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1. INTRODUCTION AND RESULTS

Let  be a complex number with |z| < 7 and let the Euler numbers Es,, (n =0,1,2,---)
be defined by the coefficients in the expansion of (see [3])

& 2n
T
SecCr = E EQnW (].)
n=0

That is, Eg =1,FEy =1, FEy =5, Fg = 61, Eg = 1385, E19 = 50521, - - - .
In [3], W. Zhang obtained an interesting congruence for Euler numbers,

[0 (mod p), p=1 (
Ep-1 = { —2 (mod p), p=3 (mod 4) 2)

where p is any odd prime.
The main purpose of this paper is to prove some new congruences including a generaliza-
tion of (2). More specifically, we shall prove the following results in the next section.

Theorem 1: Let n > 1,k > 1 be any integers, then
k
Epp = (—1)"HF22 1N " (1)%2" (mod (2k + 1)?). (3)
i=1

Remark 1: Set £k = 1,2,3,4 in Theorem 1, when n > 1, we have following the congruences
for Euler numbers:

By, = (—1)"22"* (mod 9),
Es, = (—1)"22"71(22" — 1) (mod 25),
By, = (—1)"22" (32" — 22" 1 1) (mod 49),

By, = (—1)"227 (427 — 327 1 22" 1) (mod 81).
Corollary 1.1: Let p be any odd prime, then

b-1)/2
E,.1=2" Y  (-1)"""" (mod p?). (4)

=1

Remark 2: By Corollary 1.1 and Fermat’s little theorem (see [2]), we immediately obtain (2)
(see Zhang [3]).

Corollary 1.2: Let n > 1,k > 0 be any integers, p be any odd prime, then

k(p—1)
E2n+k(p—1) = (—1) 2 Egn (mod p) (5)
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Theorem 2: For any odd prime p and any nonnegative integer n, we have

(p—1)/2
Z (—1)n+jE2n+2j =-1 (mod p) (6)
j=1
Remark 3: Set p =3,5,7,11 in Theorem 2, when n > 0, we have
E2n+2 = (_1)n (mod 3),
E2n+2 — E2n+4 = (_1)n (mod 5),
E2n+2 - E2n+4 + E2n+6 = (_1)71 (IIlOd 7),
Eont2 — Eopya + Eoptg — Eanyg + Eopyio = (—1)" (mod 11).

2. PROOF OF THE THEOREMS

Lemma: Z o(=1D)¥cos (2n — 2k)z =sec zcos(2n + 1)z.

Proof : Define S(t) = > t"sin nz and C(t) = >, t"cos nz. It follows from De
Moivre’s Theorem (see [1]) that, for || < 1,

1 _l—tcosxz+itsinz
C(t) +iS(t t"( B
(t) +15( nz;) (cos  +dsin )" = 1—tcosx—itsinx 1 — 2t cos x + t2
Therefore
—it”sinn:p— fsinz it <1
=  1—2tcos x + 12’ ’
and
oo . 1—tcosx
:Zt cosnr = aw<1‘
1 —2tcosz + t2
Then
- 1 (1—t)cosx
0() 7;) cos(n—l— ):E 2\/5 () (\[) (1_|_t)2—4t0082$
and
1 1—2tcos®x+t
P eosane = 1 [O(1) + C(~V)] =
Z cos 2nz = 3 () +C(=V1) (1+1)2 — 4t cos? x

It follows that for |t| < 1,

Z t" Z )k cos(2n — 2k)x = Z t" [ . (=1)k cos(2n — 2k)z — (1)

n=0 k=0
_2C.(1) 1
14t 14t
= Cy(t) sec,
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which completes the proof immediately. O

Proof of Theorem 1: According to the Lemma and (1), we find
x r2n
Z Egnm = Secx
n=0
2k

=sec(2k + 1)x Z(—l)i cos(2k — 2i)x
i=0
2n

0o 2j 2k 0o 2
— 2
= (2k+1)Y By, j)!Z( Y (-1 (2k - 20 )
7=0 n=0
2n

—ZZ(%) (2k + 1 QJEQJZ )3 (2K — 24)2m 2]%,

n=0 j=0

therefore,

n 2k
2
Eop =y (-1)"" (;) (2k + 1) Ey; » (—1)"(2k — 2i)*" %

Jj=0 1=0

k
= (2k + )2nE2n + 2 ( )(Qk + 1)2JE2 Z(_l)i(ZZ’)?anj

=1

!':M‘

k
= (2k +1)*"Ea,, + 2(—1)"*E Z ) (2i)%"

_ k
Z ( )(% F Py S (L1 (2iy

i=1

k
— (2k + 1)2nE2n + (_1)n+k22n+1 Z<_1>222n
=1

_ i | |
Z ( )(2k:+ 1)% By > (—1)%(20)*" . (7)

i=1
By (7), we immediately obtain (3).
This completes the proof of Theorem 1. O
Proof of Corollary 1.1: Setting n = k = (p—1)/2 in Theorem 1, we immediately obtain

(4).

Proof of Corollary 1.2: Setting p = 2m + 1 in Theorem 1, we have
(p—1)/2 '
By, = (_1)n+(p71)/222n+1 Z (_1)zi2n (mod p2)

=1

(p—1)/2
— (_1)n+(p—1)/222n+1 Z (—1)Zi2n (mod p), (8)

=1
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from which we obtain

(p—1)/2
Eapii(p1) = (—1)"HEFDET 920k N qyi2otke=D) - (mod p). (9)
i=1
By Fermat’s Little Theorem, we have
(20)P7'=1 (modp) 1<i<(p—1)/2). (10)
By (9) and (10), we get
- (p—1)/2 ' o)
Banin(p—1) = (—1)"HFFD5T 220 N ()12 = (1) 77 By, (mod p).
i=1
This proves Corollary 1.2. O
Proof of Theorem 2: By (8), we have
(p—1)/2 ‘ - (p—1)/2 - (=1)/2 _ ‘
Z (_1)n+]E2n+2j = (—I)T Z 92n+2j+1 Z (_1)2Z-2n+2]
j=1 j=1 i=1
(p—1)/2 ’ - (p—3)/2 - (ezb)/2 A
Sap- )Y (o1 ()RS (1 S (20
=1 =1 =1
(p—3)/2 Np—1
p—1 ) 2@)13 -1
=—1+(-1)"=z 223 qyigmrz (2721 d p). 11
(1) > 0 (T ) tmedp
By Fermat’s Little Theorem, we have
(2071 —1 .
—t | = d 1 < (p—3)/2). 12
(Chr) =0 (modp) (1 =i<-3)2 (12)
By (11) and (12), we obtain
(p—1)/2 '
Z (=1)"" Ey,40; = —1 (mod p).
j=1
This completes the proof of Theorem 2. O
ACKNOWLEDGMENT

The author would like to thank the anonymous referee for valuable comments, including
the proof of the Lemma, which improved the presentation of the original paper.

135



ON CONGRUENCES OF EULER NUMBERS MODULO AN ODD SQUARE

This work is supported by the Natural Science Foundation of Guangdong Province
(021072).

REFERENCES

[1] M. Abramowitz and A. Stegun. Handbook of Mathematical Functions. National Bureau
of Standards, Washington, DC, 1964.

[2] T. M. Apostol. Introduction to Analytic Number Theory. Springer-Verlag, New York,
1976.

[3] Wenpeng Zhang. “Some Identities Involving the Euler and the Central Factorial Num-
bers.” The Fibonacci Quarterly 36.2 (1998): 154-57.

AMS Classification Numbers: 11B68

MOTOK

136



