SOME RESULTS ON GENERALIZED FIBONACCI
AND LUCAS NUMBERS AND DEDEKIND SUMS

Feng-Zhen Zhao

Dalian University of Technology, 116024 Dalian, China

Tianming Wang
Dalian University of Technology, 116024 Dalian, China
(Submitted December 2001-Final Revision September 2003)

ABSTRACT

In this paper, by using the reciprocity formula of Dedekind sums and the properties of gen-
eralized Fibonacci and Lucas numbers, the authors investigate Dedekind sums for generalized
Fibonacci and Lucas numbers and generalize some conclusions of other authors.

1. INTRODUCTION

Recently, Dedekind sums for Fibonacci numbers were investigated and some meaningful
results were obtained (see [7]). In this paper, the authors will consider Dedekind sums for
generalized Fibonacci and Lucas numbers.

The Binet forms of generalized Fibonacci and Lucas numbers are:

a® — 671
a—p
where n > 0,a = (p++VA)/2,8 = (p—VA)/2,A = p> —4q > 0, and p and ¢ are integers with
pq # 0. Throughout this paper, we assume that p > 0. When n < 0, we define U,, = (—=1)"U_,

and V,, = (—1)"V_,,. It is well known that {U,,} and {V,,} satisfy the recurrence relation

Wito = pWyi1 — Wy, n>0. (1)
For p = —q¢ = 1,{U,} and {V,,} are the classical Fibonacci and Lucas sequences {F,} and

{L,}, respectively.
The Dedekind sum S(h,t) is defined by

so.0 -3 () ((4)): g

where t is a positive integer, h is an arbitrary integer, and

U, = and V,, =a" + 3",

r —[z] —1/2, if z is not an integer
@ ={; oot
, if  is an integer.

For various arithmetical properties of S(h,t), several articles have been written (see [1],
[4], and [6]). Regarding Dedekind sums and uniform distribution, Myerson [5] and Zheng
[8] have obtained some meaningful results. In [7], Zhang studied the distribution problem of
Dedekind sums for Fibonacci numbers F,, and obtained some interesting results. Zhang dis-
cussed the mean value distribution of S(F,,, F,,+1) and presented a sharper asymptotic formula
for > S(F,, Fyt1). Inspired by Zhang’s results, we decided to investigate Dedekind sums
for U,, and V,,. The principal purpose of this paper is to compute the values of S(U,,, U, +1) and
S(Vy, Viy1) for |g] = 1, by the reciprocity formula of Dedekind sums and properties of {U, }
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and {V,}. In the meantime, we present the sharper asymptotic formulas of >."" | S(Up,, Uy 41)
and 2:21 S(Vp, Vg1) when |q| = 1.

2. MAIN RESULTS

In this section, we state and prove the main results of this paper.

Theorem 1: Assume that ¢ = —1 and m is a positive integer. Then
S(U2m7 U2m+1) = 07 (3)
Uzm (-1 —2)
S(Uzm+1,Uzm+y2) = — , 4
Wamet Uamed) ==, 5 12y W
S(Vam, Vo 1) :_U2m+‘/2m71 n (p_1>(p_5) 1 ( /Yp) (5)
e 12pVorm 41 24p 12p
U2m ‘/Qm—}—l 1

S(Vams1, Vam
(Vam+1, Vome2) = 12pVoms1  12Vames  12Vapmit Vamao

+$+p1_23—(p_1211(§_5), (2 fp), (6)
iS(UmUn“) - % + _123)m - 24gz:+1 N 24a2m+11U2m+1
i+ 5.2 g, O () "
2§IS U Unir) = m (p=3)2m+1) U1 1
o o 6o 24 24Uzm12 242U 49
+ 24104 B 12pUUz2n;+2 + L 12)4(5 = + %ni_o:l a2”1U2n 0 (044%) ’ (8)
iS(Vn,VnH) - % o p—3m _123)m

1 A +1 1 1
0 —— 2
12\/_ Z a2"V2n 12\/_ Z a1V, + (a4m> » (24p).
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2m+1
iS(V V ):_(p_l)(p—5)+(p—3)(m+1)+i+m+ Usm, Vam+1
2 ny Vn+1 48p 12 6p 6ba 12pVormn 41 12Vap, 12

1 A—1

+ VAL
12V2m+1‘/2m+2 12\/Z n—1 042"‘/2n

oo

A+1 1 1
VA 2 Ty (&) @n. o

1 V2n+1

Proof: We can show that (U,,,Up+1) =1 (m > 1) by induction. From the reciprocity
formula of Dedekind sums (see [1]), we obtain

U2 +U2,,+1 1
S Un1) + U1, Um) = =5 — = -

By using (1) and (2), we get S(Up+1,Unm) = S(Upm—1,Uy,). Thus,

1 /U,,.— U, 1 1
(U Unni1) + S (U1, Un) = — < 1y Un ) 1z

12\ Up  Uns1 UnUpnst 12
o 1 Um—l Um—2 1 p 1
12U, Unmsr 120U 12pU,, 4 12 6p (11)
so that
Um—l 1 Um—2 1 p 1
S Um7 Um = —|S Umf 7Um — — — —
( )+ 120Up1 120, Upns1 { (U1, Um) + 12pUm] 1T e
1 1 Umf?)
= - S Um— 7Um—
12U Umrs  120mUm [ (U2 )+ 12U, —1
Hence,
Uspn— 1 1 1
S(Uam, Usmy1) + aml +

12pUspm 41 - 12U21,Uapn41 12U 1Usp  12Us, 29U 1

U() 1 p 1
-+t
12U, 4 12 6p

— et [S(Ul,Ug)-f—

120,U5
and

U2m 1 1 1

(U1, U _ _
(Va1 Uame2) + 12pUsm+y2 12U2pm4+1Uzmy2 1202, Uzt * 12U2p,—1Uam,

Uy
s fsnama ]
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From the definition of U,, we can prove that

- 1 1
amUp, o™ W1 UpUng1

(12)
On the other hand, S(U1,Us) = S(1,p) = % and Uy = 0. Therefore, we have (3) and
(4).

Using the same method for getting (3-4), and the formula S(V5,V1) = S(2,p) =

% (2 f p) in the meantime, we can show that (5) and (6) hold.

Summing both sides of (11), we obtain

> 18U, Uni1) + S(Un-1,Un)] =2 S(Un,Uns1) = SUp, Unm 1)
n=1 n=1

1/ U, Up—_1 1 pm
_122( + U, +UnUn+1> 4+12

1~ U, 1 — 1 Upn pm
_EZ +EZUnUn+1 12U _Z+ 12°

It follows from the definition of U,, that ", ;22— = L 5~ Unti —(Z1e)" - hep

n=1 Un+1 n=1 Un+1
= SUm,Uns1) 1 <& U, 1 & 1 Un (p—3)m
S(Up,Upyy) = =207 4 — — —
nz_:l ( +1) 2 T nz_:l Uney 24 nz_:l UnUniy  24Unes | 24
S(Up, U, -3 1 e (=1)nt! Upn, 1 & 1
_ ( +1)+m+(p )m+_z (TH-l) _ 4= '
2 120 24 12 = ant WUy yy 24Upy1 - 24 2= UpUppa

By (12), we have

. S, Un1) . m  (p=3)m  Upn | 1 s (-1
; (Un, Un41) = 2 " 12a 24 24U, 11 12Z

1 & 1 1
" 2 nz—:l <O‘nUn N O‘n+1Un+1) '

Due to ", anlU =3, ﬁ + 0 (=27 ), the equalities (7-8) hold.
Similarly, we can prove that (9) and (10) hold. O

Theorem 2: Suppose that ¢ = 1 and m is a positive integer. Then

U, m(p —3
S(Um7Um+1) - 6U T + (12 )7
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e = ey L S R CY)

S(Viny Vi =
( )=+ Vo T 12 12VA am 1V,
f: S(U,, U, (p_3>m<m+1)+m—1i—1 40— (15)
] ny n+1 24 6 6 — Oén+1Un+1 a2m )
- 2p—94+(p—3)mm m m
> S (Vi Vi) = +—+
£ 24 120 ' 24yA
Z oL, (16)
12\/_ an+1v 1 a2m

Proof: One can verify that (U,,, Up,+1) = 1(m > 1) by induction. So
Uz+U2,,+1 1

S(UT/H Um+1) + S(Um+1’ Um) ].2U U 41 4

It follows from (1-2) and ((—x)) = — ((x)) that
S(Upsr, Un) = —S(Up1, Upn).

Thus, the following identity holds:

1 [ Un  Upn_ 1 p 1
S(Um7Um+1)_S(Um71;Um):ﬁ (U o - U ! +U U +1)+——Z- (17)

Summing both sides of (17) and noticing that S(Uy, U;) =

Un (p—3m 1 & 1
S Un’w Um Y
( ) = U, 12 12 ; UpUpnin
From (2] or [3], we know that 377" | ¢ [}nﬂ = ZZHTJ;: Hence,

a™ U, +a™Upir — 1 (p—3)m
S(U'rrn Um+1) == 12am+1Um+1 + 12

m+41 m _ .
By the definition of U,,, we have Ugﬁf B U:’”“ 1 - [igrl Hence, equality (13) holds.

By (13), we have

m m
(p —3)m(m+1) 1 U,
Una Un -
z_: +1) 24 G 7; Unt1
From the definition of U,,, we can deduce that
aUn o n+1 ﬁn - 1— 1
Un+1 Un+1 OénUn+1
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Therefore, equality (15) holds.
Similarly, we can show that (14) and (16) hold. O
We note that (7) and (8) generalize Zhang’s results (see [7]):

iS(Fn,FnH) — _(VB-1)?m +C(m) +0 ((227"1) 7

n=1 48 \/g + 1)2m
where
(=)™t if : b
. ) e Zn 1 F%F%H i3 Zn | B F if m is an even number;
(m) = D" i) s an odd numb
12 Zn 1 F2"+1F2n+2 12 Zn 1 (\/_+1)n+an+1’ Hm1s an o number,
(in [7],
2n+1 . . .
15 Zn 1 —ananH 15 Zn L ()R, if m is an even number;
C(m) =
2n+1

1 . .
E anl 7F27L+1F2n+2 15 Zn | B HE, if m is an odd number,

in which there exist printing errors, 2"*! and F,, should be (—2)"*! and F, 1, respectively).
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