NOTE ON THE GENERALIZED LEONARDO NUMBERS

KANTAPHON KUHAPATANAKUL

ABSTRACT. The dual generalized Leonardo sequence, a sequence related to the generalized
Leonardo sequence, is introduced. These sequences contain many previously known extensions
of the Fibonacci and Lucas sequences. Properties of the generalized Leonardo and dual
generalized Leonardo sequences are derived.

1. INTRODUCTION
The sequences of Fibonacci {F}, }n>0 and Lucas {Ly, }n>0 numbers are defined by
Fp=0, =1, and Fyy1=F,+F,-1 (n>1)
Ly=2, L1=1, and Lpy1=L,+L,1 (n>1).
The Fibonacci and Lucas numbers are related by the identities
Fo1+Fu1=L, and Lp_1+4 Lpy1 =5F,.
Catarino and Borges [2] defined the sequence of Leonardo numbers {Ley, },>0 by
Leg =Le; =1 and Lept1 = Le,+ Lep1+1 (n>1)

and gave some properties of this sequence in [1, 2, 3, 6]. The author and Chobsorn [5] presented
the generalized Leonardo sequence {Lj , }n>0,

Lro=Lr1=1 and Lrpy1=Lin+Lin-1+Ek (n>1),

where k is a fixed positive integer. When k = 1, this sequence is the Leonardo sequence.
The nonhomogeneous recurrence relation of the generalized Leonardo numbers can be
rewritten as the homogenous recurrence relation

‘Ck,nJrl = 2£k,n - Ek,n72-

The relationship between Fibonacci and generalized Leonardo numbers is expressed in the
identity [5]
Lin=(k+1)Fp41 —k. (1.1)
When m, n, and t are nonnegative integers, the following identities for Fibonacci numbers
are known [4, Chapter 5].

Fan - Fm+tFn—t = (_1)n_tFm—n+tFt, (1.2)
Fpin = Foe = FomFon, (1.3)
Frinir + Fosy = Fom1 Fon1. (1.4)

In this work, we begin by introducing the dual generalized Leonardo sequence and derive
relationships of the generalized Leonardo and dual generalized Leonardo numbers, and give
similar identities (1.2)—(1.4) for the generalized Leonardo numbers. Then, we show the sums
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of products of the binomial coefficients and the generalized Leonardo or dual generalized
Leonardo numbers.

2. DEFINITION AND BASIC PROPERTIES

We start with a definition of a new sequence and establish its basic properties.

Definition 2.1. For a fized nonnegative integer k, the dual generalized Leonardo sequence
{Mpn}nz0 is defined as

M1 = Mpgp + My +2k (n>1),
with initial conditions My o =1—k and My, =k + 3.

For k =1, we call M1, the dual Leonardo numbers, denoted by M,,.
The first few terms of the generalized Leonardo sequence and the dual generalized Leonardo
sequence for k = 1,2, 3,4 are shown in the following table.

n 0O|1]21]131|4]|5 6 7 8 9 10 11 12 13 14
Le, |1 |1 3|59 15| 25 | 41 | 67 |109 |177 | 287 | 465 | 753 | 1219
Lon | 1 |1 4|7 |13[22] 37 | 61 | 100|163 | 265 | 430 | 697 | 1129 | 1828
L3n | 1|15 |9 |17]29| 49 | 81 | 133|217 |353 | 573 | 929 | 1505 | 2437
Lyn | 1 |1] 6 |11|21]36| 61 | 101|166 | 271 | 441 | 716 | 1161 | 1881 | 3046
M, 014]6 (122034 | 56 | 92 | 150|244 | 396 | 642 | 1040 | 1684 | 2726
Moy [ =15 8 | 172950 | 83 | 137|224 | 365 | 593 | 962 | 1559 | 2525 | 4088
Msz, [ -2(6]10] 22|38 |66 | 110 | 182 | 298 | 486 | 790 | 1282 | 2078 | 3366 | 5450
My [ =37 [12]27 |47 | 82| 137 | 227 | 372 | 607 | 987 | 1602 | 2597 | 4207 | 6812
We can prove that
ﬁk,nfl + Ek,nJrl = Mk,rw (21)
and
Min—1 + M py1 = 5Ly, + k. (2.2)
By (2.1) and the definition of the generalized Leonardo numbers, we get
Mk,n — 2£k,n71 = ﬁk,n + k. (23)

By (1.1) and (2.1), we obtain a connection between the dual generalized Leonardo and the
Lucas numbers, i.e.,

Mipn = (k+ 1)Ly — 2F. (2.4)
We will give some connections between the generalized Leonardo numbers and the dual

generalized Leonardo numbers that are extensions of the Fibonacci and Lucas sequences. The
following identities are known.

F,L, = Fy,, (2.5)
Fn+1Ln+2 - Fn+2Ln = F2n+1a
L?L —Fs =4F, 1Fny1. (27)

Theorem 2.2. Let n be a nonnegative integer. Then
Ek,an,n = (k‘ + 1)£k,2n+1 — k£k7n+3 + k,‘(Qk‘ + 1). (2.8)
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Proof. Using (1.1), (2.4), and (2.5), we get
LinMiy = ((k+1)Fop1 — k)((k+1)Lygq — 2k)
= (k+1)*Fpy1Lng1 — k(k + 1)(2F 041 + Lyya) + 2k°
= (k+1)*Fonyo — k(k + 1) Fpa + 28
= (k+1)Lront1 — kLkpys + E(2k+ 1),
as desired. 0
Theorem 2.3. Let n be a nonnegative integer. Then
LinMin+1 — LipriMpn—1 = (k+ 1)Ly on — kL pn + k. (2.9)
Proof. Using (1.1), (2.4), and (2.6), we obtain
LinMinit — LiniMpn—1 = (k+1)*Fong1 — k(k + 1)Ly + 2k(k + 1) F,
= (k+1)Lron +2kLip1 — kM +Ek(E+1).
Using (2.3), we get the desired result. O
Theorem 2.4. Let n be a nonnegative integer. Then
MG = Lhp = ALk -1 Linir + 2k Ly + K. (2.10)
Proof. Observing that
(k+1)?FyFoyo = (L1 + k) (Lint1 + k) = Lyn1Lins1 + kM, + k2,
we get, using (1.1), (2.4), (2.7), and above identity, that
M = Lhp = (k+1)%(L2, — F2y) +2k(k 4+ 1)(Fog1 — 2Lp11) + 3K
= 4(k + 1)?F, Fy2 + 2k(Lgn — 2Mpp, — 3k) + 3k*
= 4Lk n-1Lp 1 + 2k Ly + K2,
which is what we wanted to prove. O

For k =1, we get the following identities.

Len 1+ Leptr = M.
My_1+ Mpy1 =5Le, + 1.
Le, M, =2Leyn+1 — Lents + 3.
Len n+1 Leni1My_1 =2Ley, — Le, + 1.
5) M2 — Le? =4Le, 1Le,. 1 +2Le, + 1.

The following theorem is a generalized Catalan’s identity for the generalized Leonardo
numbers.

Theorem 2.5. Let m,n > 1 and t > 0 be integers. Then
LimLin — LimtLin—t
= (1" (Lamonst—1 + k) (Lrgo1 + k) = k(L + Lin = Limst — L) (2:11)
Proof. Consider
LimLin = ((k+1)Fpp — k) (k+1)Fy1 — k)
= (k+1)2Fn1Fr — k(k 4+ 1)(Frg1 + Fopr) + K2
= (k+1)?Fpi1For1 — k(Lkom + Lin) — k2.
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Using (1.2), we obtain that
LemLin = Lemtlin—t = (k+ 1) (1" FoniFy =k (Lrm + L = Lhantt = Lent) -
Hence, by (1.1), Theorem 2.5 is proved. O
Taking m = n, identity (2.11) becomes
L3 — LinstLin—t = (1" L1 + k)* = k(2L1kn — Liptt — Lint)- (2.12)
Putting ¢ = 1 in (2.12), we obtain Cassini’s identity for the generalized Leonardo numbers

kL n—3 — (2k + 1), if n odd;

_ (2.13)
kLkp—3+2k(k+1)+1, if n even.

2
‘Ck,n - Ek,n—l£’k,n+1 = {

Taking k = 1 in (2.13), we obtain Cassini’s identity for Leonardo numbers (see [1])

Le,_3—3, if n odd;

Le?2 — Le,_1Le =
" ol {Leng + 5, if n even.

Next, the following theorem gives identities similar to (1.3) and (1.4) for the generalized
Leonardo numbers.

Theorem 2.6. Let m and n be two positive integers. Then

(i) Ei,m+n - E%,mfn = (‘Ck,Qm-H =+ k)(ﬁk,Qn—l + k) - 2k(£k,m+n - £k,m—n)-
(ii) Ez,m+n + cz,m—n—l = (Ek,Qm + k)(ﬁk,Zn + k) - Qk(ﬁk,ern + Ek,mfn) — 2k2.

Proof. Using identities (1.1) and (1.3), we have that
L2 i = Ll = (k£ D Fmss — 5)% = ((k+ D Fy_ 1 — )2

= (k+ 1) (Fins1 = Fnong1) = 2k(k + D) (Fntnt1 — Faon1)

= (k+ 1)*Fams2Fon — 2k(Limin — Lim—n)

= (Lramt1 + k) (Lron—1 +k) = 2k(Limin — Lim—n)-
The other assertion is proved similarly using (1.4). O

Taking n = 1 in Theorem 2.6, we obtain
L3 mi1 = L1 = (k+ 1) Lromi1 — 2kLim — k(k — 1),
L3+ Lin = (k+ 1)Ly omrz — 2kLimrz + k(k + 1),
and for k = 1, we obtain
Le,znﬂ — Le?, | =2Leayy1 — 2Len,

Lefnﬂ + Le%l =2Lesmi2 — 2Lepm42 + 2.

3. BINOMIAL-LEONARDO AND BINOMIAL-DUAL LEONARDO IDENTITIES

We begin with some identities for the sums of products of binomial coefficients and the
generalized Leonardo or dual generalized Leonardo numbers.

Theorem 3.1. Let n and r be nonnegative integers. Then

3 (1) uisr = Lumer k2"~ ).
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v

(ii) <7Z>Mk+ = Mysonir — 2k(2" — 1).
0

7

(iii)

>

[e=]

<TZL> ()" " Liipr = (-1)" (Lin-r—2 + F).

(iv) (") (1) Mpiir = (-1)" " (Mo + 2K).

. 1
=0

3

Proof. We use the following formulas of binomial Fibonacci and Lucas identities [4, page 162].

" n " n
Z <i)E+T = F2n+7" and ; (Z.)Li—‘rr = L2n+r

1=0

M=

]

<T.L> (-1)"""Fyyp = (-1)"Fp_, and i;(?) (-1)" "Ly = (~<1)" 'Ly,

=0

Because the proofs of all the parts are similar, we only give the proofs for parts (i) and (iv).
We get

i (7;) Liivr = i (?) ((k +1)Fyyypr — k)

=0 1=0
= (k + 1)F2n+r+1 - 2"k
== Ek,2n+7‘ - ]{(2” - 1)

n

no (n) (1)  Mpigr = > <7Z> (<1)"™ (ks + 1) Lysrss — 26)

]
=0
= (*1)11_1“C +1)Lp—r1
= (-1)" "My pr_2 + 2k).

1=

This completes the proof. O
Theorem 3.2. Let n and r be nonnegative integers. Then
= 52 L + k(52 — 27, if n even;
(i) Z < .>£k,2i+r = (n_1)172 N ( )(n—l)/2 n—1y
—~\u 5 Mg ntrs1 + 2k(5 — 2", if n odd.
=1 5%/2 M, ntr + 2]4:(5”/2 —2m), if n even;
(11) . Mk,2i+r = (n+1)/27 (n+1)/2 n+1 ;
—~\u 5 Ly piri1 + k(B — 2", if n odd.

Proof. In [4, page 163], the following formulas of binomial Fibonacci and Lucas identities are
given.

2 (on o+ 1

g ( . >F2i+r =5"Fyp4, and E ( ) >F2i+r = 5"Loptr+1,

; 2 . 1

1=0 =0
2n 2n+1

2n 2n+1

5 < . >L2i+r = 5nL2n+r and E < . )L2i+T = 5n+1F2n+r+1~
i=0 ' i=0 !
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Because the proofs of parts (i) and (ii) are similar, we only give a proof for part (i). We get

that
" /n " /n
Z (i>£k,2i+r = Z <z) ((k+1)Fiyri1 — k)
1=0 i=0
(B +1)5™2F, 1 — 27, if n even
) k+1)5D2L e — 27k, if noodd
B 52 L + k(572 —27), if n even
52 My 2k(5 D2 —onm1y L if g odd.
This completes the proof of the theorem. O

We give six more similar sums.

n n
n . n .
Z () (-1)""Fyitr = Fnyr  and <> (-1)"""Lajyr = Lnr,
i=0

2 (3
0
n
<i ) L3i+7" = 2nL2n+r7
=0 7

n

n n
Z <i>F4i+T = 3nF2n+7' and <i>L4i+r = 3nL2n+r-
1=0 0

We can use Binet’s formulas for the Fibonacci and Lucas numbers to prove these identities.
We will show the proof of only one identity.

n n B n n a3z’+r _ /83i+7"

=0

(£ r£07)

_ 1 (Ocr(l + Ct?))n o Br(l +53)n)

%

n

n
Z <Z.>F3i+r = 2"Fy,4, and

M:

0

M-

(2

a—p
1
= 5@ @02 - A 28+2)")
_ a2_nﬂ (a2n+r _ ﬁ2n+r)
= 2nF2n+r>

where a = % and 8 = %ﬁ are the roots of equation 22 —x — 1 = 0.
In a similar way, using the above identities, we get the following theorems.

Theorem 3.3. Let n and r be nonnegative integers. Then

: - n n—i
(i) Z <> (-1)"""Lr2itr = Lipsr + k.

(i) Y <7Z> (- Mpgitr = Mipir + 2.

=0
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Theorem 3.4. Let n and r be nonnegative integers. Then

(1) Z <n> Lk Bir — 2 »Ck 2n4r-

n
>Mk 3i+r — 2 Mk 2n+r-

—~
=
=
M3

=0
n

£k Aitr — 3n£k,2n+r + k(3n - 2n)

Mk Aitr — 3" Mk 2n-+r + k( - 2n)

)
()

s
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