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ABSTRACT

We give a method for finding periodic solutions of the equation y,11 = AT, (y—n),

A

where T,,, n € N, is a Chebyshev polynomial of the first kind and degree n. Some consideration
of Lucas and Mersenne numbers is also given.

1. INTRODUCTION AND PRELIMINARIES
A method for finding periodic solutions of the logistic difference equation
Tnt1 = Aep(l—2,), z, €R, NER, neZ (1)

was given in [1]. More precisely, for a given parameter A, an initial condition generating the
periodic solution is determined.
If a linear substitution x,, = 1/2 — y,, /A is introduced, one obtains a canonical form

Ynt1 =Yp — b (2)

of the equation (1), where b = A\?/4 — \/2. A recurrence relation L, ;1 = L2 — 2 (with an
initial value L; = 4), which is a canonical form of the logistic equation for b = 2, defines the
Lucas numbers. We can rewrite it as

yn+1:yi—2:2(2 (%")2—1> — 2T (%”) (3)

where Ty(x) = 222 — 1 is a Chebyshev polynomial. So, we were motivated by this fact to
consider (3) as a special case of a more general equation

s =37, (%), o
where 7 is a prime number, A € R.

2. PERIODIC SOLUTION OF THE EQUATION (4)

A periodic solution of a difference equation is the one satisfying condition y,4, = yn,
where p € N, so that y,,14 # yn, whenever 1 < g < p. We call p a period. Any other solution
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is called a non-periodic solution. A trivial solution is y, = 0. In order to find all periodic
solutions of the equation (4), we will first find periodic solutions of the equation

Yn+1 =Yy, T is a prime number. (5)

Lemma 1: A general solution of the equation (5) is

rn

Yn =0a
where yo = a € C is an arbitrary initial value.

Proof: It immediately follows from
2 P

=Yp2="""=Y - O

r

Yn = Yp_1= (y2—2)

Theorem 1: All periodic nontrivial solutions of the equation (5) for a period p are given by

H Pa(y) =0,

d|rr—1

where dtr? —1 for q|p, ¢ <p and ®4(y) are cyclotomic polynomials

(I)d(y) = H(yl - 1>M(d/l)7 RS (Ca de N7
l|d

and p is the Mobius function defined by

1, ifn=1
pwn) =< (=%, if n=p;---pr, where p; are distinct primes
0, if p* | n for some prime p.

Proof: Periodic solutions must satisfy the relation y,,4+, = ¥,. By Lemma 1 we have

P

n n r n
a”  =a" :>(ar) —a” :0:>yn(y;p71—1>:0.
If ¢ | p, ¢ < p there follows r? — 1 | ¥ — 1, which in turn implies
A (6)

Because of (see Lidl, Niederreiter [2])

2" =1 =[] ®a(2)

d|n
we have

v (27 =1) = T @alyn) = 0. (7)

d|lrr—1
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So all periodic nontrivial solutions for the period p are given by ®4(y) = 0 where d | 7 — 1,
and d 1 r? — 1 for q | p, ¢ < p. We had to exclude a product of cyclotomic polynomials &4
where d | r9 — 1, q | p, ¢ < p, because, considering (6), the equation

yn =1= J[ ®alya)=0

dlr?—1
qlp,q<p

would give nontrivial solutions of the equation y}qu = y, obtained as a result of the relation
Yn+q = Yn. That means we have required periodic solutions for the periods ¢ | p, ¢ < p, which
is untrue. 0O

Example 1: Let us consider the period p = 6. In that case 2 — 1 = 63. Divisors of 63 are 1,
3,7,9, 21, 63. So we have

Yn (%613 - 1) = Yn H D4(yn)
d]63

= D0 (Yn)P1(yn)P3(yn) P7(Yn) Po(Yn) P21(yn) Pe3(yn) = 0,

where ®4(y) =y and ®;(y) = y — 1. However, divisors ¢q of 6, ¢ < 6 are 1, 2, 3. There follows
we must exclude 28 —1 =1, 22 -1 = 3, 23 — 1 = 7, which means we omit a product of
those polynomials roots of which are periodic solutions for periods 1, 2, 3, that is the product
of cyclotomic polynomials ®1(y), ®5(y), ®7(y). All periodic nontrivial solutions for the period
p = 6 are obtained as roots of the cyclotomic polynomials ®g(y) = 3® + v + 1,21 (y) =
g2yl y® — B gyt B g 1 By (y) = 30 — 3P by — 2 byl 12 0 B,
For some values of p and r, periodic solutions are obtained by means of the equations

r=3, p=1: &; =0, &5 =0;
p=2: @,=0, & =0,
p=3: ®13=0, g5 =0.
r=5p=1: &, =0, &5 =0, &, =0;
p22 (13320, @620, (I)gz(), @12:0, (192420. O

Note that on the basis of
n
deg @, = dp (3) = ¢(n),
d|n

one can determine the degree of a cyclotomic polynomial, where ¢ is Euler’s function.
Now we are going to find periodic solutions of the difference equation (4).

Lemma 2: A general solution of the equation (4) is given by

ot ()

where yo = a € C is an arbitrary nitial value.

Proof: Chebyshev polynomials T, (z) are defined by

T, (z) = cos(narccos ),
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whence there follows

T (x) = cos(mn arccos x) = cos(m(narccosx))
= cos(m arccos(cos(n arccos)))
= cos(marccos(T,(z))) = T (Tn(x)).

By using this property we easily find

yn = AT, (%) — AT, (Tr (y"—j)) — AT (y"f) AT (@) -

Theorem 2: All periodic nontrivial solutions for a period p can be found from an equation
expressed in the form of

2¢ 1] ®u(@) = Q).
d|lr? -1
dtr?—1

where the polynomial Q(x) and k € N are to be determined.

Proof: For a period p, periodic solutions are obtained by means of the relation y,4, = yn.
By Lemma 2 we have

Ynp = NDynin (y—;) — yp = AT (y—;’> = ATy (yyo) — ATyn (y—;) .

By making use of the above property Ty, (z) = Ty (T (x)), we find

e () = = e () =2

Denoting z,, = yjn we come to an equation
Trr(y) = Ty (8)

As we know that the coefficient at 2™ in Chebyshev polynomials T),(x) is 2" !, the equation
(8) (when we drop the subscript n for the sake of simplicity) can be rewritten in the form of

o' lgr — 9"l = P(z) & 27 <JZTP_1 — 1) = P(x),

where P(z) is a polynomial obtained after the rearrangement of (8). Considering (7) the last
equation becomes
2" 0y(x) [[ @alz)—P(x)=0  (Do(x)=n2). (9)

d|rr—1

All periodic solutions for the period p, including periods ¢ such that ¢ | p, ¢ < p, can be
obtained form (9). Following the line of reasoning as in the proof of Theorem 1, in order to
find periodic solutions for the period p, we divide the equation (9) by the polynomials giving
periodic solutions for the periods ¢ < p, ¢ | p. These polynomials have a form of the left-hand
side of (9) and contain a product of the cyclotomic polynomials subscripts of which are divisors
of 77 — 1. It means that in the product of cyclotomic polynomials on the left-hand side of (9)
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must be omitted those cyclotomic polynomials subscripts of which are divisors of 77 — 1 and
after division, instead of the polynomial P(x), a polynomial Q(z) will appear. O

Example 2: Let p = 4 and r = 2. According to (8) we start from the equation Tig(z) = =,
i.e.

3276826 — 13107221 + 212992212 — 18022420
+84480x% — 215042 + 2688z — 12822 + 1 = .

After a rearrangement we get

282 — 1) = P(z) & 28®q(2)®1(2)®3(z)®5(2)®15 — P(x) = 0, (10)
where

P(z) = 1310722 — 2129922 + 1802242*°
—844802° 4 215042°% — 2688x* + 12822 — 32767z — 1.

The equation (10) contains all periodic solutions, but we exclude the solutions for the periods
g <4, q|4,thatis ¢ =1 or ¢ = 2. So we have to consider now those relations giving periodic
solutions for the periods 1 and 2, that is y,+1 = vy, and Y412 = y,. However, the latter
comprises all periodic solutions of the first one, and the equation (8) becomes

Tyr)=z < 8" —8*+1=2 & 8" -8? —x+1=0.

It is necessary to divide (10) by the polynomial 82* — 822 — 2 + 1, roots of which contain all
periodic solutions for the period ¢ = 2, including ¢ = 1. There holds

w(x —1)(a? + 2 +1) = Bo(2) D1 () B3(2),
and we have
82t — 82 —x+1=0 & 280¢(2)P(2)P3(x) — (82> — Tz — 1) =0,

After dividing the equation (10) by the polynomial 82* — 822 — x + 1 containing the product
230 (z)®; (7)P3(7), as a result we obtain

4096212 — 1228820 + 51227 + 1382428 — 102427 — 71042° + 6402°
+16002* — 12023 — 12022 + 1 = 0.

Rewriting this equation we have

212®5(2)®15(z) =4096(1 + 2° + 2° + 2% + 212)
= 12288210 + 35842 — 1382428 4 10242" + 112002° — 640z°
—1600z* + 421623 + 12022 + 4095 = Q(z). O

Example 3: Let now » = 3 and p = 2. We start from the equation To(z) = = and come to
the equation 2562 — 57627 4 432x° — 12022 4+ 8x = 0. After a rearrangement we get

282(2® — 1) = P(z) & 2%z(x — 1)(z + 1)(2* + 1)(2* + 1) = P(z)
& 280 (2) 0y (2) Py (2) Py (x)Ps(x) — P(x) =0,
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where P(x) = 57627 — 4322° + 12023 — 2642. But we have to divide the above equation
by a polynomial roots of which are periodic solutions for the period p = 1. In order to
find that polynomial, we consider the equation T5(xz) = x, whence we obtain the polynomial
220 (2) @y (2)P2(7) + 22. After dividing we obtain the equation 642% — 802 + 2822 — 2 = 0.
In other words

200, (2)Pg(x) = 25(2 + 1) (2t + 1) = 1442 + 362% + 66 = Q(z). O

3. SOME NOTES ON THE LUCAS AND MERSENNE NUMBERS

We are now coming back to the recurrence relation (3) defining the Lucas numbers. Con-
sidering that a general solution of the equation (4) is

e ().

it is, at the same time, a general solution of the equation (3). By choosing yo = V6, seeing as
L, =4, we find a general formula for the Lucas numbers

Ly, = 2T5n-1(2).

However, taking account of (see Suetin [4])
1 n n
Tn(z):§<(z+\/z2—1> +<z— 22—1) ), zeC
the Lucas numbers can be expressed explicitly in the following way
Lyp=(2+V3)*  +(2-v3)*"
Also, the well-known Lucas-Lehmer theorem (see Sierpinski [3]) concerned with a test

ascertaining whether Mersenne numbers are prime or not, now becomes: A Mersenne number
M,, p being an odd prime, is prime if and only if it is a divisor of Top—2(2).

1
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