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1. THE GENERALIZED STIRLING NUMBERS

In this section and in section 2 and 3 we will generalize the summation rule obtained by
L.C. Hsu [7], involving Stirling numbers of the second kind.

Given four real numbers a, b, « and § with a # 0 and  # 0, L.C. Hsu and H.Q. Yu [11],
L.C. Hsu and P.J. Shiue [9] defined the symmetric Stirling-type pairs ({a, b, o, 3)- pairs, for
short)

{s',s*} = {s*(n, k), s*(n, k)} = {s(n, k,a,b;a, B), 5(n, k, b, a; 3,a)}
as follows:
1+an? -1\ tn
1+ at) = (ﬁ) =Ky s (n, k), (1)
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((t+a)la), =D s'(n.k)((t +b)[B)r, (3)

k=0

((t+a)|B)n =Y s*(n, k)((t + a)|a)x, (4)
k=0

where (z|a), = z(z —a) - -+ (z — na + ). We can obtain various (a, b, «, 5)-pairs if a,b, « and
[ are various real numbers. We now list some of them below.

Let {Z] and { Z } denote the ordinary Stirling numbers of both kinds, respectively. Then

(—1)ntk {Z] and { " } form the (0, 0; 1, 0)-pair and satisfy the following relations

k
(0= 3o 3] 5

k=0

r=> {1} )

k=0
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The degenerate Stirling numbers s;i(n, k|f) and s(n,k|0) in [1] form the (0,0; 1, #)-pair
and satisfy

n

(D = S (=1)" 51 (1, k10) (E[6), (7)
k=0
(110} = 3 s(n. HO) (D). (8)
k=0

The weighted Stirling numbers Rj(n,k,A\) and Ra(n,k,\) in [2,3] form the (—\,0;1,0)-

pair and satisfy
n

k=0
= iRQ(n, ko A)(E — g (10)
k=0

The non-central Stirling numbers S, (n, k) and s,(n, k) in [10] form the (0, —a; 1, 0)-pair
and satisfy

n

(B =Y _ saln, k)(t — a)*, (11)
(t - a)n = Z Sa(na k)(t)k (12)
k=0

The weighted degenerate Stirling numbers si(n, k, A|f) and s(n,k, A|#) in [6] form the
(0, \; 1, 0)-pair and satisfy

n

(D = S (=) sy (ke (0 + 0)[) (¢ + V)]0 (13)
k=0
(4 N[0 = 3 sk, A6) (D). (14)
k=0

In addition, there are many generalized Stirling numbers that are not unified by (1) and
(2), for example:

For any fixed real number a consider the Dickson polynomial D, (¢,a) of degree n > 1
defined by

[n/2] .
2: no(n—t iyn—2i
Dn(taa): n—z( i )(—(Z)t 27

=0

where Dq(t,a) = 2 for all real ¢ and a.
In [8], the Dickson-Stirling numbers of the first and second kinds, s(n, k;a) and S(n, k;a)

respectively were defined by
n

(t_a)n = Zs(nvk;a)(Dk(t7a> _Ck)7 (15)

k=0

195



A GENERALIZED SUMMATION RULE RELATED TO STIRLING NUMBERS

Dy(t,a) —cn = Y _ S(n,k;a)(t — a)g, (16)
k=0

where ¢g = 1 and ¢, = 0 for & > 1.

Here we cannot list Stirling numbers of all kinds. We now discuss some identities related
to the above Stirling numbers. Actually, the following rules can be used for other Stirling
numbers that satisfy the inverse relations (3)-(16).

2. SOME IDENTITIES ASSOCIATED WITH THE
STIRLING NUMBERS

In [14], the following identities were obtained from (5) and (6)

n n

>{zho-S iz e e -oa-os o

j=i j=i k=0
Sy [P ] g gy [P =L 0 = i) (18)
NP U R R LT
Similarly, from (3) and (4), we have
((t+a)|a)i((t+b—ia)|B)noi = > _s*(n—1i,j —i)((t+ a)|a);

o ' (19)
=Yg )Y G R DI
and B B
((t+ DBt +a = iB)a)us = 3 s (=i = i)((t+ DIB),
o (20)

=Y st =i = )Y SG R+ @)

k=0

Clearly, (17) and (18) are special cases of (20) and (19) with a = b = a = 0,5 = 1,
respectively. By (7)-(16), we have the following identities in a similar way.
(it = DO)u—i =Y _ s(n—i,j—il0)(t);
j=i
(21)

J

=D sl —i,j = il6) } (1) s1(j, k|6) (t16)x.

k=0
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n

(#10)i(t = 0)n—s = Y (=1)"Ts1(n —i,j — il0)(¢]0);

j=i
j
—Z —1)"Isy(n —1i,5 —i|0) ng k|0)(t
k=0

(t— N)s(t — i)™ ZRgn—ZJ—z)\)(t—)\)]

] =1

j
—ZRgn—ZJ—z)\Z Y FRy(j, k, Mt*,

:Z s(n—i,j —i,\0) Z LG ks 3+ 0)]0) (£ + N)]0),
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((E+M)[0)i(t —i0)n—

_Z "TIsi(n =i, 5 — i, (A+0)0)((t + A)]6);
(28)
=N ()" si(n—i,j —i, (A +6)]6) Zs 3.k, NO) (¢
j=i k=0
(t — CL)Z'(Dn_Z'(t — 1, CL) - Cn—z’)
_§an—m )t - a),
(29)

:Zs(n —i,j—i;a) Y s(j,k;a)(Di(t,a) — cp).

k=0

3. THE GENERALIZED SUMMATION RULES

Theorem 1: Let F(n, k) be a bivariate function defined for integers n, k > 0. If
- k N
> r i) () = elnd) 20
k=j J
j
then for given m > ¢ > 0 we have the summation formula or the combinatorial identity

ank Z]{ 2} o(n,j). (30)

Proof:
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We now generalized (4)-(16) in [7] by (30).

n

kzzo(k:)i(k e jij! { Zl__f } (?i i)
(

=)
J=1 i ‘7 n_‘j ’
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[nz/%} _— <2k> <2:> (Rl Zf { " Zz'} (Qn; 2j> (D (42)

n

ST k)ilk — i)™ H), = Zy { ; __;} (?ii) (Hn+1 - j%) , (43)

k=0
Whererzl%—%—{---wl—% k> 1.

Theorem 2: Let (7) = (ZLL,)" and F'(n, k) be a bivariate function defined for integers n, k > 0.
If

ZF (““)a — G(n, j,a,a),

then for given m > i > 0 we have

Z F(n (k + “)a (k ;b__im)ﬁ - m Zéj!s?(m i —D)G(n,ya,q).  (44)

Proof:

n

Z Fn k) (k Jlr a)a (k: ;b__im)ﬁ

k=0
S k)Y i - (k4 a)la),
il(m Z)'kzo =

__ mszm—i j— . n,k)j hta
_i!(m—i)!; (m =, ),;OF( ’k)ﬂ( j >a

1 . L .
zm Zj!sz(m—z,j—Z)G(n,j,a,a). O

Let a = b= =0 and o = 1. Then formula (44) becomes (30) in Theorem 1. Let
a=>b=0and a = 1. It is readily seen that each of the formulas from (31) through (43) may

be generalized to the form in which (k); is replaced by ( ) (k—i)™ % by ( )ﬁ and { T]n__zl }

by msz(m — 14,7 —1i). For example, (31) may be replaced by

S, g em-a-a(). e

200



A GENERALIZED SUMMATION RULE RELATED TO STIRLING NUMBERS

In particular, for 5 = 0 and 6, (45) implies (31) and the following identity

2 () (o), o= (1)

k=0

where s(n, k|0) is the degenerate Stirling numbers in [1].
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