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ABSTRACT. We solve the equation Y jU;(z,y)? = Un(z,y)? for positive integers z,p, ¢, k, n,
=1

with y = +1 and max{p,q} < 11, where Uy, (z,y) = a*";:gm and « and 8 are the roots of

the polynomial t? — xt 4+ y. This generalizes existing results on similar equations, wherein the

sequence was fixed as the Fibonacci or Pell numbers. In addition, we find all solutions when

k=2and y==+1.

1. INTRODUCTION

Let F}, denote the nth term in the sequence of Fibonacci numbers, which may be defined
using Binet’s formula
a” — Bn
a—p3"
where a and 3 are the roots of t2 —t — 1. In [11], Soydan, Németh, and Szalay examined the
equation

F, =

k
> jFP=FL. (1.1)
j=1
They found

(n7 k’p7 q) E {(1’ 17p? q)? (2’ ]‘7p’ q)7 (4? 2?p? 1)’ (47 37 17 2)7 (87 47 17 1)}

to be the only solutions with n,k positive integers and p,q in the set {1,2}. Defining the
solutions F¥ = F = F] and F + 2F) = Fy to be trivial, they conjectured that the only
nontrivial solutions in positive integers to (1.1) are (n,k,p,q) = (4,3,1,2),(8,4,1,1), and
(4,3,3,3).

Further progress on equation (1.1) has been made in [1,6]. In [6], the authors explicitly
found all solutions with max{p, ¢} < 10, thereby verifying the conjecture made in [11] for these
exponents. Their method yields a bound for k given any fixed exponents p and ¢. In [1], the
authors used Baker’s method of linear forms in logarithms to find a bound on the size of the
parameters. Specifically, they found that max {(n, k,p,q)} < 10%°°? in any potential solution
of equation (1.1), which showed that the number of solutions is certainly finite. The bound is,
however, incredibly large, and the authors noted that a full solution would be far beyond the
reach of present-day computing power with this method alone.

Let L,, denote the nth Lucas number, which may be defined by

L,=a"+ 3"
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search Fund (KREF206502). The third author was supported in part by NSERC.
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Solutions to the equation
k

Y JF =L
j=1
were examined in [10], where the maximum of the parameters (n, k,p,q) was bounded using
methods similar to those in [1]. Again, the bound is enormous.
The Pell numbers, the nth of which we shall denote P,, are defined using a similar Binet-
type formula, where o and 3 are the roots of the polynomial t* — 2¢ — 1. In [15], the authors
extended the results of [11] to Pell numbers, finding that the only solutions to the equation

k

> Pl =P (1.2)
j=1

with exponents in the set {1,2} are (n,k,p,q) = (1,1,p,q), which they called trivial, and
(3,2,1,1).

Let = and y be integers and « and 3 be the roots of the polynomial f(t) = t? — xt +y. We
may define the Lucas sequence of the first kind, {U,(x,y) }nez, using the Binet formula
a — Bn

Un(l'ay) = a—B )

(1.3)

or using the recurrence
Up(z,y) =0, Ui(z,y) =1, and U,yi(x,y) = 2U, — yUp_1.

Both of these definitions may be extended to define U, for n a negative integer, and for n > 0,
we find that U_,, = _y[fl". Observe that when x = 1 and y = -1, this is the Fibonacci sequence,

that is U, (1,-1) = F,, for all n. Interesting sequences also arise when fixing y = 1, for instance
Un(3,1) = Fy, is the sequence of even-indexed Fibonacci numbers. The values (v,u) =

<:|: (U”+1(471);U"_1(4’1)) , U, (4, 1)) are the solutions to the Pell equation v? — 3u? = 1, in

other words the units in the ring of integers of the number field Q(v/3). Defined recursively,
the sequence U, (2,1) = n is the sequence of integers.

The aim of this paper is to extend the results in [6,11,15] to all sequences {U,,(z,y)} for =
any positive integer and y = +1. Specifically, we prove the following theorem.

Theorem 1.1. The only solutions to the equation 1 + 2aP = U,(z,y)? in positive integers
n,p,q,x and with y = £1 are

(n7p7 q,7, y) = (47p7 17 17 _1)7 (1 + 2p+17p7 17 27 1)7 (37 27 27 27 1)7 (37 17 17 27 _1)7 and (57 37 17 37 1)

Moreover, suppose that n,k,p,q,z are positive integers with max{p,q} < 11, k > 3, and that
y==+1, with x > 2 when y = -1 and x > 3 when y = 1. Then, the equation

k
> iU (@, y)” = Un(,y)° (1.4)
j=1

has no solutions.

Section 2 will establish useful facts and results needed to prove Theorem 1.1. The first part
of the theorem, concerning the solutions in the case k = 2, without the need for a bound on
the exponents p and ¢, will be proved in Section 3. Section 4 will finish the proof, generalizing
the results of [6,11,15] to sequences of the form U, (x,41). There will be a brief explanation
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of our decision to limit the scope of this paper to sequences with y = 41 at the erjld of sections
3 and 4, at which point, the reasons for this choice will be more evident.

The solutions in the case z = 1,y = -1 have been established in [6] for max{p, ¢} < 10, and
to extend their results to p = 11 or ¢ = 11 requires only that one change the constants in their
final inequality and then use a computer to search for solutions up to the resulting bound on
k.

In the case © = 2,y = 1, where U,(2,1) = n, equation (1.4) becomes
P poptl oy gl — g

which is the so-called general cannonball equation, first proposed in the case corresponding to
p = 1,q = 2 by, coincidentally, Edouard Lucas [9], and then investigated in the case of general
exponents p and ¢ in [14], where the solutions with p < 10 were established for many different
values of ¢. A few more recent results on the equation include [2,7,8].

Finally, because the sequence U, (1, 1) is periodic with only the terms 1, 0, and -1, this case
may be solved by inspection. The left side of equation (1.4) equals 1 when k£ = 1 and p is any
integer, and when £ is 1 or 2 modulo 6 and p is odd, and equals -1 when k is 4 or 5 modulo 6
and p is odd. The right side of (1.4) equals 1 when n is 1 or 2 modulo 6 and ¢ is any integer,
and when n is 4 or 5 modulo 6 and ¢ is even, and equals —1 when n is 4 or 5 modulo 6 and ¢
is odd.

The methods that follow will be similar to those used in [6], but the more general nature of
our result will require that our methods diverge at times.

2. PRELIMINARIES

In this section, we shall state some facts on which the rest of our work will rely. Proofs
will be necessary in some cases, so that we may apply certain established results concerning
Fibonacci numbers to a more general class of Lucas sequences.

Throughout the rest of this paper, we will use a and 3 to denote the roots of f(t) = t>—xt+y.
In short order, we will restrict the values of = and y, but we will establish a few of our initial
identities more generally, first, because we may do so with little extra complication. Let

r++vVD z—+D
a=—— and f=——,
2 2
We will let Uy, (z,y) denote the Lucas sequence of the first kind as in (1.3), and V,,(x, y) denote
the Lucas sequence of the second kind, defined by

Va(z,y) = a" + 5" (2.1)
When the context permits, we will use Uy, (and likewise V,,) instead of U, (z,y) (resp., Vi(z,y))

to refer to an arbitrary sequence under the most recently given restrictions on the values of z
and y.

D:(a—ﬂ)2::1:2—4y.

We state some well-known identities in the following lemma, so we may refer to them later.
We remark that these identities hold for all Lucas sequences of the first kind, regardless of the
choice of z and y. Some of them, including identities (iv) and (vi), may be found in Chapter
5 of [3].
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Lemma 2.1. The following hold for all Lucas sequences Uy(z,y), all integers m,n, and
positive integers r:

(i) o™ = aU, — yUp_1;

(ii) p" = BUp — yUp—1;

) Vn — Unp+4+1 — yUnflf

(iV) Uern =U,V, — ynUmfn;'
)
)

(vi) V.2 = DU? + 4y™;
T—IJ
2 . . .
(vil) Ur = 32 (=)' ("7 a0
1=0

Proof. The first six identities may be shown by a straightforward application of the Binet

formula U,, = % We prove (vii) by induction. Observe that

0

1-1
Ui —Z(—y)()( 0 )xl_l =20 =1, and
i=0
2 21
oS o
=0

Now suppose that identity (vii) holds for all positive integers m < r. Then

= r—i—1 L= r—i—2
_ _ _ (T r—2i—1 _ (T r—2i—2
Urt1 = aUr —yUr—1 x;(@( ; >90 y;(y)( ; )»’U
S r—i—1 SR r—i—1
T ERY) -t r—2i RY) -t r—2i
—ee e (T e ()
5] . ,
a4+ > (—y) (") s if ris odd,
_ i=1
= T
T X i (=1 ,.r—27 | z]r=Lg]-1\, r—2|Z]. if ri
"+ Py (-y) ( ; )x + (-y)tz ( e ):n 2): if r is even,
2 i
= (_y)l< . >x7“227
, i
=0
which proves the identity for all positive integer values of r. O

Now, assume that x > 1 and |y + 1| < z. Some of the consequences of these assumptions
are that:

e D=2%—4y >z —2>0 when z > 2, and since the condition |y + 1| < x means that
y=0,-1, or -2 when x = 1, it follows that D > 0 in these cases as well and equality
holds only when x = 2,y = 1.

o ="t ;’2_49 > r—1 %fy>(),

x; if y <0,
case we have oo > 1.

._1:%—\/%2—24(—1—1>Sﬁgx——\/932—4@—1>:1’and50|5|<1.

2

and since y = 0,-1, or -2 when =z = 1, in either
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e The sequences U, (x,y) and V,(z,y) are nonnegative and increasing (1131 the case of
Vi, increasing for n > 0). When y < 0, this is clear from the initial values and the
recurrence relation. When y > 0, this can be observed since
Upn+1(z,y) > (v + DHUp(2z,y) — yUp—1(z,y) > y(Up — Up—1) + Uy, and so the result
follows by induction. (Likewise for V,,(x,y).)
We briefly consider the case when y = 0. In this case, we have Uy, (z,y) = 2"~ ! for n > 1.
This means equation (1.4) has the solution k = 1,n = 1 for all p and ¢. If x = 1, then (1.4)

becomes w = 1, which has no solutions for £ > 1. If > 1, then equation (1.4) becomes

k .

S jaPU=D = 24(=1) The left side of this equation is 1 (mod x) and, when n > 1, the right
j=1
side is 0 (mod z), so there are no solutions with > 1 and n > 1.
Using the established notation and the preceding lemma, we formulate bounds on the terms
in these sequences. Our restrictions on x and y allow us to approximate the rate of growth of
the terms in these sequences by powers of a. This is an extension of Lemma 3 in [6].

Lemma 2.2. For any positive integer x and integer y with |y+1| < = such that D = x? —4y >
0, the following bounds apply for all integers n > 2.

a™ b ify <0,
ra"2 < Un(z,y) < on o fy>_ (2.2)
VD ify >0,
an—i—l
ra < Vi(z,y) < when y < 0, (2.3)
anJrl
a” < Vy(x,y) < when y > 0. (2.4)

VD

Proof. When n > 2, we have y2a™* = 32a"2 > 32 > p". Since a3 =y and a + 8 = z, we

obtain

a — 5n a” — y2anf4
>

a—p ~ a—pf
which proves the left inequality in (2.2).

Uy =

= (@™ ! +ya"?) <Z : g) = (a+B)a""? = za"?,

Un—l

a )

so U, < a" ! when y <0. When y > 0,

we have > 0, and so U,, = 0‘7:/%371 < %, which proves the right inequality in (2.2).

To show the inequalities in (2.3) and (2.4), using the left inequality in (2.2) and Lemma
2.1(iii), we see that when y < 0, we have za" ! < Upy1 < Upt1 — yUn_1 = Vi, which proves
the left inequality in (2.3), and since - < —%’8 =Y wehave V, ="+ " < a" -3 <

a" =% <o - y%ﬁl = 0‘7;“, giving the right inequality in (2.3). Similarly, when y > 0, we
have 8 > 0 and so V,, = o™ + " > ", giving the left inequality in (2.4), and by Lemma

2.1(iii) and (2.2), V,, = Upt1 — yUp—1 < %, which gives the right inequality in (2.4). O

The next lemma gives lower bounds on the ratio of two successive terms in a manner similar
to Lemma 4 in [6].

From Lemma 2.1(i), we have o~ ! = U,, — y
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Lemma 2.3. Let x be a positive integer, y be any nonzero integer satisfying |y + 1| < z, and
consider the sequence Uy (x,y). For all integers n > 2, the bound

Un o Y

Unfl x? — Yy

applies when y < 0. And for all integers n > 2, the bound

Un
Un—l

> o

applies when y > 0.

Proof. The rational numbers U[ﬁ - are the convergents of the generalized continued fraction
expansion of «,
a=x+ —Y
T+ Y
e
U, _ Un_1 n—2

By Lemma 2.1(v), we have and so when y < 0, the even convergents

_ v
Un-1 Un—2 Un—2Un>
(i.e., the rational numbers g==— with n even) are underestimates for o and are less than each
n,
subsequent convergent, whereas the odd convergents are overestimates and greater than each

subsequent convergent. In addition, g—; > g—‘;, and so

Un > % . Ty
Un—1 — Us N 2 —y
for all n > 3.
When y > 0 and n > 2, the ratios Ulﬁl? are all overestimates of . To see this, recall
Lemma 2.1(v) again, Ulﬁl = U::; - Ug:?]m and observe that a < x = % O

Let log,, denote the logarithm base a. We will need the following estimates, which when
x =1 are those of Lemma 6 in [6].

Lemma 2.4. Given a solution in positive integers (n, k,p,q,x,y) to equation (1.4), withy < 0
satisfying |y + 1| < x, we have
o log,(k)+plog, (z)+ (E—2)p< (n—1)¢if k > 2, and

e glog,(z)+(n—2)q < (k—1)p+log, (k)+log, (1 + mpil(mgfﬁg%yﬂ)) provided k > 3.

Proof. The first inequality follows from bounds in Lemma 2.2, with kU, < U for k > 2. If
we set £ = 1,y = -1 and note that U,f < /{:U,f , then we obtain the first inequality in Lemma 6
of [6].

To prove the second inequality, we apply Lemma 2.3 to obtain the inequality

Up _ l:[1 < Uy > - <x3 —2xy>i_1
Uk—i Uk—j-1) — x? —y ’

Jj=0
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which applies for all 1 < ¢ < k — 1 provided k > 3. Set 7 := Z,éfz*y . From Lemma 2.2, we

—2xy
have

k_l . p
j=0 k

< kU? (1 ta PP P x*pT”(’“*Q))
1 32

<hUP (14 = [ —f——Y .
P \ad — a2 —2xy+vy

Taking logarithms gives the result in the statement of the lemma. O

Lemma 2.5. Given a solution in positive integers (n,k,p,q,x,y) to equation (1.4) with y >0
satisfying |y + 1| < x, we have

o log, (k) +plog,(z)+ (k—2)p<gq (n —log, <\/§>) it k> 2, and
e glog,(z)+(n—2)q < log,(k)+p (k +1—log, (\/5)) —log,, (o — 1) provided k > 3.

Proof. For a solution to (1.4) with k& > 2, we must have U} < Uy, and so kzPa?*~2) < kU? <
U < D~9/204". Taking logarithms, the first inequality follows.

We may prove the second inequality in a manner similar to the one employed in Lemma
2.4. Set 7 = +. By Lemma 2.3, we have

«

applies for all 1 < ¢ < k — 1, provided k& > 2. It follows that

k—1 .
B k—j (Ue:\?
2l (=21 - Ul = kUle : ( J)
— k Uk

<

< kUP (1 I TR r(i‘l)p)

As before, taking logarithms gives the result. (|

The following result is an amalgamation of part of Theorem 1.5 in [13] and Lemma 3.1 in
the same work. It will allow us to determine the precise divisibility of U,, by powers of D,
which will be useful in the proof of Lemma 2.7.

Lemma 2.6 (Sanna). For any prime p;, let vy, (n) denote the p;-adic valuation of the integer
n. Suppose that p1,po,...,pm are the primes dividing D. Then

vp, (n) +1vp, (Up,) —1; ifp; | n,
Vpi(Un): p() P( P) . |
0; if p; 1 n.

Moreover, if p; > 5, then vy, (Up,) = 1.
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Assuming that neither 2 nor 3 divide n and writing the prime factorization of D as

we may use vp(N) = 1£ni<n |vp;(N)/ei] and Lemma 2.6 to obtain
<i<m

vp(Un) = min [vp,(Uy)/éi]

1<i<m
= min [vp,(n)/ei]
=vp(n).
The following result extends Lemma 8 in [6].

Lemma 2.7. If (p,q,k,z) is a solution in positive integers to
Vo(z)k? + (Vp(2) — 2)k — 1 = £DP~ 1V, (2)?,
with p odd and y = -1, then (p,q,k,x) = (1,1,1,1),(1,1,2,1),(1,1,2,5).

Proof. First, we note that V,(z)? can never be a multiple of D, and since DP~V,,(z)? is an
integer, we must have p — ¢ > 0. If p =1, then ¢ = 1 and the equation becomes

ok? 4 (x — 2)k — 1 = 22
We can rearrange this to get
r(k* +kFx)=2k+1.
From this, we see that both factors on the left side are less than or equal to 2k + 1. That is
r <2k+1 and
P +kFr<2k+1.
If the sign on the left is a +, then we obtain
< -k +k+1,
which leaves x = 1,k = 1 as the only possibility. If the sign on the left is a —, then we obtain
K —k—1<z<2k+1,

and so k? — 3k — 2 < 0, which means we must have k < 4. A brief check reveals k = 2,2 =1
and k = 2,x = 5 as the only two possibilities, and so we have obtained all solutions listed in
the statement of the lemma.

It remains to show that there are no additional solutions. When p > 3, the left side is always
positive, and so the sign on the right is a +. The cases with p € {3,5} and = € {1,2} may
be checked by substituting those particular values into the equation and solving the resulting
quadratic in k. No additional solutions arise in those cases. Hereafter, we assume that x > 3
orp>7. Set r=p—q. From

Vo(2)k? + (Vp(z) —2) k — 1 = D"V, (2)?,

we see that Vj,(z) divides 2k + 1, which means that V,(z) is odd, and so z must be odd
and p cannot be a multiple of 3. Moreover, 2k + 1 = aV,(z) holds for the odd integer
a=k?+k — D"V,(x), and so k = (aV,(z) — 1)/2. Substituting, we get

a®Vy(z)? — (4a + 1) = 4D" V(). (2.5)

248 VOLUME 62, NUMBER 3



k
EXTENSION OF THE EQUATION >° ijp = F/

j=1
Some manipulation of equation (2.5) allows us to obtain

a?Vy () — 4aVy(x)? + 4 = 4 4+ V,(2)*(4D" "V, (2) + 1)
= 4D"Vy () + (Vp(2)? + 4)
= 4D"V, () + DU,(z)?,
and so
4D"Vy(z)* + DU,(2)* = m? (2.6)
for m = aV,(z)? — 2. Equation (2.5) also allows us to see that V,(z) | (4a + 1), and so
a > (Vp(x) —1)/4 > 7. Since V,(z) > 29, we have 4a + 1 < 5a < a®V,,(z)?/2. It follows that

2 2
AD'Vy(@) = a?Vp(a)? — (a4 1) > T
which gives us
93/2pr/2
< G713
" @7
and since a > Vp; 1, we get
(Vyla) — DVy(a)"/2 < 27/2D"72. (2.7)

Now, let ¢,d be such that D¢ || Uy(x) and D? || m. From (2.6) and Lemma 2.6, we must have
Up(x) = Du and m = D% for some integers u,v with ged (u, D) < D and ged (v, D) < D.
Note that Lemma 2.6 applies here because we are assuming that p is odd, so 2 t p and we have
established V),(z) is odd, so 3 { p. Moreover, since we have established that x is odd, we must

have that D is odd, so ged (4V,(z)?, D) = 1. From
AD"V,(z)? + D212 = D2,
and since D { v, we see that r = 2c¢+ 1 or r = 2d, and in either case,
r<2c+1=2vpUy(x))+1=2uvp(p)+1<2logpp+1,

where the equality follows from Lemma 2.6. Hence, D" < Dp?. From (2.7), we then have that

Vp(l,)l/z (Vo(z) —1) < 97/2pr/2 < 97/2pl/2y,
and since from the inequalities (2.3) in Lemma 2.2, V,,(z) > xa?~1; it follows that

212, p-1)/2 (xap—l _ 1) < 97/2p1/2) — 9T/2 (2a — ) p,
which is false whenever z > 3,p > 3, when z = 2,p > 5, and when x = 1,p > 7 as in [6]. It
follows that there are no more solutions. (|
3. THE CASE k =2

In [1,6], it was assumed that k > 3, which may be done when working exclusively with the
Fibonacci numbers because F; = F, = 1 makes solving the equation incredibly easy in the
case k = 2. However, the more general family of Lucas sequences under consideration requires
a little more care in this situation. We list all the solutions to (1.4) with K =2 and y = £1 in
Proposition 3.1. Some comments on the choice of restriction on y will follow the proof.

Proposition 3.1. The only solutions to the equation 1 + 2xP = U, (x,y)? in positive integers
n,p,q,x and with y = £1 are

(n7p7 Q7 m? y) = (47p7 17 ]‘? _1)7 (1 + 2p+17p? 1727 ]‘)’ (37 2? 27 27 ]‘)’ (37 ]‘? 1727_1) and (57 37 1737 1)'
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Proof. When x = y = 1, the equation becomes 3 = U,(1,1)?, which has no solutions since
Un(1,1) € {0,£1} for all n. When x = 1,y = -1, there is exactly one solution for any choice
of p, that being when n = 4 and ¢ = 1. This gives the solutions (n,p,q,z,y) = (4,p,1,1,-1)
listed in the statement of the proposition. We will henceforth assume x > 1.

When o = 2, the equation becomes 1 + 2P*! = U;l. By Mihiilescu’s Theorem (Catalan’s
Conjecture), the only solution to this equation with ¢ > 1 is (n,p,q,z,y) = (3,2,2,2,1).
When ¢ = 1 and y = 1, we make the further observation that since U,(2,1) = n, there
is exactly one solution for every choice of p, that being n = 1 + 2P*! giving the solutions
(n,p,q,z,y) = (1 +2PT1 p 1,2 1) listed above. This allows us to assume that z > 2 when
y = 1 for the remainder of the proof.

When n is even, U, is divisible by x, so by fixing n and reducing 1 + 22” = U,! modulo z,
we see that n must be odd. Moreover, since U — 1 must be even, it follows that U,, must be
odd.

When n =1, we get 1+ 22 = 1, to which there are no solutions with z > 0. When n =3
and ¢ = 1, we have 1 + 227 = 22 —y. When y = 1, this gives 2(1 + 2P) = 22, which means
that x is even and % = 1+ 2P is odd, which is impossible, and so there are no solutions with
n=3,y=1,g=1 When y = -1, we have 227 = 22, whose only solution is p = 1,z = 2,
from which we obtain the solution (n,p,q,z,y) = (3,1,1,2,-1) listed in the statement of the
proposition.

When n > 5 and p < 3, we have 1 4 22P < Us(z,y) with equality holding only when
(n,p,q,2z,y) = (5,3,1,3,1), which is the last of the listed solutions. So we may assume p > 4,
whenever n > 5.

Now, suppose that 22?7 = U/ — 1 and so, consequently, any prime divisor of U} — 1 must
also divide 2z. Consider the sequence S with terms S; = {U? — 1}2°, and observe that since
n is odd, every odd prime dividing 2z must divide U,, — 1 or U, + 1, meaning it must divide
either S1 or So, and since U, is odd, 2 divides 5; for every i. Zsigmondy’s Theorem states
that all but a possible handful of exceptional terms in the sequence S have a primitive prime
divisor. Since we have shown that every prime dividing S; = 22 must enter the sequence S
in the first or second term, it follows that ¢ = 1, ¢ = 2, or, as in the sole applicable exception
given by Zsigmondy’s Theorem, ¢ = 6, U,, = 2. This latter case may be ruled out immediately
however, since we require U;l — 1 to be even.

In the case ¢ = 2, we have that 2 | U, — 1, as when y = -1 or when y = 1 and n = 1
(mod 4), or 2% | U, + 1, as when y = 1 and n = 3 (mod 4). In the first case, this means
that U, + 1 = 2 (mod x?), and in the second U, — 1 = —2 (mod z?). Since we also have
22P = (U, — 1)(U,, + 1), it follows that = | 2, which has already been addressed for ¢ > 1.

This leaves only the case ¢ = 1. Note that due to our earlier work, we may assume that
n > 5 and p > 4, and that x > 3 when y = 1. Using Lemma 2.1 part (iv), write

Up = Una Vs = ()5 Uy = Unn Vas — ()% U,

Since U_1 = —y, we obtain
Un -1= UL—le"rl
2 2

when y = 1, and
Un-1Vut1; ifn=1 (mod 4),
U,—1= 2 2
UnTHVanl; ifn=3 (mod 4),
when y = -1.
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The relation U, —1 = 22P means that the only primes that may divide Un—1 (or respectively
2

Unt1 when y = -1 and n = 3 (mod 4)) are 2 or the prime divisors of x. When y = -1, or
2

when y = 1 and z > 3, the discriminant D = 22 — 4y is positive, and so « and 3 are real. By

Carmichael’s Theorem [5] (or the more general Primitive Divisor Theorem [4]), the terms Un 1

and Un+1 possess a primitive divisor (relative to the sequence {U; } 1) whenever ”— > 12

Since the rank of apparition of x is 2, and the rank of apparition of 2 must be elther 2 or 3,
it follows that n < 25.
Using Lemma 2.1 part (vii), write

1+22P ="t — (n—2)2" 3y + .-+ (71)717_3—$ Yy T+ (-1) 2y z.
When y =1 and n = 3 (mod 4), we obtain
24227 = 2" — (n— 22" By 4 4 (-1) "7 LT g2,
giving 22 | 2, which is impossible.

When y = -1, or when y = 1 and n =1 (mod 4), this gives
-1 1
(=Dt 5
8
Factoring an z? from the right side, which remains an integer polynomial in 22, we also see

that 22 must divide %, which gives 22 < 78, and so # < 8. A brief check in SageMath
[12] reveals that no additional solutions arise in these cases, which completes the proof.

22P = 2" — (n —2)2" By + - —

2

O

The reader may have observed that our specific use of Zsigmondy’s Theorem and the Prim-
itive Divisor Theorem rely on the fact that y = +1. Indeed, when invoking Zsigmondy’s
Theorem, we relied on the fact that U2 — 1 =0 (mod x). If we consider for a moment y # 1,

we would have that 0 = Ul — 1 = (~y) S | (mod z?) when p > 2 (this can be seen

from Lemma 2.1 part (vii)), and we cannot immediately tell the first value of ¢ for which
q(n—

(—y)i =1 (mod z?).

Similarly, once we had reduced the problem to the case ¢ = 1 and we were looking to apply
the Primitive Divisor Theorem, we used Lemma 2.1 part (iv), but in the case of |y| > 1,
this does not allow us to write 22P as a product. This suggests that the methods applied
in Proposition 3.1 are specific to the cases y = £1, and different methods would need to be
explored to expand this result.

4. PROOF OF THEOREM 1

The proof proceeds in a similar manner to Section 2 of [6]. Assume hereafter that k£ > 3.
We have the following proposition.

Proposition 4.1. Let (n,k,p,q,z,y) be a solution to (1.4) with n,k,p,q, and x positive
integers and y € {+1} with D = 2? —4y >0 (i.e., x > 2 ify = 1). Then

D@=P)/2(ka? — (k +1)) Dla—p)/2,p
p(k+1) _ (an — DI/2R, — DI2R, — =
(ap — 1)2 (0% D R2 D Rl (ap — 1)2 5

(4.1)

where
|R1| < k2aFP=2) and |Ry| < ™72,
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Proof. From

- (aj _Bj)p B aJP '
Uj = Dr/2 Dp/2 +
with
[EXIRS Dz <P
we have
k 1 k
. P _ . 1
pOETR Y b i) P
j=1 j=1
with |Ry| < k2a*(P=2), Hence,
k
. ka? — (k+1) aP
P _ p(k+1)
Zl]UJ Drar — 12" DeRar 1) T
j:
Similarly, we have
vi— 2" R
" Da/2 T+
with
|Ry| < a™772),
The statement of the proposition follows. O

In the cases y = 1 and y = -1, the bounds
DY?|R| < DY/ kPakr—2k

and
Dla—p)/2,p

(a7 = 1
both apply. To bound the term 5%/2Rj, we must work with the cases y = +1 separately.
Lemma 4.2. When y = -1, the bound

1 q+1
D92 Ry| < k (D + > ofP=2k/a+1
T

< D203 < DI2gp—k+3

applies.

Proof. First, observe that v D(a? — 82) = Dz, and so vDa? = Dz 4 v/Df?. Since vVDj? =
\/—25 < 1 for all z > 1, we obtain vDa? < Dz + 1, from which the inequality

[0
q
Da? 1\?
<\Fa ) < <D + )
T x
follows. Examining the term D%2|Ry|, we form the inequality

D2|Ry| < DI/?qMa2)
— D%/2,(n=2)g+2q—2n

The second inequality in Lemma 2.4 gives
2+ 2
Pl (a3 — 22 + 22— 1)

(n—2)qg < (k—1)p+log, k +log,, <1+ )—qlogam’,
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where 1 + 2 +2 < 4. Tt follows that

P~ (a3 —22422—-1)

DY?|Ry| < DY? . 4fa(kF—1)PH2a=2n =4
1 q
< 4k (D + > k= tp=2n,
T

The first inequality in Lemma 2.4 gives
k—2

n>-—=41,
q

which yields
q
DY?|Ry| < 4k <D + 1) ak=Dp—2(k=2)/q-2
x

Since (k:—l)p—@—Q = k:p—%k+1— (p—%—}—?)), Wherep—%—i—?) > 0 for positive p
and ¢, and 4 < D + % for all positive x, we obtain

1 q+1
DY?|Ry| < k (D + ) QP2 0+,
x

as in the statement of the lemma. O

Lemma 4.3. When y =1, the bound

1 q+1
Dq/2’R2‘ <k <V2 + > akp—Zk/q+1/2
xr

applies.
Proof. From
22 — 6 22 24
aVo+l=2>—20+1>2° -3z = ac2 x:a:(x )—;—x(x )
2-2)+aD 22 D
::C(CL’ )+ - VD (z ) +2vD
2 2
- Vbe?,
we get

B (1),

Vo+—
x x
The second inequality in Lemma 2.5 gives
DY?|Ry| < D¥2q™M4~2)

< D9/ k 1x*qup/2ap(k+1)+2q72n'
aP —

2 k 2k
< % whenever ¢ > 2, we have =5 < 23
3,

Since o > a > % > 2, and - b

=7 Since
D=2x%2—4>p>rtvei-d V2m2_4:afor:n2

we can write DP/2 < o~P/2. Combining this with
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@ < (V2 + %), we get
DY2|Ry| < DY/? . 2k (k= 2)r+20-2n,—
1\ 1
< 2k <V2 + ) a(k=3)p=2n
x
The first inequality in Lemma 2.5 gives

log,, k + plog, = + (k — 2)p < q(n — log, VD).
Since D > « for x > 3, we have % log, D > % Moreover, since z > «a, plog, x + (k — 2)p >

(k — 1)p, so we can write
1
p=1)<a(n-3).

2n>2(k_1)+1.
q

DY2|Ry| < 2k <v2 n 1>q o= bp—2(-1) /-1
X

which leads to

We then write

We can bound the exponent (k — %)p — Z(kq_l) —1=kp— % - (% - % + 1) by observing that
£- % +1> —% for positive integers p and ¢q. So,

1)\ 7+
DY?|Ry| < k <V2 + :E) akr—2k/at1/2
as in the statement of the lemma. 0
In both cases, D9/?|Ry| < 4k(D + %)q+1akp—2k/q+2'
Set A, = (a? —1)2,C =D+ 1, and
zq(k) := D203 4 4kCTH1 02 4+ DI/2)2.

Then, we have

D(q—p)/2(kap —k-1) _ qan—p(k+D) zq(k) (4.2)
A ak/atp’ ’
Now, set p:= gn — p(k + 1). Suppose first that
D(a—p)/2
ot < ————.
3A,
When k£ > 3 and p > 1, we have
D(a—p)/2 D(a—p)/2 Da—p)/2
= (haP—Kk—1)—at > (kP —1)—1-1 = .
A, (ka? —k—1)—at > A, (k(a ) /3) > A,
Hence,
okl D(p_Q)/zApzq(k).
Suppose now that
y D(a—p)/2 13

254 VOLUME 62, NUMBER 3



EXTENSION OF THE EQUATION i jF;7 = F/

If the left side of (4.2) is zero, we may rearrange and take norms in Q(v/D) to g]e:t1
F2yP — (k+ DRV, + (k+1)? = =D 9y P (g2 — 1, 4 1)%,
If y=1or y =-1 and p is even, we may solve
(Vp — 2)k* + (V, — 2)k — 1 = £DP~4(V,, — 2)%.
If ¢ > p, then if a positive integer I divides DP~4(V,, — 2)2, reducing modulo [ gives -1 = 0
(mod 1), which means that +DP~4(V,, — 2)? = £1. From this, we obtain
(Vp —2)k* + (V, — 2)k — 1 = +£1,

which has only the trivial solution p = 1,2 = 3,k = 1 when y = 1 and « > 3, and has no
solutions with y = -1 and even p > 2.
If p > g, then V), — 2 divides 1, which leaves only the following possibilities:
e y=-1,z =1,p =2, in which case we have ¢ = 2, k =1, or ¢ = 1, k = 2, both of
which yield trivial solutions to equation (1.1);
e y=1,2=23,p=1, in which case £k = 1, ¢ = 1 is the only possibility, another trivial
solution.

When y = -1 and p is odd, Lemma 2.7 tells us that there are no solutions to
Vok? + (V, — 2)k — 1 = £DP71V?2

with x > 2 and k > 3.
If the left side of (4.2) is nonzero, then

D(p_Q)/QAqu(k)

P _ _ Ak pr—a9)/2
|ka? — (k+1) — oD Ayl < atr

Following from (4.3) and o(4,) = (87 —1)? < 2,
|B]F = a™H < 3DPD/2A,,
Hence, we also have
k3P — (k4 1) — B(-DY2)P =1 (A,)] < (2k+ 1) + 6DPIAP,

Multiplying the two left sides, we get the norm of a nonzero algebraic integer, which is > 1,
so the bound

ofltr < D=2 2 (K)((2k + 1) + 6DP7IA,) (4.4)

applies, which is weaker than the earlier bound. This provides a general upper bound on k for
fixed p and q.
The following result shows that (4.4) is sufficient to bound all sequences Uy, (z, £1).
(k+1)2

Lemma 4.4. If (n, k,p,q, ) is a positive integer solution to equation (1.4), then x < ~—+1.

Proof. Using Lemma 2.1 part (vii), we see that U]P is a polynomial in & with constant term 0

1 1

when j is even and (—y)p<JT) if j is odd. Defining € = 0 if n is even and € = (—y)q(nT> ifn
is odd, we see that the expression

k
> Ut | -Us (4.5)
j=1
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is a polynomial in x with constant term

Z j(—y)p(%> —e< M +1

A - 4

j odd<k
In any solution to (1.4), z must divide this term. It follows that x < W + 1, as in the
statement of the lemma. O

Taking logarithms in (4.4), we obtain

k<gq (10g (D(piq)mApzq(k)((Qk +1)+ GDPqu))> —Dpq
log a '

(4.6)

2
Fixing p and ¢ and substituting the bound z < @ + 1, we see that the numerator on the

right side is of the form log (g(k)) for g(k), a polynomial in k with degree depending on p and
q. Given that we are assuming that « > 3 when y = 1 and that x > 2 when y = -1, the term
log o in the denominator is no less than log (%) when y = 1 and no less than log (1 + \/i)
when y = -1, and so, after fixing p and ¢, a bound on k may be obtained that holds for every
one of these sequences. Using SageMath, we find a bound on k for each triple (p, ¢, y) with
1 <p,g <11 and y € {£1}. The largest of these bounds, which occurred when p = ¢ = 11
and y = -1, was 15711. Observe that our pursuit of generality has resulted in a looser bound
in the case of the Fibonacci sequence than that obtained in [6].

To reduce the computation required, we revisit the inequalities first obtained in Lemmas
2.4 and 2.5. The inequalities in Lemma 2.4 imply

log, (k) — €zp < q(n—1) — (k—1)p < log, (k) + 0z p.q,
where
€xp = p — plog,(x)
and

2
e+ 2
Ozpq = q — qlogy(z) + log, (1 + (28 — 22 4 90 = 1)> :

Using SageMath [12], we fix y = -1, fix p and ¢, and search for integers k,x,n satisfying
these inequalities, with & up to the bound in the previous paragraph and z a divisor of the
corresponding constant term as described in the proof of Lemma 4.5. An initial search reveals
that there are no solutions with z > 11. Applying the inequalities in Lemma 2.5 in a similar
manner reveals that no solutions exist with x > 11 when y = 1 and p,q < 11. We then
use 3 < x < 10 when y = 1 and 2 < z < 10 when y = -1 in (4.6) to reduce the bound
on k. This time, the largest bound found was k < 838, occurring when p = ¢ = 11 and
y = —1. Using the inequalities once more, with the new bounds on k, we eliminate all but
29 possibilities for (k,n,p,q, z,y). These remaining cases were checked individually and none
yielded an additional solution.

5. SOME REMARKS ON THE CASES |y| > 1

We will briefly discuss the difficulty that arises when applying this method to a fixed value

of y with |y| > 1. In this situation, the term in Lemma 4.4 would tell us that z must divide
. (=1 . . i-1 a(n=1) . .
> ](—y)m2 when n is even, or ) j(—y)]21 — y" 2 when n is odd. This means
j odd<k j odd<k

that we can only say that x must be a divisor of some term involving k in the exponent. Even
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were we to substitute this bound into an inequality similar to (4.4), the advantage we gained
in the case |y| = 1, which was being able to turn (4.6) into a bound of the form k < log (g(k))
for g(k) a polynomial in %k, will no longer be present. This suggests that some alternative

method would need to be explored in order to solve equation (1.4) for more values of y.
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