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1. INTRODUCTION

In a recent article [4] we related the product of chord lengths of an ellipse to a collection
of polynomials. Specifically, for a > |b| , the locus of points

ae®® +be ¥ = (a+b)cosf+i(a—b)sing, 0<6<2r (1)

where i = \/—1 describes an ellipse with vertices +(a + b) and +i(a — b). The major axis lies
on the y-axis if b < 0 (see figure 1) and on the z-axis if b > 0. The curve is a circle of radius a
whenever b = 0. (In [4] we restricted b > 0.) Set 6, ; := 2j7/n and sz]b) := aet¥ni + be~n.
for j=0,...,n—1.

Figure 1: An ellipse with b < 0

Note that the nodes z'“" are the image of the n'* roots of unity under the mapping

n’]
e — ae' 4 be .
Define the polynomials

n—1

Po(za,b) = [ (2 = 2%") + (" +b") (2)

n’j
Jj=0

for all positive integers n. For convenience we set Py(z;a,b) = 2. By direct substitution we

observe that P, (z;a,b) is the unique monic polynomial interpolant to a™+b" in the nodes zr(f]’-b)7

j =0,...,n— 1. Slight modifications of arguments given in [4] verify that the polynomials
P, (z;a,b) satisfy the three-term recurrence relation

P,(z;a,b) = zP,_1(z;a,b) — abP,_2(z;a,b), n=2,3,...., (3)
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and the identity

Po(ae® +be™;a,b) = a"e™ +p"e™ ™ 0<H <21 (n>0). (4)
The first few polynomials in this family are
Py(z;a,b) =2
Pi(z;a,b) =z
Py(z;a,b) = 2* — 2ab
Ps3(z;a,b) = 2 — 3abz
Py(z;a,b) = 2* — 4abz® + 2a°b?
Ps(z;a,b) = 2° — 5abz® + 5a%b?z.
For convenience, set zp := zfl%b) = a + b. Observe that in view of (2)
P,(z0;a,b) =a™ +b". (5)
Hence,
n—1
P, (z;a,b) — P,(20;a,b) = H (z — zq(f]’-b)).
§=0

This suggests that the product of the lengths of the chords of the ellipse from zy to the points

wh j=1,..

“ng oo d

. ,n — 1 is given by the positive real number

P! (20;0,8) = lim Ln(Z19:0) = Pa(0i0,b)

zZ—20 zZ — 20

n—1
=TT (20— 20) - (7)
j=1

(See figure 2 for the case n = 8.) In [4] we also established

a” —b"

P/ (z0;a,b) =n p— (8)

which, except for the factor of n, reminds us of Binet’s formula for the Fibonacci numbers
just as equation (5) is reminiscent of Binet’s formula for the Lucas numbers. A recent and
exhaustive treatise on these numbers can be found in [3].

Figure 2: Chords determined by n = 8 points
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We can now state our main result. Set

1 5 1-—
o= +2\[ and 8= 5 9)

so that a + f = —af8 = 1. Note that « is the golden ratio. Then

S

1
Fo=—PF, (La,B), neN (10)
n

where F,, denotes the n*® Fibonacci number. This result follows immediately from Binet’s
formula and equation (8). Likewise,

L, =P, (zn(j;m; a, 5) —a"+ " (11)

for any j = 0,...,n — 1 where L,, represents the n'” Lucas number. In what follows we will
derive equations (10) and (11) without the use of Binet’s formula. We will also verify that the
sequences { P, (z;a,3)} and {2 P/ (z;a, )} are the classical Lucas and Fibonacci polynomials
respectively.

The goal of this note is to relate both the Lucas and Fibonacci sequences to products
of chord lengths of an ellipse. Actually, we relate classes of generalized Fibonacci and Lucas
sequences to elliptical chord lengths. These results will be used to establish Binet’s formulas
and divisibility properties of Fibonacci type sequences such as the well known identity

b, = F,L,.
We plan to elaborate further on these and other topics in subsequent articles.
2. GENERALIZED FIBONACCI AND LUCAS NUMBERS

The polynomials P, (z;a,b) and + P}, (z;a,b) will be referred to as the generalized Lu-
cas and Fibonacci polynomials respectively. (That these definitions are not the most general
possible will not concern us here.) These polynomials were examined in [1] and [2]. Interest-
ingly, the generalized Fibonacci polynomials also satisfy the three term recurrence relation (3).
Specifically,

1
L) = 2P ()~ 2
n

n—1 n—2

P, (z;a,b). (12)

n—

Since we are dealing with polynomials it is sufficient to verify equation (12) for z = ae®®+be=%,
that is for z on the ellipse (1). Using the chain rule we have

4P, _ Py d=
do — dz df
P,  dP,/df
dz  dz/df
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where by (4)

dP"’L . n_in n_ —in
W:m(ae O _pre 6'). (13)

Hence, for n > 2

2 dPy_y  ab dPy_y 2 dP,_1/d0  ab dP,_»/df

n—1 dz n—2 dz n—1 dz/df n—2 dz/df

B z dP,_1 B ab dP,_o /@
S \n—1 db n—2 dbf do
: X dz
. n _in n _—in
— —b ad
i(a"e e )/d0
_ldPn/dG
- n dz/df
_lab,
Conodz

Equation (12) follows.

Definition 1: Two real numbers a and b with a > |b| are suitable if both a + b and ab are
integers.
Observe that a and b are suitable if and only if there are integers v and v such that

1 1
a=gu+tg u? — 4v

bzlu—l«/uz—élv

2 2

with u? > 4v.

Suppose a and b are suitable. Then Py (z0) = a+b and Py (20) = (a + b)*—2ab = a%+b? are
integers. These values coupled with those obtained using the recurrence relation (3) generate
the Fibonacci-like integer sequence

a+ba?+b%ac+0%,. ...

We designate the nt" term of this sequence by L%a’b). It is easy to verify that if @ and b are
given by (9) then the above sequence reduces to the classical Lucas sequence {L, }. Similarly,

since P[(z9) =1 and 1Pj(20) = a+b, equation (12) defines an integer sequence {Féa’b)}

whenever a and b are suitable. If a and b are given by (9) then {Féa’b)} reduces to the classical

Fibonacci sequence {F,}.
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Recall that P; (2;a, 3) = z and P, (2;a, 3) = 22 — 1 and note that these are the first two
classical Lucas polynomials. Also, P and Pj are the first two classical Fibonacci polynomials.
Since P, (z;a, 3) and %PT’L (z; a, ) satisfy the three-term recurrence relation used to generate
the Fibonacci and Lucas polynomials (see (3) and (12) respectively), it must follow that
P, (z;a,3) and %P,’l (z;a, B) are the classical Fibonacci and Lucas polynomials.

Binet’s formulas for these generalized polynomials are easily established. Indeed, equation

(5) gives the generalized Binet’s formula for the sequence {Lg{l’b)} . Using equation (13) we

have

ar,
dz

dP,/dd
~ dz/df

2=z 6=0

in (anez’nO _ bne—inG)
i (aet? — be—?)

6=0

from which the Binet’s formula for the generalized Fibonacci sequence follows.

The surprising thing is that by equation (7) nF{®?) represents the product of lengths of
chords of an ellipse determined by the base point zy and the the points zfﬁ}b), j=1,... ., n—1.
This observation provides us with method to geometrically substantiate some of the divisi-
bility properties of the generalized Fibonacci numbers. The following example illustrates this

approach.
Example 2: It is known that Fs | Fs, for any positive integer n ([3]). A similar result

holds for the generalized Fibonacci numbers. Since the two chords used to derive Féa’b) also
a,b)

appear in the product of Fé (because the 3"% roots of unity are also 3n" roots of unity),

a,b)

+ P4 (20;a,b) = £ P (20;a,b) - | where | must be in integer. Hence, 3 Pj(z0;a,b) = F?E will

always be a factor of 5-P4, (z0;a,b) = Féi’b).
The method used in the last example provides us with an approach for proving a more
general result.

Proposition 3: Let m and n be positive integers. If m divides n then Fqsf’b) divides Fqsa’b).

Proof: Suppose m divides n. Then the m*" roots of unity are also n'™ roots of unity. This

ensures the containment
(a,b) (a;b)
{zl} e {an}
which means that the chords appearing in the product representing %P,% (z0;a,b) also appear
in the representation of %Pfl (z0;a,b) . Consequently,

1 1
ﬁpé (Z();CL, b) = Epr/n <207a'7b) -l

where | must be an integer. The desired result follows. O

Corollary 4: If m and n are positive integers for which gcd(m,n) =1, then Fqsf’b)E(La’b)
divides Fr(r?ﬁb).
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th th

Proof: Ezcept for 1 no m'" root of unity is an n'™ root of um'ty or vice-versa whenever
ged (m,n) = 1. Hence, all chord Zengths in the product forming =P}, (z0;a,b) 1 P! (20;a,b)

must also appear in the product —P! (zp;a,b). O

3. GENERALIZED LUCAS NUMBERS AS PRODUCTS
OF CHORD LENGTHS

The generalized Lucas numbers are also expressible as elliptical chord lengths. To see
this we first fix ¢ € [0,27) and rotate the endpoints of line segments on the ellipse using the

transformation that maps
e — ae!OT¥) 4 pemi0FY),

Observe that this transformation does not rotate each point on the ellipse by the angle 1. Set
z(a’.bq)z) = qe'(On.it¥) 4+ be™* iOn,;+9) , 3=0,...,n—1.

a

7(1, Jg = 29 we will suppress the additional subscript whenever 1 = 0. In view of
(4),

Because z y

Equation
P, (ziajbl)b, a,b) =a"e™ 4 e j=0,1,... ,n— 1.

Consequently, P, (2;a, b) is the monic polynomial interpolant to a™e!™¥ 4 b"e~""¥ in the nodes

fla]bl)b, j=0,...,n—1. Hence,
n _in n _—in = a,b)
P, (z;a,b) — (a™e Y e w H(z—z(dw> (14)
has roots zfla]bz)p, j=0,1,... ,n— 1. Next, for a positive integer n (using ) = 7/n) set
Qn (z;a,b) = P (2:a,b) + a™ + b" (15)

n—1
a,b
= H (z — sz?j,;/n) ) (16)
j=0

There are two facts worth noting about these polynomials. First, in view of Equations (5 and
15)
Qn (20;a,b) = P, (a4 b;a,b) + a™ + b = 2L{%Y).

This means that 2L7(1a’b) is the product of the lengths of the elliptical chords determined by the
base point zg and the points zia]’.bzr/n,j =0,1,...,n—1 since by equation (16) z — zga]’.bzr/n,
j=0,1,... ,n—1 are the factors of @, (z;a,b). Second, the roots zT(LaJ’.b}r/n,j =0,1,...,n—1
of Q, (z;a,b) satisty

z(a’b) (a %) j=0,1,..

n,jm/n T F2n,2541 n—1.

A
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(See figure 3 for the case n = 4.) Consequently, the chords appearing in the product
P} (20;a,b) are precisely those used in the products determining P/ (2¢;a,b) and @, (20;a,b).
This establishes the well-known identity

. 1
FQ(n’b) = %Pgln (z0;a,b)

= <%P,’L (20;a, b)) (%Qn (20; @, b))

_ Féa,b) Lgbmb) )

(a;b)

n’]’w/n

and 2" (n=4)

Figure 3: Relationship between z o 2j+1

Several divisibility properties for generalized Lucas numbers can be established using the
same strategy employed for the generalized Fibonacci numbers above. For example, since the

n'" roots of (—1) are also (3n'") roots of (—1), we easily can establish that LY divides

L:(;;’b) for all positive integers n. Some readers may enjoy using these elliptical chord length
representations to verify additional properties of the generalized Fibonacci and Lucas numbers.
The author of this note is currently conducting a seminar on the Fibonacci numbers with an
aim toward student research using this approach. In addition, he is interested in the properties
of the generalized polynomials.
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