A NEW CLASSIFICATION OF THE KAPREKAR NUMBERS

HARUO IWASAKI

ABSTRACT. Five sets of Kaprekar numbers are exhibited. A nonzero n-digit number is shown
to be a Kaprekar number if and only if it is a member of one of the given sets. Our result
gives a new classification of the Kaprekar numbers.

1. INTRODUCTION

Let D), be the set of n-digit nonnegative integers and set D = J;° , D, (Do = {0}). There
is more than one notion of a ‘Kaprekar number’. Let us make clear what we mean.

Definition 1.1. Given a member o = a1 - - - ayn, of D, reordering aq, . .., a, in descending order,
if mecessary, we obtain apr, and reversing the order of the digits of the latter, we obtain «af,.
Let f(a) = apy — ap. The mapping f from D to itself is called the Kaprekar transformation.
A nonzero member o of D such that f(«) = « is called a Kaprekar number.

For example, f(6174) = 7641 — 1467 = 6174. D. R. Kaprekar [2] noticed that any member
a of Dy is sent to, by successive applications of the Kaprekar transformation, either 0 or 6174.
A similar phenomenon is observed for D3, where the role played by 6174 in Dy is replaced by
495.

Definition 1.2. A Kaprekar number k in D, is called a Kaprekar constant if any member of
D, is sent to, by successive applications of Kaprekar transformation, either O or k.

Prichett, et al. [3] showed that 6174 and 495 are the only Kaprekar constants. Meanwhile,
Hirata [1] found, by computation, 257 Kaprekar numbers less than or equal to 103!,

In this paper, we present five sets of mutually disjoint Kaprekar numbers, T, 15, 13, Ty,
and 75, and show that T = U751:1 T, is the set of all the Kaprekar numbers. Meanwhile,
the paper by Prichett, et al. [3] contains a proof showing that certain classes, A, B, C, and
D, of sets of numbers give rise to a complete classification of the Kaprekar numbers. (The
definitions of the latter classes shall be given later.) Our result, however, is explicit and gives
a simple method to obtain all the Kaprekar numbers in a given D,,. Our result also provides
a proof for the nonexistence of Kaprekar constants except 6174 and 495. We shall show that
our classification of the Kaprekar numbers and the classification due to Prichett, et al. [3] are

equivalent.

2. FIVE SETS OF KAPREKAR NUMBERS

Every member of D; is sent to 0 by the Kaprekar transformation. A member « of Dy is
equal to aps or ay, hence f(a) = « implies that & = 0. Therefore, the set Dy contains no
Kaprekar number. Therefore, for our purpose of finding Kaprekar numbers in D,,, we may
assume that n > 3.
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Definition 2.1.
(1) T = {f(Ozl . -Oél); xr1 € N} (Oq = 495)

(2) Ty = {f(6174 a2+~ an); ys € NU{0}} (as = 36)

Y2

3) 13 = ; €N, e NU{0 = 123456789
(3) Ts ={f(az---azaz- ag); 23 Y3 {0}} (a3 )

3 Y3

(4) Ta={f(ag--azaz - agar oy aq---oq); 241,242 € N} (ag = 27)
S—_————— —
T4,1 T4,2 2142 34,2

5) T = Qs Q506 QA3 Q309 Q9); T5.1,T592 € N, , € NU{0}} (a5 =
(5) Ts = {f(as 5 Ol 603 300 2); Z5.1,T52 Ys.1,Y5,2 {0}} (a5

5,1 5,2 Ys,1 Y5,2

124578, ag = 09)

To see that the elements of 77 are Kaprekar numbers, we set o = a7 ---a3. We have
N——

1
apy = 9---95---54---4 and f(a) = 5---549---94---45. We see that the numbers of
S —— —— — =
x X1 X1 r1—1 1 x1—1
the digits appearing in f(«) and a)s are the same. This implies that f(«) = a. The same
argument applies to show that the elements of T, T3, Ty and T5 are Kaprekar numbers.

The least digit appearing in « € T3 is 4. For members of T5, T3, and T}, the least digit is
1. The members of 75 have least digit 0. The maximum digit in a member of 75 is 7, whereas
11, Ty, Ty, and T all have a maximum digit of 9. For the members of T3, the number of 9
digits does not exceed that of 6, whereas the number of 9 digits in 7y exceeds that of the digit
6. Hence, the sets 11, T, T3, Ty, and T5 are mutually disjoint.

3. THE CLASSIFICATION BY PRICHETT, ET AL.

Suppose we have a € D,, (n > 3). Let us write apy = b,---by and ap = ¢, ---¢1 and
suppose that aps > ar. We then have f(a) = ay —ap = a1---ah9---9ca) ---a} (k € N,
l
leNU{0}); a1 +a; =10,a;+a, =9 (2<i<k),b+c=8 a1 >-->ap>b andif k> 2,
c>ap > > ah.

Following Prichett, et al. [3], we set n = 2r + 6 (6 = 0,1). Let us write d,, = b, — ¢y,
ooy dp = by — ¢ and d(a) = dy, ---d,. For instance, if o« = 6174, we have n = 4, r = 2,
and d(a) = 62; whereas, for = 495 we have n = 3, r = 1, and d(8) = 5. As Prichett, et
al. point out, f(«) is readily obtained from d(«). They also proved that an element o € D
is a Kaprekar number if and only if the corresponding d(«) belongs to one of four classes
described below.

For a given member of D,, (n = 2r+J) and a digita (¢ =0,1,2,3,4,5,6,7,8,9), we denote

by I, the number of a’s appearing in the given member of D,,. We consider the following
classes, A, B, C, and D.
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Ailg=lg=1ls=1o=2lg+0,l7 =15 =11, log =0 if and only if [y = 0, lg, I1, or J is nonzero.
B: l9:l1:0, 162187 l7:2l3, l4:l2:l3+l8, l5:l3750, and loZlg+(lg—5)/2.

C: ZGZZQ = 1, li =0 (i7é2,3,6), and 0 = 0.

D:ls=2lp+0,l; =0 (i#0,5), ly, or J is nonzero.

The original paper by Prichett, et al. [3] contained errors with regard to B; the above is
the version corrected by the referee. We added ‘#’ following 5 = I3 in the definition for B to
avoid A and B sharing elements. If an element « in B satisfies, instead of I5 = I3 # 0, the
requirement Is = I3 = 0, we must have I; =0, lg =11 =0, Iy = ly = lg = lg = 2lp + 6§, and
furthermore, I7 = l5 = I = 0. In addition, if [y = § = 0, we end up having I; = 0 for all
1=0,1,2,3,4,5,6,7,8,9, which is impossible. Thus, if the condition I5 = I3 > 0 is left as in

the original, the specific case of l5 = l3 = 0 for a in B implies that at least one of [y and §
must be nonzero, thus, o € A.

Theorem 3.1. Let a be a member of Dy, (n > 3). The digit « is a Kaprekar number if and
only if it belongs to one of T; (1 <i < 5).
Proof. Because we have already shown that every member of T; (1 < i < 5) is a Kaprekar
number, it is enough to show that every member of the A, B, C, and D belongs to one of the
latter T; (1 < i <5).

Let us denote a = ay ---a, of D,, withn=2r+4, (6 =0,1), and & =a; - - - a,.

We begin by computing, for each member « of the above T;, its d(a).

(1) a= f(ar---a1) € T1, oy =495, and =z € N. We have n = 3z.

———

(1-1) = 22’. We then have r = 32’ and 6 = 0.

ay =9---95--+5, ar, = 4---45---5. Hence, for a € T} in the present case, we have

\-VJ\Y-j —— /
d(a)=5---50

(1-2) x =22"+1,r=32', 6 =1, and 2/ > 0.

We have, for € T7 in the latter case, d(a) =5---50---0.

x x!
2) a= f(61T4dag---a9) € Th, ap = 36, and y € NU{0}. We have n =4+ 2y, r =2+ 1y,
(2) f( 2 ag) € T, o y {0} y y

Y
and § = 0.

ay =766, ar, =13---34, therefore, for o € Ty, we have d(a) =63---32.
—— —— —

y+1 y Yy
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(3) a = flag---agas---ag) € T3, ag = 123456789, = € N, and y € NU{0}. We have
S ——
z y
n = 9z + 2y.
(3-1) 2 = 22" and r = 92" + y.

ay=9---98---87---76---65---5anda; =1---12.--23..-34..-45...5.
e e N e N e e e
T x x r+y x! x T T+y x x’!

Therefore, for oo € T3 in the present case, we have

dla)=8---86---64---43---32---20---0.
x T x Y x x’

B32)x=22"+1,r=92"4+4+y,n=2r+4,and § = 1.

ay=9---98---87---76---65---5and a; =1---12--.23...34..-45---5.
S~ NN NN N N e e N
T x x T4y x! T T T+y x x!
Therefore, for oo € T3 in the present case, we have
dla)=8---86---64---43---32---20---0.
D e

x T T Y x x’
(4) a = flag-razao--aoar-~ajaq---ay) € Ty and ay = 27,271,209 € N. We have
—— —— —— ——
x To 2o 3x2
n =9z, + 14x9 = 2r + 4.
(4-1) xy = 22 and r = 92 + Tz,

ay=9---98.--87---76---65---5andar,=1---12...23..-34---45...5.
N e e S~ N N
z1+2r2 1 @1+3x2 Ti+T2 o) 4o z1  x1+3z2 T1+T2 14222 o) +xo
Therefore, for oo € T in the present case, we have
dla)=8---87---76---65---54---43---32---20---0.
A e e e e

T1 2o 1 r2  x1tE2 T2 T1+T2 o)+

(4-2) x1 =227+ 1, n=2r +1, and r = 92 + Tzo + 4.

ay=9---98---87---76---65---5.
N e
z1+2z2 @1 w1+3T2 T14+T2 2+
ar=1---12---23---34---45---5.
S~ Y N N N
1  x1+3x2 T14+x2 x1+272 x’1+mg

Therefore, for oo € T4 in the present case, we have

dla)=8---87---76---65---54---43---32---20---0.

1 2x2 T T2 T1tT2 T2 T1tT2 af+taa
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(5) a= flas---asas - agaz---azag---ag) € Ty, as = 124578, ag = 09, x1,x2 € N, and
—_—— —— ————
1 xr2 Y1 Y2
Y1, Y2 GNU{O}.
We have n = 6x1 + 2x9 + y1 + 2y2 = 2(3x1 + w2 + 4y1 +y2) + y1 = 2r + 9.
(5-1) y1 = 294, r = 31 + @2 + 4y1 + y2 + ¥}, and § = 0.

oy =9---98-.-87---76---65---5.
N = N e N N~
z2tyr T1tyr Tty Yityz @4y
ar,=0---01---12-.-23---34---45---5.
e S N —
r2  T1ityr Tty yity2 Tyl oy
Therefore, for oo € T5 in the present case, we have
da)=9---98---87---76---65---54---43---32---21---10---0.
vvvvvvvvvv

z2 Y1 1 Y1 z1 Y1 Y2 Y1 1 yh

(5-2) y1 =2y; + 1 and r = 321 + 22 x 4y1 + y2 + Y| +4.

ay=9---98---87---76---65---5.
—— T N N —
T2yl Tit+yr Tityr Yityz x4y
or=0---01---12-..23...34---45...5.
N S S N N N~
z2 Tty Tty yity2 Tty oy
Therefore, for oo € T in the present case, we have
da)=9---98---87---76---65---54---43---32---21---10---0.
Vvvvvvvvv\f

z2 Y1 x1 Y1 z1 Y1 CP] Y1 x1 Yy

Now, we show that every member belonging to one of A, B, C, or D is contained in one of
Tla T27 T37 T47 or T5'

(a) @ € A. We have three cases: (a-1), (a-2), and (a-3).
(a-1) lp # 0. In this case, we have [ =l =1y =lo =2lp+ 6 =z # 0. Let lp = 2.
Then an element « of A of the latter case (a-1), with

dla) =8---86---64---43---32---20---0 (y € NU{0}) is an element of Ts.
N N N~
x T T Y x z’

(a-2) 13 # 0. In this case, we have lg # 0, Iy =15 =11, and lg = lg = Iy = lo = 2]y + 0.

Let Iy = 1, lg = o, and lg = lg = Iy = lo = 21y + 6 = y1, lp = v}, and I3 = y2. We then
have y; = 2y} + ¢ and z1,22 € N, and y1, 4}, y2 € NU{0}. The element o € A with

dla)=9---98---87---76---65---54---43---32---21---10---0
N N e e N N e o N N —

T2 Y1 1 Y1 T1 Y1 Y2 Y1 1 yh
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belongs to T5.

(a-3) 0 # 0. Because we have already addressed the cases [y # 0 and 1 # 0, we may assume
thatl():llzo. Wenowhavelg:l6:l4:lgz(5:1,l7:l5:h:O,andlongzo.
Hence, the element a = f(a3) € Ts.

Therefore, we have A C T3 U T5.

(b) a € B. From the definition of B and the computations in (4) above, we have a € T.
(¢) a € C. We have a € Tb.

(d) « € D. We have a € T.

Hence, every member of A, B, C, and D is contained in one of Ty, Ty, 13, Ty, and T5.
Therefore, a member « of D,, (n > 3) is a Kaprekar number if and only if it belongs to one of
T; (1 <i<5). O

4. KAPREKAR NUMBERS IN D,
Let the set of Kaprekar numbers of degree n be denoted by K,. We have shown that
Ky =Ky =0 and K3 ={495}. Forn >4, K, =D, NT (T = U1§i§5Ti)'
For the sake of simplicity, let

ml(xl) = f(a1 e al) (041 = 495).
x1
K = f(61l7day- -« oy = 36).
2(y2) = f( 2 ag) (a2 )
Y2
k3(zs, = flasg---agay - az) (az3 = 123456789).
3(3y3) f(s 3 Q2 2)(3 )
x3 Y3
H4($471,{L'4’2) = f(ag 3ty (X Oy vt a4) (044 = 27).
——— ——— —— — —
4,1 4,2 2x4.0 3T42
k5(25,1, 5.2, Y5,1,Ys5,2) = flas---asap---agaz---azan---ag) (a5 = 124578 and ag = 09).
——— —— —— — —
5,1 5,2 Ys5,1 Y5,2

We have

T; = {ki(z1); =1 € N}.

Ty = {r2(y2); y2 € NU{O}}.

T5 = {r3(w3,y3); v3 €N, y3 € NU{0}}.

Ty = {ka(za1,742); Ta1,742 € N}
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Ts = {ks(x5,1,252,Y51,Y5,2); 51,252 € N, y51,y52 € NU{0}}.

To obtain the members of K, (n > 4), we look at the degrees of ki(x1), ...,
k5(5,1, 25,2, Y51, Ys5,2) and solve the following set of Diophantine equations.

3z (z1 € N) or
4+ 2y (y2 e NU{0}) or
n = < 9x3 + 2y3 (xz3 € N,y3 € NU{0}) or (4.1)
9241 + 14x4 2 (x41,242 € N) or
65,1 + 2252 +9ys,1 +2ys52 (251,752 € N,y51,y52 € NU{0}).

For instance, the only solution of the above set of equations for n = 4isn =4+ 2 x 0.
Therefore, Ky = {6174}. Similarly, we have
K5 = @, K6 = {H1(2),/€2(1>}, K7 = @, and Kg = {/12(2>, KZ5(1, 1,0,0)}

For an even 8 + 2k (k > 0), we have Kgior > k2(2 + k), r5(1,1,0,k), and therefore,
Dy, (n > 2) may not have a Kaprekar constant. Consider Kop+1 (n > 4). Again, by exam-
ining equation (4.1), we have, Kg = {rk1(3),k3(1,0)}, K11 = {k3(1,1)}, K13 = {k3(1,2)}.
Furthermore, we have K15 = {k1(5),k3(1,3)} and for 2n + 1 with n = 8 + k and k > 0, we
have Kop41 3 k3(1,44+ k), k5(1,1+k,1,0). Hence, for all Dy, 11 (n > 2) except D11 and D3,
we note that Da, 1 contains no Kaprekar constant.

Consider the above exceptional cases. We note that an element of D11, a = 86420987532,
and an element 8 = 876532664322 of D13 satisfy f°(a) = a with f*(a) # a for k < 5; whereas
f2(B) = B with f(3) # B. Thus, a never reaches, by successive applications of the Kaprekar
transformation f, to x3(1,1), the only Kaprekar number in Dj1, which means that x3(1,1) is
not a Kaprekar constant. A similar proposition holds for £3(1,2) in Dy3. Therefore, our result
contains a verification of the result shown by Prichett, et al., namely, no Kaprekar constants
exist except for 495 and 6174.
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