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1. INTRODUCTION
In this note we introduce the sequence {C), 3(a,b,r)} defined by the recurrence relation
Cpns(a,b,r)=Ch_13(a,b,7)+ Cph_33(a,b,r)+r (1.1)

with Cy 3(a,b,7) =b—a—r, Cy3(a,b,r)=a, Cz3(a,b,r) =0b where r is a constant.

Recall that the squences {C,,(a,b,r)} were studied in [1], [2], [3], and [4].

Observe that the sequences {C), 3(a,b,7)}, defined by (1.1), are a generalization of the
sequences {Cy,(a,b,r)}. Further, we use the shorter notation {C), 3} instead of {C), 3(a,b,7)}.

The purpose of this note is to establish some properties of C), 3 by using methods similar
to Zh. Zhang [4], and Hsu and Maosen [3].

First, we introduce the following operators:

I will be the identity operator;

FE represents the shift operator;

E; is the “i*® coordinate” operator (i = 1,2);

V =1-2FE, + Ey;

Vi=1-FE +2Ey;

Vo=1+4F; + Es.

V3=1+4F, + 2Fs.

Also, we use the notation

ny n!
i,j) il n—i— )

Now, by using the identity

(a+b+o) = En: g CL) (nj_ Z) a'tie T = Y (n) albi i

2

we get respectively:

vio > () evrEe (19

i+j+l=n »J

=3 () )R E; (13)
4 (2]
i+j+l=n
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= % (,”,>4iE;'Eg.

itj+l=n "’

o ()ren

1
i+j+l=n J

(1.4)

(1.5)

Namely, when we apply the operators in (1.2), (1.3), (1.4) and (1.5) to any function f (i, j)

(Proposition 1, [4] or [1]), we get respectively:

(
(
(

2. PROPERTIES OF THE SEQUENCE {C,, 3}

Lemma 1:

Cr3+2Ck41,3 + Cryrz = 4Ck1a3,
Crz=Cr13+Cr_o3—Ci_s3,
Crz=2Ck_13—2Ck_43+ Cr_73,

where k is a nonnegative integer.

Proof: Using relation (1.1), we get

Cr3+2Ck113+ Crir3 = Crisa

— Chy23 =17+ 2(Crya3 — Cryz3 —7) + Cry63 + Crprz+1r =
3Ck44,3 — Cry33 — Cry23 — 2r + Crye3 =

3Ckta3 — Cry33 —2r —Cry23+Crys53 +Cryzsz+r=
3Ckia3 — 17— Crio3+ Cryasz+ Cryos+ 1 =4CK 4 3.

Hence, it follows that (2.1) is true.

Again, using recurrence relation (1.1), it is easy to prove equalities (2.2) and (2.3).
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Theorem 1:

n 1—2n
Cin+tk,3z = E (z .)2 2 Cit7(j+k).3; (2.4)
i+j+l-n »J
n n i—n
(—1) Cn+7k,3 = E ( .)2 C4i+7(j+k:),37 (2'5)
i+j+l=n bl

where n and k are nonnegative integers.
Proof: Let f(Z,j) = (—1)iC7i+j73. Then

sz(’t,]) :(_1)i(c7i+j,3 + C7i+7+j,3 + 2C7i+j+1,3) =
(—1)'4C7i1a1j3 = AE5 f (i, ).

Thus, we get
g(n, k) = V1 f(0,k) = 4" E3" f(0, k).

Moreover, by (1.3), we have

n n Y]
4 C4n+k,3 = Z (Z ) (—].) 2JC7i+k+j,3-
ititi=n "7

OI‘, if f(’L,j) = (—1)i01-+7j,3, then

V£(i,j) =(=1)(Cizrjz +2Cir1473 + Cirrjirs) =
(—1)Z4Ci+4+7j,3 = 4Eilf(lu7)

Hence, from (1.2), we get
AEMF0k) = ) ( ) (12 f(i,j+k)= > < ,)2 Citr(j+k).3-
. . 17] . . Z?j
i+j+l=n i+j+l=n

Namely, we get the following identity

n n 7
4" Cypyrr,3 = Z (z .)2 Citr(j+k),3-
i+j+l=n »J

Now, let g(i,j) = (—1)"Cuiy7;,3. Applying the operator Vs to ¢(i, ), we get

Vag(i,5) =(—1)(Cait7j3 — 4Caivas7j3 + Caivrjira) =

(~1)((~2)Cuirrje13) = —2E5 (i, ).
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So,

n
4

(~2)" B g(0,k) = V3g(0.k) = (=2)"Crsmea = 3. (
i+j+l=n

LI
. .)4 Chigr(j+k),3-

Y

Hence, it follows that

n n i —n
(—1)"Crsmrs = > <Z .)221 Cuitr(j+k),3- O
i+j+l=n »J

Corollary 1: For k=0 in (2.4) and (2.5), we get respectively:

1\ icon
Cinsz = Z ( .)2’ 2Cit143s

i+j+i=n “J
and
n n i—n
(=1)"Chr3 = Z (z »)2 C4i+7j,3
ititi=n \"J

where n is a nonnegative integer.

Theorem 2:

n . .
4”Cn = —1)'2’ 147 9 2.
dntk,3 Z (i’j>( )2 Crijtn,3 (2.6)
i+J+l=n
(—1)"Crnsra = ) ( '><—1)2221+”C4z‘+j+k,37 (2.7)
- (2W)
i+j+l=n

where n is a nonnegative integer.
Proof: Let f(i,j) = (—1)'Cr;4;3. Then

Vif(i,j) =(=1)(Critjs + Crivr+jz + 2Cripj41,3) =
(=1)*(4C7i4a4,3 — Critj+7,3 + Crixryj3)
(=1)"4C7i 14443 = 4E5 £ (i, 7).

It follows that
VI f(0,k) =4"Ey" f(0,k) = 4" Can i 3.

By (1.3), we have
n n A
4"Capyr,3 = E ( .>2 Critjtk,3-
4 (2]
i+j+l=n
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Let g(4,7) = (=1)'Caitj;3. Then

V39(i,7) =(=1)"(Cuitj3 — 4Cuitatj3 + 2Cuitjy13) =
(=1)"(4Cuitj+4,3 = Caivjr73 — 4Cuivatj3) =
(=1)"(=1)Cuiyjtr,3 = —1EIg(i, 5).
JFrom the other side, by (1.4), we get

29(0,k) = (—1)"ET"g(0,k) = (—1)"Cry1n,3 = Z (Z j) 2249 (—1)"Cuitjrrs. O
i+jHl=n N’

Corollary 2: If k=0 in (2.6) and (2.7), then we obtain respectively

n . .
4"Cynz = Z ( .)(—1)12]071'—0—3',3,

{
itjti=n NI

C?n,?) = Z ( ) (_1)z+n221+JC’4i+j’3’

1
i+jti=n N7
where n is a nonnegative integer.

Proposition 1: If a sequence {X,} satisfies the relations

Xn=Xpn1+Xpn2— Xy s, n > 9,
Xn=2X,_1 -2X,, 4+ Xn—?v n > 77

then the operators
I=E'4+E?2_FE°

I=2E"1'—92F*4+FE7,

are the identity operators. Hence, we get the following identity operators

ren= 3 ([ )eymmme, 2.8)
i+j+l=n »J

I’n(: I) _ Z <Zn> (_1)2‘212—}-‘7'Ev—7n—§—3j—§—6i7 (29)
i+j+l=n »J

where n is a nonnegative integer. Applying the operators in (2.8) and (2.9) to the sequences
{Xsn+k} and {X7,4k}, where n and k are nonnegative integers, we get

n _i_'
Xontk = Z ( .)(-Un I X4it35+ks

1
i+j+l=n »J
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Xrntk = Z ( .)(_1)121+]X6i+3j+k‘

{
i+j+l=n J

Theorem 3:

n y
Csntk,z = Z < ) (—1)n717JC4i+3j+k’3; (2.10)

i+iti=n N7
Crntk,3 = Z (z j>(_1)121+]06i+3j+k:,3§ (2.11)

i+j+l=n

where n is a nonnegative integer.
The proof of the last theorem can be realized by using Lemma 1 and Proposition 1. O

Corollary 3: If k =0, then (2.10) and (2.11) become the following equalities respectively:

C5n’3 = Z (TL) (—1)n_i_jc4i+3j,3

1
itjti=n NI

and

Crnsz = Z <.n.)(—1)”ij04i+3j,37

1
i+j+l=n »J

where n is a nonnegative integer.

REFERENCES

[1] M. Bicknell-Johnson. “Divisibility Properties of the Fibonacci Numbers Minus One, Gen-
eralized to C,, = C,_1 + Cyy_2 + k.” The Fibonacci Quarterly 28.2 (1990): 107-112.

[2] M. Bicknell-Johnson and G.E. Bergum. “The Generalized Fibonacci Numbers {C,, },C —
n=~C,_1+C,_o+k.” Fibonacci Numbers and Their Applications, Volume 2. Edited by
A.N. Philippou, A.F. Horadam and G.E. Bergum. Dordrecht: Kluwer, 1988: 193-205.

[3] L. C. Hsu and Jiang Maosen. “A Kind of Invertible Graphical Process for Finding Recip-
rocal Formulas with Applications.” Acta Scientiarum Naturalium Universitatis Jilinensis
4 (1980): 43-55.

[4] Zhizheng Zhang. “Some Properties of the Generalized Fibonacci Sequences C), = C),_1 +
Cr—a+ 1.7 The Fibonacci Quarterly 35.2 (1997): 169-171.

AMS Classification Numbers: 11B37, 11B39

M PO

207



