POLYNOMIAL VALUES WITH INTEGER COEFFICIENTS FOR THE
GENERATING FUNCTIONS OF FIBONACCI POLYNOMIALS

YUJI TSUNO

ABSTRACT. Fibonacci polynomials are generalizations of Fibonacci numbers, so it is natural
to consider polynomial versions of the various results for Fibonacci numbers. According to
Hong, Pongsriiam, and Bulawa and Lee, the generating function of the Fibonacci sequence
in the domain of rational numbers, f(t) = t/(1 —t — t?), takes an integer value if and
only if t = Fy/Fr41 for some k € N or t = —Fyy1/Fy for some k € NT, where F is
the kth Fibonacci number. This study is built on their work by considering polynomial
sequences that satisfy the recurrence relation Fiyo2(x) = axFit1(x)+bF;(x) with initial values
(Fo(z), Fi(z)) = (0,1), where a and b are positive integers such that b|a. As an application, for
a square-free natural number d € N, we verify the results are of the same form as the above
for the generating function of the sequence satisfying the recurrence relation Fi+2(\/a) =

avdF;1(V/d) + bF;(v/d) with initial values (Fo(v/d), F1(v/d)) = (0,1).

1. INTRODUCTION

Let a and b be positive integers. Bulawa and Lee [1] considered the sequence { F} };en defined
by the recurrence relation

Fito = aFiy1 + bF;

and Fyp =0 and F; = 1. The generating function is given as

t
=10

They established the following necessary and sufficient conditions that should be applied when

the rational values in the interval of convergence for the generating function f(¢) for the
sequence {F;};en are integers.

Theorem 1.1 (Bulawa and Lee [1]). Let g be a rational number. Let us assume that b divides
a and that q lies within the interval of convergence for the generating function f(t). Then,

This result answers the conjecture developed by Hong [2].

Independent of Bulawa and Lee, Pongsriiam [3] obtained similar results under the conditions
ofa=1and b=1.
In this study, their work is expanded for applicability to polynomials.

Let us define a polynomial sequence {F;(z)};en given by the recurrence relation
F¢+2({L‘) = al‘Fi+1(l’) + bFz(l‘) (1)
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and Fy(z) = 0 and Fy(x) = 1. For example, Fy(x) = ax and F3(z) = a®2? +b. The generating
function is given by

fz,t) = ;Fz(x)t =T
This equation holds within the radius of convergence, but in this paper, we define f(z,t) =
t/(1 — axt — bt?). Let us also define a polynomial sequence {L;(z)};en given by the recurrence
relations

Li+2(ZL‘) = al‘LiJrl(IL‘) + bLl(l') (2)

and Lo(z) = 2 and Li(z) = az. For example, Lo(x) = a?2? + 2b and L3(z) = a3x3 + 3abx.
The generating function is given by

> 2 —axt
lz,t) =Y Li(a)t' = —— .
(z,7) ; i®) 1 — axt — bt?
This equation holds within the radius of convergence, but in this paper, we define l(x,t) =
(2 —axt)/(1 — axt — bt?).

The main results are as follows.

Theorem 1.2. Suppose that b divides a, and let q(x) € Q(z) be a rational function over Q.
For the generating function f(x,t), f(z,q(z)) € Z[x] if and only if

R e

Theorem 1.3. Suppose that b divides a, and let q(x) € Q(z) be a rational function over Q.
For the generating function l(x,t), l(z,q(x)) € Z]x] if and only if

Fi(z)  Li(z)  Liyi(z) Fija(z)
() € {szﬂ(ﬂ?)’ Liyi(z) bLi(x) }ieN or alz) {_ bF;(z) }i€N+'

Here, we remark that

Q@) = {25 | plo)m(o) € Qlel, m(e) 20}

is the field of rational functions over Q.

Let d € N be a square-free natural number. We define a sequence {F;(v/d)}ien given by
recurrence relation

Fi+2(\/&) = CL\/&E.H(\/&) + bFz(\/g)
and Fy(v/d) = 0 and F;(v/d) = 1. The generating function is given by

t
S0 = T

We define a sequence {L;(v/d)}ien given by recurrence relations
Liyo(Vd) = aVdLi 1 (Vd) + bLi(Vd)
and Lo(v/d) = 2, L1(v/d) = aV/d. The generating function is given by

2—a\/at
(V1) = 1—avdt —bt2
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Furthermore, the convergence radii of these generating functions are all
2
avd +a2d + 4b

If d # 1, then in general we do not derive the same result as Theorem 1.2 and Theorem 1.3.
Indeed, assuming a = 2, b =1, and d = 2, we obtain

1
f(ﬁ,w> =2+ Vd e Z[Vd).

However,

1 ¢ Fi(V/d) and 1 ¢ _Fz‘+1(\/3)
2+Vd " | Fin(Vd) |, 2+ Vd b (V) |, s
Moreover, 1/(2 4 v/d) is within the radius of convergence of the generating function f(v/d,t).
In addition, assuming a = 1, b =1, and d = 2, we obtain

l (J&, 6_75\@) =16 — 10Vd € Z[Vd].

However,

65\/3¢{ F(Vd)  Li(Vd) me&)} - 65\/a¢{_Fi+1(\/8>} |
€N eNt

7 Fr1(Vd) Lisi(Vd)' bLi(Vd) 7 bF;(v/d)

Moreover, (6 —5v/d)/7 is within the radius of convergence of the generating function 1(v/d, t).
If d =1, then we have the following theorems.

Theorem 1.4. Suppose that b divides a and d = 1. Let ¢ € Q. For the generating function
f(t), we have f(q) € Z if and only if

F; } { Fz‘+1}
qE or qeq- ,
{Fi+1 ieN bE; ieNt

where f(t) = f(v/d,t) and F; = F;(\/d).

Theorem 1.5. Suppose that b divides a and d = 1, and let ¢ € Q be a rational number. For
the generating function l(t), I(q) € Z if and only if

F; L; L; F;
QG{ i : % - z+1} or qE{— H—l} ’
Fiy1 Liv1™ 0L J oy bF; Jicn+

where f(t) = f(Vd,t), F; = F;(v/d) and L; = L;(\/a).

Focusing on the radii of convergence of the generating functions, we have the following
results from Theorem 1.4 and Theorem 1.5.

Corollary 1.6 (= Theorem 1.1). Under the assumption of Theorem 1.4, let ¢ € Q. We
assume that q is in the interval of convergence of the generating function f(t). Then, we have

f(q) € Z if and only if
m)
1 Foiir ) ey’
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Corollary 1.7. Suppose that b divides a, d =1, and a # 1, let ¢ € Q be a rational number.
We assume that q is in the interval of convergence of the generating function [(t). For the
generating function l(t), l(q) € Z if and only if

{ Fa; L21+1}

qe , .

Faiv1 Loiyo J ey

Corollary 1.8. Suppose that b divides a, d =1, and a = 1. Let ¢ € Q be a rational number.

We assume that q is in the interval of convergence of the generating function [(t). For the
generating function l(t), l(q) € Z if and only if

c { Fy; ’L2i+1} U{—l}.
Faiv1 Loit2 ) jen 2
Remark 1.9. Corollary 1.6 and Corollary 1.8 are none other than those given by Bulawa and
Lee [1, Theorem 1.1 and Theorem 1.5].

2. PRELIMINARIES

Before proceeding to the proof of the main results, the following equations and proposition
should be understood.

Let
ax a?x?
o(z) = + a + 4b
B(x) = ar — \/c122:c2 + 4b‘
Then, it follows that

_afz)" = B=)"

)=o) = B @
and
Ln(z) = af2)" + B(x)". (4)
Using equations (3) and (4), the following equations are obtained.
Fo(2)? = Fya(2) Py (x) = (0", (5)
Ln(2)? = Ly-1(2) Ly (2) = =(-b)" ' (a*2? + 4b), (6)
Fon1(x) = Lpga (@) Fa(x) + (-)", (7)
Lon+1(2) = Lypt1(2) Ln(x) — (-b)"az, (8)
Lopt1(x) = (a®2” + 40) Fyy1 (2) Fy () + (-b)"az, (9)
Fry1(2)Ln(x) = Fo(2)Lpta(x) + 2(-0)", (10)
Fypo(z) = aan(x);- Ln(x)’ (11)
Fo () = —aan+1(x2)b—l- Ln+1($)’ (12)
axLy,(x a’x? n(x

Ly (@) = o OTE DD (13)
() = —axLpi1(x) + (;ZxQ + 4b)Fn+1(a:). (14)
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The following proposition provides the most robust foundation for the proof of the main
results.

Proposition 2.1. Let P(z),Q(z) € Q[z] be polynomials for which the highest-order coefficient
is nonnegative. If
P(z)? — (a®2* + 4b)Q(x)? = 4(-b)" (%)
for some rog € {0,1}, then there exists a nonnegative integer n such that
b2l P(z) = Ly(x), b21Q(z) = Fu(),
and n =rg (mod 2).

Proof. First, we define a map of the set of polynomial pairs with rational coefficients satisfying
(*) to itself by

where
Plz) = —ax(a®x? + 4b)Q(z) + (a®x? + 2b) P(x)
2b
and
m _ (%22 4 20)Q(x) — axP(x) '

2b

Also, (P(x),Q(z)) satisfying equation (*) means P(z) and Q(z) satisfy
P(a) — (a%” + 4b)Q(x) = 4(-b)".

This is well-defined because (P(z),Q(z)) satisfies equation (x). Moreover, the inverse map
&1 is given by

where
ax(a’x? T a’x? T
P(z) = @@+ 4)Q( ;bJr( + 2b) P(x)
and
a’z? )+ arP(x
o) = @+ 2)Q) +arPla)

2b
Moreover, we define @' o ®(P(z),Q(z)) = (P(z), Q(x)).

With the above preparation, we begin by considering the case deg Q(x) < 1.
If Q(x) =0, we have P(z) =2 and 79 = 0. Thus, we can obtain

bL%JP(a:) = Lo(z) and bL%JQ(w) = Fy(x).
If Q(z) # 0 and deg Q(x) = 0, then we have P(x) = ax, Q(x) = 1, and ro = 1 by matching
coefficients of terms with equal degree. Thus, we can obtain
b2/ P(z) = Li(z) and bl2/Q(z) = Fi().
If deg Q(z) = 1, the method of undetermined coefficients gives us
a’z? +2b ax

P(z) = — Qz) = 5 and ro = 0.
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Thus, we can obtain the following results.
bL%JP(a:) = Ly(z) and bL%JQ(w) = Fy(x).

Next, let us consider the case deg Q(x) > 2.

We have deg P(x) = deg Q(x) 4+ 1 because equation (x) is satisfied.

Let N = deg P(x). Because equation (x) is satisfied, the rational numbers ¢, c1,...,cn,
do,dy,...,dy_1 exist such that P(z) = coz™ + 121 + -+ + ey and Q(z) = doax™¥ ! +
dizN =2 4+ dy_y.

Then, we can obtain

co = ady, ¢1 = ady, acy = a’dy + 2bdp,

and
e — a’ds + 2bdy, if degQ(x) > 2
5 2bd, if degQ(z) =

Moreover, if deg Q(x) > 2

(a%cy — aldy)aN T2 N (a%c; — a3dy)aNT! N (a%cy + 2bcy — aPdy — 4abdy)xN

P@) = 2b 2 2b
n (a%c3 + 2bcy — aldz — 4abdy)zN 1 n
2b
If deg Q(x)
(a%co — aldp)z®  (a’cy —aPdy)x*  (aPcy + 2bco — ady — 4abdy)x®
P(z) = + +
2b 2b 2b
2 2

+ 2bcy — 4abd

+(a s C2lb a4 1).%' + (62 - 2(1(12){[3 + c3.

Therefore, we have
deg P(z) < deg P(x) — 2

from the relationship between the coefficients of P(z) and Q(x). Moreover, we have
deg Q(z) < deg Q(z) —

Indeed, if deg P(x) = 0, then deg Q(x) = 0 because (P(z),Q(x)) satisfies equation (x).
If deg P(x) > 0, we have

deg P(z) = degQ(z) + 1
Therefore,

deg Q(z) = deg P(z) — 1 < deg P(z) — 3 = deg Q(x) —

Moreover, we have

®~!(P(2), Q) = (P(2),Q(x)) = (P(x),Q()).

Therefore, we see that the highest-order coefficient for P(z) (resp. Q(z)) is a nonnegative
rational number.

To show this, we first consider the case deg P(z) = 0. Then, we have P(z) = £2 and Q(z) =
0 because (P(z),Q(x)) satisfies equation (k). If P(z) = -2, the highest-order coefficient for
P(x) = P(x) is negative. This is a contradiction. Therefore, P(z) = 2.

162 VOLUME 62, NUMBER 2



POLY. VALUES WITH INTEGER COEF. FOR GENERATING FUNCTIONS

Next, we consider the case deg P(x) # 0. Let ¢y (resp. dg) be the highest-order coefficient

for P(x) (resp. Q(z)). Then,

% = tdoa
because (P(z),Q(z)) satisfies equation (x). If & = —dpa, then

ar(a’z?® 4+ 40)Q(x) + (a?x? + 2b)P(x)

Ple) = 2
az(a?a? + 4b)(dordes PO ) + (a%2? 4 2b) (~dpaz s @) 4 )
- 2b '
Therefore,
deg P(x) + 2 > deg P(x).
Hence,

deg P(z) > deg P(x) — 2 = deg P(x) — 2.

This is a contradiction. Therefore, we have ¢g = dopa. From this, the signs of the highest-order

coefficients of P(x) and Q(x) are equal. If the highest-order coefficient of P(x) is negative, then
the highest-order coefficient of P(x) = P(x) is negative. This is a contradiction. Therefore,

the highest-order coefficient for P(x) (resp. Q(x)) is a nonnegative rational number.
Moreover, if deg Q(x) > 2, we have
deg P(xz) = deg P(x) — 2 = deg P(x) — 2

and

deg Q(z) = deg Q(z) — 2 = deg Q(z) — 2

because the highest-order coefficient for P(z) (resp. Q(z)) is nonnegative.
Writing

we see that

L 55)

deg P(z) < 2.
Finally, if there exists a nonnegative integer n such that
b P(2) = Lo(2), 21Q(2) = Fy()
and n = ¢ (mod 2), then we have
b P(2) = Liga(2), 0131 Q() = Fuga(a)

and n + 2 = ry (mod 2) because

ar(a’x?® 4+ 4b)Fp(z) + (a?2? + 2b) Ly, (x)

and -
a“x® + 20)Fy, () + ax Ly, (x

applies to any nonnegative integer m. If deg P(z) < 2, we have

deg P(x) deg P(z)

bL 2 JP(I‘) = LdegP(:c)(x)a bL 2 JQ($> = FdegP(r)(‘T)'
Therefore, this completes the proof.
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0

The following proposition was obtained by Bulawa and Lee [1, Proposition 1.3], but we will
prove it by the same proof method as Proposition 2.1.

Proposition 2.2. Suppose that b divides a and b is square-free. Let P,Q € N. If

P? — (a® +4b)Q* = 4(-b), (+)
then there exists a nonnegative integer n such that

V"P = Lopt1,b0"Q = Fopt1,

where L2n+1 = L2n+1(1) and F2n+1 = F2n+1(1).

Proof. First, we define a map of the set of integer pairs satisfying equation (x%) to itself by

(P,Q) = (P,Q),
where
y: —a(a® 4+ 4b)Q + (a® + 2b) P
N 2b
and

—  (a®*+2b)Q — aP
@= 2b '

Also, (P, Q) satisfying equation (x*) means P and Q satisfy
P — (a® +4b)Q" = 4(-b).

We have P? — (aQ)? € 47Z because (P,Q) satisfies equation (++). From this, we obtain
P —aQ € 27. Therefore, P,(Q) € Z. Hence, ® is well-defined because (P, @) satisfies equation

()

Moreover, the inverse map ®~! is given by

(I)il(Pﬂ Q) = (£7Q)7

where
a(a? + 4b)Q + (a® + 2b) P
P=
2b
and
0- (a® +2b)Q + aP
= 2b '

Furthermore, we prepare two maps.
Subsequently, we define a map of the set of integer pairs satisfying equation (%) to the set
of integer pairs satisfying equation

P?— (a®+4b)Q* =4 (% % )
by R o
o(P,Q) = (P,Q),
where
. —aP + (a® +4b)Q
pP=
2b
and 01P
~ —a
Q=g
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Also, (]5, Q) satisfying equation (x * %) means P and Q satisfy
P? — (a® +4b)Q? = 4.

We have P? — a2Q? € 4bZ because (P, (Q) satisfies equation (+). From this, we obtain
P — aQ € 2bZ. Indeed, we have P € bZ because P? € bZ and b is square-free. Therefore, we
obtain P—aQ, P+a@ € bZ. Hence, there exist 1,13 € Z such that P—a) = bl; and P+a@ =
bly. Moreover, there exists I3 € Z such that bl1bly = (P — aQ)(P + aQ) = P? — a?Q? = 4bl;.
If I3 = 0, we have that [y = 0 or I = 0. Therefore, P — aQ) € 2bZ. 1If I3 # 0, we have l; € 2Z
or Iy € 27Z. Therefore, P — aQ) € 2bZ.

Therefore, P, € Z. Hence, ® is well-defined because (]5, Q) satisfies equation (x * x).

If P>0,Q > 1, then

{(a® +4b)Q}* — (aP)? = 4a*bQ* + 16b°Q? + 4a®b > 0
and
P2 —a?2Q? = 4bQ* — 4b > 0
by P? = (a® + 4b)Q? — 4b because (P, Q) satisfies equation (#x).

Therefore,
. —aP+ (a® +4b)Q
P =
2b
Hence, P > 1 and Q > 1 because P, Q eZ.
Finally, we define a map of the set of integer pairs satisfying equation (x * %) to the set of
integer pairs satisfying equation (xx) by

—aQ + P
2b

>0 and Q= > 0.

®(P,Q) = (P,Q),
where )
> —aP+ (a®+4b)Q - —aQ+ P
P= 5 and Q) = —

Also, (P, Q) satisfying equation () means (P, Q) satisfies the equation (), where P and
@ are substituted for P and @, respectively. We have P — a@) € 27Z because (P, Q) satisfies
equation (x * x). Therefore, P, € Z. Hence, ¢ is well-defined as (P, Q) satisfies equation

If, P>0,Q > 1, then

{(a® 4+ 4b)Q}? — (aP)? = 4a*bQ? + 16b°Q* — 4a> > 0
and
P? — (aQ)? = 4bQ* +4 >0

by P? = (a? + 4b)Q? + 4 because (P, Q) satisfies equation ( * *).
Therefore,

P —aP + (a® + 4b)Q
B 2

Hence, P > 1 and Q > 1 because P,Q € Z.
Using the above preparation, let us consider the case Q < 1. Then, we have

P=1L; and Q= F}.

—a@Q + P

>0 and Q = 5

> 0.

Next, we consider the case @ > 1. (Hence, P > 0 because (P, () satisfies equation (kx).)
Taking the image ®(P,Q) = (P, Q) by ®, we have P,Q > 0 because P > 0 and ® = ® o P,
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Moreover, we obtain

Q-0-= a\/(a2+4b)g)2—4b—a2Q _

In addition,
Q-Q>1
because @, Q € N. Writing
\(I)O CC O(I),(P7Q) = (P7@)7

n

m
we see that there exists a positive integer m such that @ < 1 Therefore, the proof is completed
in the same way as Proposition 2.1. ([

We have the following proposition from Proposition 2.2.

Proposition 2.3. Suppose that b divides a. Let P,Q € N. If
P? — (a® 4 4b)Q* = 4(-b), (%)
then there exists a nonnegative integer n such that
b"P = Lopy1 and b"Q = Fapq1,

where Lop+1 = Lopy1(1) and Fopy1 = Fopyi1(1).

Proof. Let ¢ be the largest positive integer such that b € ¢2Z. Put b = b/c? and @ = a/c. We
define a sequence {F;};cn given by the recurrence relation

Fiip = aFip + bF,

and Fy = 0 and F; = 1. Moreover, we define a sequence {Ei}ieN given by the recurrence
relation

Liya = aLij1 + bL;
and EO = 2 and .[:1 = aq.
By equations (3) and (4), it follows that
1) 1)
Fi= iy = 20 =20

and

Moreover, we obtain

) B = e~ BO)/e
- (e, (BO)Y
Therefore, ’ < ) > +( ) )
Fy=c¢d7'F (i > 1)
and
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On the other hand, P/c € N and P/c and () satisfy

<P>2 — (a* +4b)Q? = -4b

c

Therefore, by Proposition 2.2, there exists a nonnegative integer n such that
. P - - -
bn; = Lon+1,0"Q = Fapqr

Hence, we obtain
b"P = L2y 41,0"Q = Fopy1.
O
The argument for obtaining Proposition 2.3 from Proposition 2.2 is similar to the argument

in [1, Proposition 1.4].

3. RESULTING PROOFS

Like [4], the main results are demonstrated by applying Proposition 2.1, Proposition 2.3,
and (1) to (14).

3.1. Proof of Theorem 1.2. First, we suppose that
Fi(x)

@) = g GEN)
: gy = - ZlT) G oy

Then, we show that f(x,q(x)) € Z[z]. If i = 0, the result is evident. However, if i > 0, by
using (1) and (5), we obtain

f <$ Fi(z) ) _ Fy(2) Figa (2)
"Fipi(z)) Fia(2)? = (axFipa(2) + bFy(2)) Fi(x)

6] Fi(x)Fi1q(x) 6) Fi(r)Fiqa ()
 Fipi(2)? = Fipa(2)Fi(x) — (-b)
)- —bFy(2)Fisa (v)

VF(z) ) ~ BE@)(@xFia(z) + bR (x)) = bFpa(2)?
g —bFi(2)Fiyi(z) ) Fi(z)Fiia(z)

bFi(x)Fiva(x) — bFit(x)? (-b)
Moreover, we have F;(x) € bLEJZ[:U] (i € N) from the recurrence relation described by equation
(1). Tndeed, Fo(x) € bl2)Z[z] and Fi(z) € bl2)Z[z]. If Fy(z) € bl2)Z[z] and Fiiq(z) €
"3 JZ[ |, then Fjio(z) € bL%JZ[ ] by equation (1). Therefore, we have Fj(x) € bL%JZ[l‘]
by mathematical induction. Hence, f(z,q(z)) € Z[x].

Next, we suppose that f(:n,q(:n)) k(z) (k(x) is a polynomial over Z) for some rational
function ¢(z) € Q(x). We will show that

0 @ 1 UHD) Se
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If k(z) = 0, then

q(x)

= angle) — bg@? O

Hence,
) =0= 5
If k(z) # 0, then
q(x) e
T azqle) —ba(@? ~ ")
Hence,
bk(z)q(x)? + (axk(z) + 1)q(x) — k(z) = 0.

Furthermore,

—(azk(z) + 1) £ /(azk(z) + 1)2 + 4bk(z)?
alw) = 20k () '
Here, because ¢(z) is a rational function over Q, there exists a polynomial M (z) € Z[z| for
which the highest-order coefficient is nonnegative such that

(azk(z) + 1) + 4bk(z)? = M (z)2
This allows us to obtain
{(a®2® + 4b)k(x) + azx}? — (a®x? + 4b) M (2)? = 4(-D).
Thus, according to Proposition 2.1, there exists a nonnegative integer n such that

Fonii(x) Lopy1(x)

M(zx) =
(z) o o

 (a®z? + 4b)k(z) + ax = £

From equation (9),
(a*a? + 4b) Fyy1 (2) Fo () + (-b)"ax
b '
Because k(x) € Z[x] and W € Zlx], this means that
Lont1()
(=b)"
for each n € N given that k(z) # 0. Additionally, by using equation (9),

k(z) = Fn(x()_l;,;l(x)

(a®z* + 4b)k(z) + ax = £

(a®x? + 4b)k(x) + ax =

Consequently, we obtain

q(z) = el n+;z§1:) (x)(Fi):(J;; Ui (a) (n=>1) (4)
alz) = P nJ;lEF) (w)(Fiz:(x)( Vi) (n>1). (B)

Regarding (A) and (B), by using equations (7), (10), (11), and (12), we obtain

e {0 }N o a0 {55 }N |

If n is even, for (A),
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(2) = —azF,(x)Fpii(x) — (=b)" + (-1)" Fap41(x) ) —azrFyi1(x) + Ly (2)
1 20 () Fir (7) 20 Fp11(z)

FnJrl(J:) '

If n is odd, for (A),

—axFy () Frga(z) — (=0)" + (=1)" Fonsa(2) ((10) —azFy(x) — Ln()
20 Fy () Fr (2) 20 F, ()
(1) Foyi(z)
bE,(z)

q(z) =

If n is even, for (B),
—azFy(x)Fop1(z) — (-0)" — (-1)" Fopy1(x) (7)(10) —azF,(x) — Ly(x)
2bF, (z)Fry1(x) 2bF, ()

(1) Fpia(x)
 bF(x)

q(z) =

If n is odd, for (B),

o) = —axFy(2)Fp(z) = (=0)" — (=1)"Foni1(z) (1) —axFy1(2) + Lnga ()
2bF, () Ft1 () 20, 41(7)

Foy1(x) .

3.2. Proof of Theorem 1.3. First, we suppose that

o(z) = Fi(z) Li(z) Lin(z)
Fip1(z)” Liva(z)” bLi(x)
Then, we show that I(x, ¢(x)) € Z[z]

If : = 0, the result is evident. However, if i > 0, by using equations (1), (2), (5), (6), (13),
and (14), we obtain

; (az Fi(z) > B 2F;11(2)? — axFy(x) Fyyq1 () ) 2F; 1(2)? — axFy(x)Fiyq ()
" Fi(x)

(iteN) or gq(z)= _Fin(@) (i € NT).

Fiy1(2)? = Fy(w)(azxFip1(x) + bFi(x)) Fiy1(2)? — Fi(w) Fipa(w)
() 2Fi41(2)? — axFy(2) Fiya(2)
(=b)*
; <m L;(x) > _ 2L 1(2)? — axLi(x)Liy1 () ® 2L 1(2)? — axLi(z)Liy1 ()
"Livi(z))  Liya(z)? — Li(z)(axLiyi (z) + bLi(z)) Lit1(x)? — Li(z) Liy2(z)
©) Lit1(x)(2Lip1(x) — axLi(x)) (18) Lia(x)Fi(x)

—(—b)i(CLQl‘z + 4b) —(-=b)?
; (3:, _L,;+1(:):)> Li(z)(2bL;i(x) + axLiyi(x))

i) )~ Tealisa®) 3 OL.0) ~ Lt
@ Li(@)(2DLi(r) + axLin (1)) 6)00) L) Fisa (2)
Li(w) Liyal®) — Lip (@)? (-0
l(x _FM(z)): Fy() (2DFi(x) + axFiy1 ()
TR ) T F@OEE) +arFia (@) - Fu @)
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(1)) Fi(z)(2bFi(x) + axFipi ()

Fi(z)(2bF;(x) + axFiy1(x))

Fi(z)Fiy2(z) — Fipa(2)?

—(~b)

Using an induction similar to the discussion in the proof of Theorem 1.2, we obtain that

Fi(z), Li(z) € bL%JZ[JJ] from the recurrence relations described by equations (1) and (2),

(e rmm) (o)

Liy1(x)

Fi(x)

Fiy1(x)

l(m,— ) ) € Zlz] (i €N), and l(x,— bE(2) ) € Zlx] (i € NT).

Next, we suppose that l(x,q(z)) = k(x) (k(x) is a polynomial over Z) for some rational
function ¢(z) € Q(x). Then, we show that

Fi(z)

Liti(x) Fiyi(x)
alx) € {Fz‘ﬂ(l‘)’ Lisi(z)" bLi() }ieN or ale) € {_ bE; () }ieNQ

If k(x) = 0, then

Therefore,

Alternatively, if k(z) # 0, then

Hence,

2 — azq(x)

1= awq(x) — by(x)?

= k(z).

bk(x)q(z)? 4 az(k(z) — 1)q(z) + 2 — k(z) = 0.

Therefore,

q(z) =

—ax(k(x) — 1) & /a222(k(x) — 1)2 — 4bk(x)(2 — k:(x))

2bk(x)

Here, because ¢(x) is a rational function over Q, there exists a polynomial M (x) € Qx| for
which the highest-order coefficient is nonnegative such that

a’z?(k(z) — 1)% — 4bk(z)(2 — k(z)) = M (x)?%.

Then, we obtain

M(x)? — (a®z? + 4b)(k(z) — 1)? = 4(-b).
Thus, according to Proposition 2.1, there exists a nonnegative integer n such that

M (z)

Hence, we obtain

q(x) =
q(z) =

q(z) =

170

_ Lopyi(w) L BFan()
= ;rin and k(r)—1= :I:;rin.
—arFont1(x) + Lon+1(7)
2b(Fopt1(x) +b™) (n20), ©)
—arFoni1(x) — Lon+1(2)
2b(Fon41 () +b™) (n20) (D)
a$F2n+1($) + L2n+1($) (n > 1)’ (E)

Qb(—an_H (l‘) + bn)
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)= ey iy 2 "
In cases (C) to (F), using equations (7), (9), (10), (13), and (14) gives us

Fi(x)  Li(x)  Liyi(x) Fip(x)
alz) € {Fm(x)’Lm(x)" bLi(2) }N or dw) e { bF () }N

Then, if n is even, for (C),

—axFony1(x) + Lopyi1(x) (M(9)(10) —ax L1 () Fp () + (a2 + 4b) Fp 1 () B ()

Q(x) = 2b(F2n+1($) + bn) 2bFn+1(.%')Ln(IL')

If n is odd, for (C),

—axFoni1(x) + Lopy1(x) (7)(9) —ax L1 (2)Fp(z) + (22 + 4b) F 1 (2) Fp ()
2b(Fapi1(x) +07) 2bLy 41 (2) Fy ()

q(z) =

If n is even, for (D),
—azFon11(2) — Lopi1(z) (19)(10) —azLy(z) — (a®z? + 4b) F, ()
Qb(FQn_H(.I') + b”) 2bLn(ac)

(13) Lnya(x)
bL,(x)

q(z) =

If n is odd, for (D),
—axFony1(x) — Lopyi1(x) (1)(9)(10) —azFyi1(x)Ln(z) — (a?2? + 4b) Fpp1 (2) B ()
20(Fop41(x) + b7) 20L11(z)Fy ()

(13) _Fopa(2)
bF,(x)

q(z) =

If n is even, for (E),
axFoni1(z) + Lop+1(z) (1)(9)(10) axFyy1(2) Lo (x) + (a?2? + 4b) Fp i1 (2) Fy ()
2b(—F2n+1($) + bn) —2bLn+1(l‘)Fn(l‘)

(13)  Fpi1()
 bF(x)

q(z) =

If n is odd, for (E),
arFo,11(x) + Lopi1(x) (71(9)(10) arFy 1(x)Ly(x) 4 (a®2? + 4b)F i1 (2) F(x)
2(—Fop 1 (x) + ") “9bF, 41 (2) Lo ()

(13) Lny(x)
bL,(z)

q(z) =
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If n is even, for (F),

(2) = axFopy1(x) — Lopy1(2) (1)(9) azLni1(x) Fy(x) — (a?2? + 4b) Fpi1 (2) Fy ()
1 2b(~Faps1(z) + ) —2bLp i1 (z)Fn(z)

If n is odd, for (F),

arFoni1(x) — Lopy1(x) (M(9)(10) arLy1(x)Fy(x) — (a?2? + 4b)F i1 (2) F(x)
2b(-Fapy1(z) + b™) —20F,11(x) Ly ()

(14)

q(z) =

3.3. Proof of Theorem 1.4. In the proof of Theorem 1.2, we apply Proposition 2.3 instead
of applying Proposition 2.1 and set x = 1 to complete the proof.

3.4. Proof of Theorem 1.5. In the proof of Theorem 1.3, we apply Proposition 2.3 instead
of applying Proposition 2.1 and set = 1 to complete the proof.
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