3 (2% +1)3
Corollary 4.8.
i 4Fn+3 — 3Fon11  8L6n43 + 3Lont1 _ 45
= (B - 1P L (B t1)? 8

From Theorem 1.8, we have the following corollaries.

Corollary 4.9.

i 23 4+ 32) o3 + 3xlon i1 B 1

= (B T2t 4P (22 +2)%
i at + 433 +3)fonts —3xfonyr  (®+3)°+1
— (03,1 — x%(x2 +4)]3 3 (22 4 4) (22 + 3)3°

Corollary 4.10.

2n+1 +5)3 27

Z 4L6n+3 +3Lope1 1 i 8F6n+3 — 3F2n41 _ 13
_ (L%n-l-l - 5)3 64

n=1
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5. CONCLUDING REMARK

Following Koshy’s interesting work on infinite sums involving powers of the gibonacci poly-
nomials, we give equalities on infinite sums involving powers of the gibonacci polynomials.
In particular, unified equalities are found on infinite sums involving even powers of the gi-
bonacci polynomials. For the first time, we investigate infinite sums involving odd powers
of the gibonacci polynomials. It would be interesting to find graph-theoretical techniques as
in [4,6].
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