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ABSTRACT

In 1991 Ferri, Faccio and D’Amico introduced and investigated two numerical triangles,
called the DFF and DFFz triangles. Later Trzaska also considered the DFF triangle. And
in 1994 Jeannin generalized the two triangles. In this paper, we focus our attention on the
generalized Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal and Jacobsthal-Lucas polynomials,
and several numerical triangles deduced by them.

1. THE GENERALIZED FIBONACCI AND LUCAS POLYNOMIALS

Let us define a sequence of polynomials {F},(y)} by the recurrence relation

Fro(y) = Fuly) +yFaa(y), n>1, (1.1)

where Fy(y) = a, Fi(y) = b. Notice that (1.1) yield the Fibonacci and Lucas sequences F),
and L,, when y = 1 with the initial values a =b =1, a =2, b = 1, respectively.
Define

Fu(y) =Y fary®s Flz,y) =) Fuly)a" (1.2)
k=0

n>0

By (1.1) and (1.2) it is easy to derive

_a+(b—a)r
and F(Z‘, )_ 1—.’17—272’3/, (13)
mZk k
ot = "y V() = "y o+ (0= @)2) 30 e

- a(:—_;l;{:) +(b—a) (:—_Qkk_—ll)

B n—k—1 b n—k—1
N ko k ’

which satisfies the recurrence f,,11x = fur + fn—1,k—1, with the initial conditions fyo =

a, fio=">
Let n+1,k = f2n+2,n7k+1 and bn,k‘ = f2n+1,nfk7 then we have

B n+k b n+k b n+k b n+k
Antllk =4 op k—1) mFT Nkt 2% )
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which generate two lower triangles

n/k |0 1 2 3 4 n/k 0 1 2 3 4
0 a 0 b

1 a b 1 a+b b

2 a a-+2b b 2 2a+b a+ 3b b

3 a 3a+3b a+4b b 3 3a+b 4a+6b a+5b b
4 a 6a+4b 5a+ 10b a+6b b 4 4a +b 10a + 10b 6a+ 156 a+7b b

Table 1.1 Table 1.2

Theorem 1.1: Let Agin = (an+k+i+1,k+i+1)0§k§n and B7(LZ>)<n = (bn+k+i,k+i)0§k§n; then

AG) = 1BYL,| =203y,

n nxn

Proof: We only prove the second statement. Note that

2n—|—2k:—|—2i) +b(2n+2k—|—2i)

bt ki kti = a(
n—1

n

2"b
n! "’

is a polynomial in k of degree n with the coefficient of the highest term
Tepper identity [2, 11],

Zn:(—l)”—k(;l)%:{? if 0<r<n,

P if r=n.

-~ _ n
Z(—l)n g (k) bntkti,k+i

k=0

- n 2n + 2k + 2i 2n + 2k + 2i
— -1 n—k b
et (1) (I ()
= Z(—l)"_k (Z) (2—'bk” + the terms of lower orders)
n!
k=0
= 2"bh.

Then the results hold by trivial computations on determinant. O
In the special case a = b =1,

(n+k y o (ntktl
Uk =\ 9 )0 nk =\ okt )

Tables 1.1 and 1.2 reduce to the triangles DFF and DFFz respectively.

according to the

We have

n/k [0 1 234 n/k [0 1 234 n/k 01234

0 1 0 1 0 1

1 1 1 1 2 1 1 11

2 |1 3 1 2 3 4 1 2 121

3 1 6 51 3 410 61 3 1331

4 11015 71 4 520 21 81 4 14641
Table 1.3 (DFF) Table 1.4 (DFFz) Table 1.5
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It is well-known that F,,;; is the number of (0,1)—sequences of length n without successive
ones. It is easy to show that a, (b, k) is the number of such sequences of length 2n — 1(2n)
containing exact n — k ones, which illustrates that the row sums of Table 1.3 (Table 1.4) are
equal to the Fibonacci numbers with even(old) subscripts [3, 4]. In fact Tables 1.3 and 1.4 can
be obtained directly from the classical Pascal triangle displayed in Table 1.5, where Table 1.3
is just the even columns and Table 1.4 the odd columns of the Pascal triangle. Note that the
un-bared and bared numbers in Pascal triangles are respectively the numbers of the diagonals
of Tables 1.3 and 1.4, which illustrates that the sums of the diagonals are the powers of 2 [3,
4].

Theorem 1.2: Let A = (ap i)o<k<n and B = (byk)o<k<n, then we have

Al (_1)n—k§k+1 2n_—|—1 (1.4)
n+1l\n—=k 0<k<n

B-1_ (_1)n_kk+1 2n + 2 (1.5)
n+1\n—k nggn’

where A~1! is the inverse of a matrix A.
Proof: It suffices to prove (1.4) that

i om+1/2k+1\ /n+k
—1)ym—k = Snns 1.6
];J( ) 2k+1(k5—m>( 2k:) (1.6)

where 9., is the Kronecker symbol.
It is easy to see that (1.6) holds for m > n. In case m < n, we have

z”:(_l)m_k2m+1 2k +1\ (n+k
— 2k+1 \k—m 2k
(—1)m—h 2m +1 2k n+k
m+k+1\k+m 2k
(—1ym— 2m+1 (n+k\/n—m
m+k+1\m+k/\k—m
_Z m+k2m+1 n+k n—m
B Pt n—m\m+k+1/\k—m
& m—n n—m
= m— m+k+1 —k

el 00N
m—-n\m+n+1)

Then (1.4) holds and (1.5) follows in the same way. O

= Pl
||M: ||M3
o o
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In the special case a = 2, b =1, we have

S n-+k n n+k—1 B 2n (n+k
k= ok 2%k Tt k\ 2% )

b n+k+1 n n+k _2n+1 n+k
kT ok 41 2%k +1) 2k+1\ 2k )

with ago = 2. And Table 1.1 and 1.2 yield the triangles,

n/k |0 1 234 n/k |0 1 234
0 2 0 1

1 2 1 1 3 1

2 2 4 1 2 5 5 1

3 2 9 61 3 714 71
4 216 20 8 1 4 9 30 27 9 1
Table 1.6 Table 1.7

It is also well-known that L, is the number of (0,1)—sequences of length n without
successive ones, where the first and last components of the sequences are considered to be
adjacent. It is easy to show that a, i (b, k) is the number of such sequences of length 2n(2n—1)
containing exact n — k ones, which illustrates the row sums of Table 1.6 (Table 1.7) are equal
to the Lucas numbers with even (odd) subscripts.

Theorem 1.3: Let A = (ap+1.k+1)o<k<n and B = (by+1 k+1)o<k<n, then we have

ATl = <(_1)n_k (QTZL—JF:))ogkgn
Bl = ((_1)n_k (?j—kl))ogkén‘

Proof: This proof is similar to the proof of Theorem (1.2) so it is omitted. O
2. THE GENERALIZED PELL AND PELL-LUCAS POLYNOMIALS
Let us define a sequence of polynomials {P,(y)} by the recurrence relation
Poa(y) = 1+ y)Pu(y) +y* Pu1(y), n=>1, (2.1)

where Py(y) =1, Pi(y) =1+ y, which generates the Pell sequence {P,} when y = 1.
Define

Pn(y) = Z Pn,n—k:yka P(l’, y) = Z Pn(y)mn' (2‘2)
k=0 n>0

362



NUMERICAL TRIANGLES AND SEVERAL CLASSICAL SEQUENCES

By (2.1) and (2.2) it is easy to derive

Pla,y) = (2.3)

1—x—ay—x2y?’

and

m’l"

Pn,k _ [xnyn—/ﬂ]P(x, y) = [xnyn_k] Z (1 —xy — x2y2)r+1

r>0

DYDY | X

rom>01t0+t1++i,=m j=0

k
= > 117, (2.4)

tot+i1+--+ir=n—k j=0

which satisfies the recurrence Pp,41x = Pur + Pur—1 + Py—1, with the initial conditions
Poo=Pio= P1=1
JFrom (2.3), we can deduce another formula for P, i,

Pr = " P (o) = oy 3 D)

r>0

e g ()

r,m>0 =0

-y (Z) ()
B [(”2/2] (n Z_ Z) (n ; 22’) (2.5)

By (2.4) and (2.5), we have the following interesting identity.

5 ﬁ F “”‘Z’Zj/ 7 (n - z) (n - 2@')‘

io+i1+-Fir=n—k j=0 =0
Now we give a combinatorial interpretation for P, j, that is the following:

Theorem 2.1: For any integer n, k > 0, Pp_k11x is the number of (0,1,2)—sequences of
length n with k 2’s but without subsequences 11, 12, 21, 22.

Proof: Let S, j be the desired number. Consider the last component x,, of such sequences
in three cases, i.e., z,, = 0, 1 or 2, we have

Sn+1k = Snk + Sn—1k + Sn—1k—1, (n>1),

with the initial conditions Sp o =1, S1,0 =2, S1,1 = 1. It is easy to verify that P,_;1 1 also
satisfies this recurrence with the same initial values, so it must equal S, . O
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Notice that P, o = F},, and P, j leads to the triangle

n/k |0 1 2 345
0 1
1 1 1
2 2 2 1
3 3 5 3 1
4 510 9 41
5 8 20 22 14 5 1
Table 2.1
Theorem 2.2: Let P\ = (Puiksikii)o<k<n, then
P, =1. (2.6)
Proof: It suffices to show that
- . (n
S+ () Pasisinrs = 1 (2.7

k=0
Note that
k+1 1

x _ n
o [ZE ] (1 —r— $2)k+z‘+1 :

(]_ —r— xQ)k—i—i—l—l

Pn+k+i,k+i = [$n+k+iyn]P($7y) = [$n+k+i]

Then by the Cauchy Residue Theorem (for details see [2]), we get

n

. .
i (n (u—1" (1 —z— 2"kl

§ (—1)n* (k> Poikyigyi = E res Ty res RS

k=0

k=0
_ (1—ax—2%)"t 1 .
=res o) (1—:1:—3:2_1)
(1+z)"
=res .
(1l —x—g2)ntitl

=1.
Thus the result holds. O
Now let us define another sequence of polynomials {Q,(y)} by the recurrence relation

Qui1(y) = (1 +y)Qn(y) + ¥*Qu-1(y), n=>1, (2.8)

where Qo(y) = 1, Q1(y) = 14 2y, which generates the Pell-Lucas sequence {2Q,,} when y = 1.
Define

Qn(y) = Z Qn,n—kyka Q(x,y) = Z Qn(y)mn' (29)
k=0 n>0

By (2.8) and (2.9) it is easy to derive

14+ zy
11—z —axy— 23y

Qz,y) = (2.10)

27
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and

(1 + ay)a’
1— Ty — m2y2)r+1

_ [xnyn—k] Z Z Zo+1 HF xm—l—r m

r,m>0ig+i1+--+i,=m

k
= Z Fz‘0+1 HFij’ (211)
j=1

ig+i1+-Fig=n—Fk

which satisfies the recurrence Qn4+1,x = Qnk + Qn k-1 + Qn—1,%, With the initial conditions

Qoo=1,Q10=2, Qi1 =1.

(From (2.10), we can deduce another formula for @, x,

Qui = " Qo) = ey Y LT

r>0

r4+1
1\ /r+m
_ nnk ZZ<T+>( )m+r+zr+z
Yy

r,m>0 =0

- > (0

r+i=n—k

:w§3m<n_k;i+1)ciﬁ)‘ (2.12)

=0

By (2.11) and (2.12), we obtain the following identity.

k [(n—Fk)/2] , .
ki1 _
Z Fi0+1 H Fij = Z (n Z 1+ ) <7’Lk Z).

ig+i1+tig=n—k J=1 i=0

Notice that Qno = Fy,4+1, and (2.11) implies Qnx = Png + Pn-1x - We can display
{Qn.r} in a triangle

n/k | 0 1 2 345

0 1

1 2 1

2 3 3 1

3 5 7 4 1

4 81512 5 1

5 | 1330 31 18 6 1
Table 2.2
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Theorem 2.3: Let Q(i) = (Qntk—+ik+i)o<k<n, then

nxn

QY| = 1. (2.13)

Proof: This proof is similar to the proof of Theorem (2.2) so it is omitted. O
Considering the sums and alternating sums of the diagonals of Table 2.2, we obtain the
following.

Theorem 2.4: For any integers n > 2k > 0, we get

Z Qn—kk = 2", (2.14)
k>0
> (1*Qukk =2 — bon- (2.15)

k>0

Proof: It suffices to show (2.14). By (2.12) and the Cauchy Residue Theorem, we have

Y Qukk=>.> (n _T;k;l— r) (T J}; k>

k>0 k>07r>0

) T Ukl PN Gt i
P x'nf2kfr+1 y yk:+1

Then (2.14) holds and (2.15) follows in the same way. O

3. THE GENERALIZED JACOBSTHAL AND
JACO-LUCAS POLYNOMIALS

Let us define a sequence of polynomials {J,,(y)} by the recurrence relation

Jnt1(y) = Jn(y) + L+ y)Jn-1(y), n=>1, (3.1)

where Jy(y) = J1(y) = 1, which generates the Jacobsthal sequence {2J,,} when y = 1. Other
references related to Jacobsthal and Jaco-Lucas Polynomials, see [1, 5, 6, 9, 10].
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Define
)= Jnwt’ J(,y) =) Ja(y)z™ (3:2)
k=0 n>0
By (3.1) and (3.2) it is easy to derive
J(z,y) = ! (3.3)
x’y_l—:p—xQ—x2y’ '
and
2r,
_ [n,k _ 1k ry
Jn,k: — [l’ Yy ]J(xay> - [l’ Yy ];0 (1 —x —232)r+1

_ [.Z‘nyk Z Z HF xm+2r r

r,m>01i9+i1+:--+1.=m j5=0

= > 117, (3.4)

io+i1+-+ir=n—2k j=0

which satisfies the recurrence J,41% = Jukp + Jn—1,k + Jn—1,k—1, With the initial conditions
Joo=Jio=1, Ji1 =0.
JFrom (3.3), we can deduce another formula for J,, j,

"14y)"

g = [0y (5, Z (1 RS
- T;OE;()(’“*””L)
-2 @O0

£ 00) v

By (3.4) and (3.5), we have the following interesting identity.

s 000

io+i1+ ik =n—2k j=0 =0
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Note that by (2.4) and (3.4), Ju x = Pr—k.k, 50 Jpt1,% also counts the number of (0, 1, 2)-
sequences of length n with k£ 2’s, but without subsequences 11,12,21,22. Also Ja,  and
Jon+1,k produce the triangles

n/k 01 2 34 n/k 0o 1 2 34
0 1 0 1

1 2 1 1 3 2

2 5 5 1 2 g8 10 3

3 1320 9 1 3 21 38 22 4
4 34 71 51 141 4 55 130 111 40 5

Table 3.1 Table 3.2

Theorem 3.1: For any integer n, k > 0, we have

n
Z(—Un_z (Z.)Jn+2k—|—2i,k—|—i = 1.

i=0
Proof: This proof is similar to the proof of Theorem (2.2), so it is omitted. O
Now let us define another sequence of polynomials {JL,,(y)} by the recurrence relation

JLn11(y) = JLn(y) + (1 +y)JJLn-1(y), n>1, (3.6)

where JLo(y) =2, JL1(y) = 1, which generates the Jaco-Lucas sequence {JL,} when y = 1.
Define

k=0

n>0
By (3.6) and (3.7) it is easy to deduce

2—=x

2 _ 52,

JL(x,y) = 2y

l—z—=x

and

(2_ >x2ryr
1—2— x2)r+l

JLn g = [2"y*]TL(z,y) = [2"y*]) (

r>0

— [mnyk] Z Z Lzo HF xm+2r T

rm>01i9+i1+Fi,=m

k
= > Li, [ F,. (3.9)

iotir+etig=n—2k  j=1
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which satisfies the recurrence J Ly 1 = J Ly +J Ly —1+J Ly—1 1, with the initial conditions
JLoo=2,JL19=1, JLi1 =0.
JFrom (3.8), we can deduce another formula for JL,, j for n > 1,

(2 —2)2* (1 +y)"
(1 — )+t

JLn i = [2"y"| T L(2,y) = [2"y*] >

r>0

—e X S (D)0

r,m>0 1=0

<i:> (- 2 G0
SN0

_[nf nﬂ(”f )(2) (3.10)

=0

M

By (3.9) and (3.10), we obtain the following identity for n > 1,k > 0,

S nde-SS(0)0)

iotirtoik=n—2k  j=1

Notice that JL, o = Ly, and JLay, 1, JLap41,5 lead to the triangles.

n/k 0 1 2 34 n/k 0o 1 2 34
0 2 0 1

1 3 2 1 4 3

2 7T 8 2 2 11 15 5

3 18 30 15 2 3 29 56 35 7
4 47 104 80 24 2 4 76 189 171 66 9

Table 3.3 Table 3.4

Theorem 3.2: For any integer n, k > 0, we have

n

(n
Z(—l)"‘l (z) JLpyok+2i k+i = 2.

=0

Proof: This proof is similar to the proof of Theorem (2.2) so it is omitted. O
Similar to Theorem (2.1), we can also give a combinatorial interpretation for JL, j, that
is the following:
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Theorem 3.3: For any integer n, k >0, JL, 1 is the number of (0,1, 2)—sequences of length
n with k 2’s, but without subsequences 11, 12, 21, 22, where the first and last components of
the sequences are considered to be adjacent.

Proof: Let T, ;, be the desired number. Consider the last component x,, of such sequences
in three cases, i.e., , = 0, 1 or 2, we have

Tot1k = JIn+1k + In—1k + In-1.6-1, (n>1),

with the initial values Too =2, T1 0 =1, T11 = 0.
By (3.3) and (3.8), we have J L4115 = 2416 — Ik = Jnt1.k + In—1.k + Jn—1,6—1, and
JLO,O =2, JLl,O =1, JL1’1 =0, so JLn’k must coincide with ka. O
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