WEIGHTED SCHREIER-TYPE SETS AND THE FIBONACCI SEQUENCE
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ABSTRACT. For a finite set A C Nand k € N, let wi(A) =37, 4 ;4 1. For each n € N, define
akn = {ECN: E=0or wi(F) <minE < max F < n}|.
We prove that
Ok otre = 2Fpyoforall > 0and k >4+ 2,
where F), is the nth Fibonacci number.

1. INTRODUCTION

Recall that a finite set £ C N is called a Schreier set if min E > |E|. Denote the collection
of all Schreier sets by &, which includes the empty set. Sets F with min E' > |E| (min E = |E|,
respectively) are called nonmazimal Schreier sets (maximal Schreier sets, respectively). The
empty set is vacuously maximal and nonmaximal. We let SNMAX consist of nonmaximal
Schreier sets and let S™AX consist of maximal Schreier sets. Bird [4] showed that for each
positive integer n,

HE €S :maxE =n}| = F,,
where (F},)7 is the Fibonacci sequence defined as: Fy =0, Fy; =1, and F;, = F,,_1+ F,_ for
n > 2. Beanland, et al. [2] generalized the Schreier condition to ¢min E > p|E| and established
an inclusion-exclusion type recurrence for the sequence

Mpgn ‘= {E£ CN: ¢gminFE > p|E| and max E = n}|. (1.1)

In particular, [2, Theorem 1] gives

q
Mpgn = Z(_l)k’—i-l (Z) Mp gn—k + Mp gn—(p+q) fOr n=p+q.
k=1

Recently, Beanland, et al. [3] studied unions of Schreier sets and proved a linear recurrence for
their counts using recursively defined characteristic polynomials. Relations between Schreier
sets and partitions, compositions, and Turdn graphs have also been discovered [1, 7, 8].

Previous work gave a uniform weight to each number when measuring the size of a set. For
example, rewriting gmin E > p|E| in (1.1) as min £ > (p/q)|E|, one can think of (p/q)|E| as
the size of E, where each element is given the same weight p/q. In this paper, we shall assign
the weight 0 to one number and the weight 1 to the other numbers. Specifically, let A be the
collection of finite subsets of N. For E'€ N and k € N, define wy(E) := 3, 5, 1 and

S .= (EecN : E=0or minE > wy(E)}.

For example, S() = SNMAX (1} §(2) — SNMAX (j ({9 p} : 2 < n}, and S®) = SNMAX
{{2,3}} U{{3,n1,n2} : 3 < ny < na}. Generally, we have the following equality, whose proof
is in the appendix:

Sk — SNMAX (g e SMAX . | e EY. (1.2)
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For n,k € N, let
Apn = {E € S® . E=0or maxE < n} and ag, = [Agn

We can write
A = {EeN : E=0or wi(F) <minE < max E < n}.

We record values of ay,, for small £ and n in Table 1.
K\ni1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

1 9 14 22 35 56 90 145 234 378 611 988 1598
11 17 26 40 62 97 153 243 388 622 1000 1611
10 17 28 45 71 111 173 270 423 666 1054 1676
10 16 26 43 71 116 187 298 471 741 1164 1830
10 16 26 42 68 111 182 298 485 783 1254 1995
8 16 26 42 68 110 178 289 471 769 1254 2037
8 13 26 42 68 110 178 288 466 755 1226 1995

Table 1. Initial numbers ay,, for different &£ and n.
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Observe that when k > n, the aj s are Fibonacci numbers. This is expected because when
k> n, wp(E) = |E| for all sets E C {1,...,n}, so the weight wy, gives the cardinality of sets
as in the result by Bird [4]. When k = n, we witness the Fibonacci numbers multiplied by 2
(see Table 2). When n > k, we shall see that the ay, ,s are found by iterated partial sums.

K\n|1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 |2

2 2

3 4

4 6

) 10

6 16

7 26

Table 2. The diagonal ay, ;.
The following confirms that the pattern in Table 2 holds for all n.

Theorem 1.1. Forn € N, it holds that
ann = 2F,. (1.3)
We shall use Theorem 1.1 to establish a general formula for ay,, for each pair (k,n) € N2,

Theorem 1.2. It holds that

Frio+1, if k=1,¢4>0;
k— Vi ; .
Uk fore = {2 Zi:o? (f)Fk*i + 2(1451) + ijl (Z—j—&-k)? ifk>2020;
Fitera, ifk>2-k<?<0.

Example 1.3. Let k =4 and ¢ = 6. Table 1 gives us a4 190 = 116, whereas Theorem 1.2 gives

22 <6> he 2@ " jﬁl <10j— j)
(G (o (0)5) 0 ) -
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As a corollary of Theorem 1.2, we obtain a more general identity than the one in
Theorem 1.1.

Theorem 1.4. For £ >0 and k > £ + 2, we have
ag ke = 2Fp .

Our paper is structured as follows: Section 2 proves Theorem 1.1, and Section 3 uses
Theorem 1.1 and properties of iterated partial sums to prove Theorem 1.2.

2. THE SEQUENCE (ap 5 )n>1

We shall present two proofs of Theorem 1.1. The first uses bijective maps, and the second
uses the two well-known formulas:

n . 1
g <Z> = <n+ > for n,m € N, and (2.1)
m m+1

i=m

/2l
Z ( k‘ > = Fyy1 forn > 0. (2.2)
k=0

Bijective proof of Theorem 1.1. Since ai1 = a2 = 2, it suffices to show that a,11,41 =
ann + @p—1n—1 for n > 2. Consider the following map ¥y : A,y -1 — Api1n41 defined as
Ui (F) = (F+1)U{n+1}.

Then W is well-defined because U1 (0) = {n+ 1} € Ayi1 041, and if F # 0,
minV(F) = minF+1 > |F|+1 = |U(F)|] > [V1(F)] -1 = wpt1(V1(F)). (2.3)
Furthermore, ¥;(F') is clearly one-to-one.
Define the following map Uy : Ay, p — Aptin+1\V1(An—1n-1) as
F, if e SNMAX,
Uy(F) = . MAX
(F\{n})U{n+1}, ifFeS \{0}.
We show that Wy is well-defined. Obviously, ¥o(A,n) C Aptint1. Let us show that
\IIQ(An’n) N \Ill(.Anfl’nfl) = (. Pick F € An,n-
Case 1: If F € SNMAX then Wy(F) = F and n+ 1 ¢ Ws(F), so Uo(F) ¢ V1 (Ap_15-1)-
Case 2: If F € SMAX\{(}, then (1.2) implies that n € F. That F contains n > 2 and
F € SMAX imply that |F| > 2. Therefore,
|Wo(F)| = |F| = minF = min Us(F). (2.4)

Suppose, for a contradiction, that there exists G € A,,_1 ,—1 such that ¥(G) = VUy(F). By
(2.4), minV(G) = |¥1(G)|. It follows from (2.3) that minG = |G|. By (1.2), we must
have n —1 € G. Hence, n € ¥1(G), contradicting that n ¢ Wa(F). We have shown that
\I’Q(An,n) N \Ijl(An—l,n—l) =0.

Furthermore, ¥y is one-to-one. Indeed, suppose that Wo(Fy) = Uy (Fy). If n+1 ¢ Wo(Fy) =
Wy (Fy), then by the definition of Wy, we have

F, = \IJQ(Fl) = \I/2<F2) = F5.

If n+1 € Uy(F)) = Uy(F), then Fy, Fy € SMAX\{0}, so (1.2) implies that n € Fy N Fy.
Therefore, Uo(Fy) = Wo(Fy) guarantees that F} = Fb.
Finally, we show that Wy is surjective. Take a nonempty F € A1 n+1\V1(An—1n-1).
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Case 1: F € SNMAX Then n + 1 ¢ F because otherwise, ¥1(F\{n + 1} — 1) = F. By
(1.2), F € SNMAX "0 Uy(F) = F.

Case 2: F € SMAX Thenn+1€ F. Let E = (F\{n+1})U{n}. It follows that |F| > |E|.
Note that F' ¢ ¥i(A,,—1 1) implies that F' # {n + 1}. Hence, |F'| > 2 and so,

mnE = minF > [F|—-1 > |E|-1 = wy(E).

Therefore, E' € A, . To show that Wy(E) = F, it remains to verify that n ¢ F. Suppose
otherwise, i.e., n € F. Let H = F\{n+ 1} — 1. We have

minH = minF -1 > w1 (F)—1 = |F|-2 = |H| -1 = wy,_1(H).
Hence, F = ¥ (H) € ¥(Ap—1,n—1), a contradiction. This completes our proof. O

Alternative proof of Theorem 1.1. For n € N, we build a set A C {1,...,n} with
min A > w, (A4).

If n ¢ A, then w,(A) = |A]. Set k = minA € {1,...,n — 1}. For each such k, the set
A\{k} Cc{k+1,k+2,...,n—1}. Since k > |A|, |A\{k}| < k — 2. Hence, the number of sets
Aec A, withn ¢ Ais

n—1k

~xx ()

If n € A, then w,(A) = |A| — 1. Set kK = minA € {1,...,n}. For each k # n, the set
A\{k,n} is a subset of {k + 1,k +2,...,n — 1} and has size

A\{k,n}| = |4 -2 = (J4]-1)—-1 < k—1.

Hence, the number of sets A € A, ,, with n € A and A # {n} is also c.
If we include the empty set and {n}, we obtain

It suffices to show that

Exchanging the order of the double sum and using (2.1) and (2.2), we have

SRR ()R

k=1 j=0 §=0 k=j+2 j=0
_ L(n=3)/2] (n 9 j) _ L(n—1)/2] < 1 ]>
o Jj+1 e J
= F, -1,
as desired. 0
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3. THE TABLE (akn)kn>1

The goal of this section is to prove Theorem 1.2, giving formulas to compute ay,,, for any
(k,n) € N2. We shall describe the proof idea for Theorem 1.2 after proving the next proposition
and introducing the partial sum operators.

Proposition 3.1. For n > max{k,2}, we have
agn = Okn—1 +ak71,n72- (31)
Proof. 1t is obvious from the definition of Ay, that Aj,_1 C Ag,. It suffices to show
that there is a bijective map between Ay ,,\Agn—1 and Ap_1,-2. To do so, we define ¥ :
Ak—l,n—Q — -Ak,n\-Ak,n—l as
U(F) := (F+1)U{n}.
We check that ¥ is well-defined. Let F' € Aj_;,—2 and E = U(F). If F = (), then
E ={n} € A\ Ak n_1. If F # 0, we have max E = n and
mnFE = minF+1 > we 1(F)+1 = we(F+1)+1 = wx(F+1)U{n}) = wi(E).

Thus, ¥ is well-defined.
Clearly, W is injective. Let us verify that ¥ is surjective. Pick E € Ay, \Agn—1. Then
n € E. Let F = E\{n} — 1. We claim that F' € Ay_1,_2. Indeed, if E = {n}, then F = (. If
{n} C E, then
max F' = maxE\{n} -1 < n—-1-1 = n—2.

Furthermore,
mnF = mnE—1 > wp(EF)—1 = wp(F+1)U{n}) -1 = wp(F+1) = wp_1(F).
This completes the proof. O

Next, we collect useful properties of iterated partial sums of a sequence. Given a sequence
(an)5, and a number b, the partial sum operator P, produces the sequence (a;,)%, defined
as follows:

apy, = b, af = b+ap, dy = b+ap+a,

In general,

n—1
Py((an)nzg) = (a; =b+ Z ai)
i=0

o
n=0»

Boy_y (- Poy (P ((an)nZo)))-

Here, (5 ,)n20 = (an)pZo- In the special case that s consists of only 0, the sequence (£, )n>0

n=0

Fix a sequence s = (b, );2 and let (¢} ) for k > 0, denote the sequence

is what is known as the k-partial sum of (an)ns0, which shall be denoted by P®((an)n>0),
and its mth term is denoted by P%¥)((ay,)n=0)(m). As a result,

P(k)((an)n>0)(m) =t} for allm > 0.

We are ready to describe the proof idea for Theorem 1.2. The most technical case is when
k> 2and ¢ > 0. When ¢ =0, Theorem 1.1 gives

g ke = akr = 2Fk.
Let us focus on when ¢ > 0. Proposition 3.1 states that

Ok k40 = O k+0—1 T Qk—1 k+0—2-
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Hence, (ak k+¢)e=0 18 Pay, , ((ak—1k—14n)n>0). For example, it is readily checked that (a3 n)n>3
is Py 5 ((a2,24n)n>0). Applying Proposition 3.1 repeatedly, we obtain that

o Paz 2((a1,1+n)n20)
.. P

(ak,k+Z)Z>0 = Pak,kpakfl,kfl ’ ,
ag’z((Fn+2 + 1)”20)

P, P

ap et ag—1k-1"

Therefore, to compute (a k+¢)e=0, we shall equivalently compute

P, P

ap,kt ap—1,k—1"

o PaQ,z((Fn-i-? + 1)TL20)7

which is a slight modification of the partial sums of the Fibonacci numbers

PoPy- - Py(Fo)nz0) = P¥ " V((Fu)nz0)-
k—1

But PV ((F,)ns0) is well-known from [6, Theorem 1.3], which states that

/-1 .
PP ((F)ns0)(0) = o for k, ¢ > 0. (3.2)
0 j;o (E —1—75+ k)

The above observations suggest that we should transform Py, , Po, ;- Py o (Fry2 +
1)ps0) into PR~V ((F,)ps0). The next few results serve this goal: Lemma 3.2 connects
Py Pop iy Pay,and PoPy--- Py = P*=1) whereas Lemma 3.3 connects P(kfl)((Fmrg +
k—1
1)n>0) and P(k_l)((Fn+2)n20)'
Back to the notation introduced above, let s; consist of only 0 and sy = (by)n>0. Our
following lemma compares, for each k € N, the two sequences (&', )n>0 and (¢2,)n>0. The

proof is standard, using double induction.

Lemma 3.2. Let k > 0 and let sy consist of only 0 and sy = (by)n>0. Then

k—1
tZ?n — tZln = Z (?) br_1_; for alln > 0. (3.3)
i=0

Proof. We prove by induction on k. For the base case, (3.3) clearly holds for & € {0,1}.
Suppose that (3.3) holds for all £ < j for some j > 1. We shall show that (3.3) holds for
k = j+ 1. To do so, we proceed by induction on n > 0, given that £k = j + 1 and that (3.3)
holds for all k£ < j. For the base case, by definitions, we have

j
0
0= o = b =0 = b =) :<i>bj—z‘;
=0

hence, (3.3) is true for K = j + 1 and n = 0. Assume that (3.3) is true for £k = j 4+ 1 and all
n < £ for some ¢ > 0. We show that (3.3) is true for k = j + 1 and n = £ + 1. Indeed, by the
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two inductive hypotheses, we have

t;i—l,é+1 - t;}i-l,l—&-l = <t]+1 1 ) ( et >
= (8- Bhe) + (82 —tsl)
J Jj—1
E (o E (e
i=0 i=0
Ny (e
= Z b]—i + Z . b]—z
= — \! 1
7 0 0 I 0+1
B () () - 5T
This completes our proof. O

Lemma 3.3. Fiz k > 0 and a sequence (an)n>0. Then
P®) ((an + Dnso)(m) — PP ((an)ns0)(m) = (7;) for allm > 0. (3.4)

Proof. We prove by induction on k. Base case: (3.4) is clearly true when k = 0. Inductive
hypothesis: assume that (3.4) holds for k£ < ¢ for some ¢ > 0. We show that (3.4) holds for
k=0+1, e,

PED (a4 1)ns0)(m) — P ((ag)nso)(m) = <€T1> for all m > 0. (3.5)

To do so, we induct on m. For m = 0, both sides of (3 5) are equal to 0. Inductive hypothesis:
suppose that (3.5) is true for all m < s for some s > 0. We have

P ((an + Dnzo)(s + 1) = PV ((an)nz0) (s + 1)
= (P ((an + Dnz0)(s) + P ((an + Dnz0)(s))
— (PY D ((an)nz0)(s) + PY((an)nz0)(s))
(P ((an + Dnzo)(s) — PUHD (( n)n>0)(s))
+ (PY((an + Dnz0)(s) = PY((an)nz0)(s))
() () - C1)
This completes our proof. O

The proof of the following lemma is similar to those of Lemmas 3.2 and 3.3, so we move the
proof to the appendix.

Lemma 3.4. For all k,¢ > 0, we have
PO ((Fri2)nz0) () = PY((Fa)nz0)(0) + PO ((Fu)nz0) (€ + 1). (3.6)
The following easy observation shall be used in due course.

Proposition 3.5. For k > n € N, we have

Ak = Fpi1 for k> n.
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Proof. For k > n, we have

apn = |Aknl = {EeS8® . E=0or max E < n}|
= {EcC{L,2,....n} : E=0or minE > wi(E)}|
= {Ec{l,2,....n} : E=0or minE > |E|}|

Fn+17

where the last equality follows from [5, Theorem 1]. O

Proof of Theorem 1.2. We consider the three cases in the theorem.
When k=1 and £ > 0,

A114e = {0JU{EeN : E#0), maxE<1+/¢, and min E > w(E)}.
Hence, for a nonempty set ' € A; 14¢, 1 € E implies that
1 = minE > wi(F) = |E|-1,
which gives |E| < 2. Therefore, 1 € E implies that £ = {1}. We can write A; 14 as

{yu{{1}}U{E c{1,2,...,1+¢} : E# 0 and minE > |E|}
={{1}}Ju{ECc{1,2,...,1+¢} : E=0or minE > |E|}.

We use [5, Theorem 1] to obtain |Aj 14¢| = Fryo + 1.
When k£ > 2 and -k < £ <0, that ay ¢ = Fjy¢41 follows from Proposition 3.5.
When k£ > 2 and £ > 0, we apply Lemma 3.2 with

S2 = (ar42,042)e>0,
(721000 = (akx+e)e=0 (due to Proposition 3.1),
(B0 = (PR ((a1,141)520) () ez0,
to obtain
=
apgre — PP D ((ar541)520)(0) = (Z>aku“ (3.7)
i=0

By Theorem 1.1 and Proposition 3.5, we can write (3.7) as

k—

l
arise = PO (Fa+ D00 = 23 ()P
=0

[\

Using Lemma 3.3, we arrive at

o
[\

I 12
Ak fre = 2 <Z> Fi + (k - 1> + PED((Fjy0)20)(0),

s
I
<)
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which, due to Lemma 3.4 and then (3.2), gives

M

l _ _
ovase = 23 (1) A+ (1) + PEDE00 + PEIE) 0+ 1)
1=0
k—2 / / /-1 ] ¢ ]
= 2 Fy_;
UL (YRS S CRPSFITN KD (RSN
=0 7=0 =0
k—2 (-1
l l j+1
= 2 Frp_;+2
Z(z) ki (k—1>+ : <€—1—j+k>
=0 7=0
k—2 ¢ )
1 ¢ J
=2y (a0 )2 (1L,
—\i k—1 ot C—3+k
as desired. 0O
Proof of Theorem 1.4. The proof follows immediately from Theorem 1.2 and the identity
N
> <)Fk = Fpyforall£>0and k> /(+2, (3.8)
i
i=0
which we prove in the appendix. O

4. APPENDIX

Proof of (1.2). For k < 1, let
A:={FeN:E=0or minE > w(F)} and
B = SNMAX y(E e SMAX . k¢ E}.
We shall show that A = B. Let us rewrite A = A; U Ay, where
A1 = {EFeN:ke€FEand minFE > |[E| — 1} and
Ay = {E€eN: (k¢ FEand minE > |E|) or E = 0}.
First, we show A C B. Pick F in A;. If F € SMAX then F € {E ¢ SMAX . k¢ E} C B.
If F e SNMAX “then F € B by definition. Hence, A; C B. Furthermore, A; is a subset of

SNMAX " Therefore, A = A; U Ay C B.
Next, we prove that B C A by writing

SNMAX — (B e N :minE > |E| or E =0}
= {EeN: (k¢ Eand minFE > |E|) or E = 0}
U{FeN: :ke€Fand minE > |E|},
which is clearly in A; U Ay. Moreover,
(EcSMAX . kcE} = {E€N : k€ Eand minE = |E[} C Aj.

Therefore, B C A, which completes our proof. O
Proof of Lemma 3.4. First, we induct on k: for £ > 0, we have

P(O)((Fn+2)n>0)(€) = F€+2

PO((Fa)nz0)(0) + PO((Fa)uz0) (U +1) = Fr+ Fr = Frpa
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Hence, (3.6) holds for k£ = 0. Inductive hypothesis: suppose that (3.6) is true for k£ > 0. We
show that it is true for k + 1, i.e.,

PED((Frya)uzo) () = PED((Fo)zo)(€) + PETD((Fo)so) (€4 1) for all €2 0. (4.1)

We induct on ¢. Clearly, (4.1) is true for £ = 0, because then both sides are 0. Inductive
hypothesis: suppose that (4.1) holds for some ¢ > 0. By the inductive hypotheses, we write

PEID(Fuy2)nz0)(C+1) = PED((Foi2)nz0)(€) + PO ((Fui2)nzo)(0)
(PEFD((Fa)nz0)(8) + PETD(Fa)nz0) (€ + 1))+
(PY((Fo)nz0)(0) + P(k)((F Jnz0)(£ +1))
(PYHD((Fo)nz0) () + P ((Fu)nz0) (0))+
(PYFD((Fo)nz0) (€ + 1) + PY((Fr)nz0) (€ + 1))
PED((Fo)nz0) (€ + 1) + PEFD((F,)nz0) (£ +2),
which finishes our proof of (4.1). O

Proof of (3.8). We prove by induction on /. Base case: (3.8) clearly holds for ¢ = 0. Inductive
hypothesis: suppose that (3.8) holds for some ¢ > 0. We show that it holds for £+ 1. We have

41
{+1 (+1
Z;( ; >sz=Fk+sz1+Z( )sz
Fk+Fk£1+Z(>sz+Z< )sz

=1
)4
= Z<>Fk HrZ()Fk; 1-i
=0
)4 ¢ ¢
l l l
- (2 (a3 ()F) o> ()
=0 =0 =0
Ny
=) ;) Feri=i = Fetiee,
i=0
where the last equality is due to the inductive hypothesis. This completes our proof. ([
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