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ABSTRACT

There are eight systems of coupled third—order recurrence relations. We find the solutions
of all eight systems in terms of the Tribonacci numbers.

In the recently published book [1], we find the following statement
“We can construct 8 different schemes of generalised Tribonacci sequences in the case of two
sequences ... An open problem is the construction of an explicit formula for each of the schemes
given... 7. (See also [2] and [3].)

Well, no longer! The object of this note is to give the explicit solution for each of the 8
schemes. We give the solutions in terms of the bilateral sequence {T,,} defined by

T() == 1, T1 == 1, T2 =2 and for all n, Tn+3 = Tn+2 + Tn+1 +Tn

Thus
{Tn} = { e ’47 17 _372707 _17 1a0a0a ]-7 172747 77 137247447817 et }

Of course, it is possible to give an explicit formula for 7;,. Thus, if « is the real number
satisfying
A= +a+1

and @ is given by

then for all n,

1

1 1 1 2
T, =—(+a+2a?)a" + — ( 5cosnf + —= cos (n + 1)0 + = cos (n + 2)0 | —-.
11 a Ja

22 Va

The 8 schemes and their solutions are as follows. In every case the solution can be proved by
induction.

Ap+3 = Apt2 + Gpt1 + An, (1)
bn+3 = bn+2 + bn+1 + by,

ap = Tn—3a0 + (Tn—l - Tn—2)a1 + Tn—2a27
bp = T—3bo + (Th—1 — Thh—2)b1 + T}, —2bs.
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Apt3 = Api2 + Apy1 + bn, (2)
bn+3 = bn+2 + bn+1 + an.

1 o —3— (—1)" 1 1 1—(-1)"
= (=75 — ST T )
an, <2n3 3 >a0+(2n1 2n2+ 1 ay
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+<2n2+ g )a2+(2n3+ 3 bo
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+ = (=1) >a0+(_Tn—1__Tn—2_#> ay
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An4+3 = Ap42 + bn+1 + an, (3)
bn+3 = bn+2 + any1 + bn'

2 4
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1+COSM+COSM 1 1 cos (L™
+ 2 2 ap+ | 5Th-1— 51h—2 — — 2 a

4

1 — cos BT 4 cog (LT 1 1 4+ cos BT 4 cos (LT
2 2 az + | zT—3 — 2 2 bo

(n+1)7w nm (n+1)w
1 1 cos 1 1 — cos 2f + cos ~——+—
+ <_Tn1 —zlp_o+ —2> b1 + <_Tn2 — 2 2 ) b,

bn = _Tn—3 -

2
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1 1+ cos X + cos (WEUT 1 1 cos (LT
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(nt+1)m nmw (n+1)m
1 1 COS ~——— 1 1 — cos & + cos —5—
+ <—Tn_1 — Tho — —2) by + (—Tn_z + 2 = > ba,

2 2 2 2 4

An+3 = Ant2 + bpt1 + bp, (4)
bn+3 = bn+2 + ant1 + an.

o — (%Tn_g + %(—1)“:/1”) a0
+ (%Tn_1 - % g — %(—1)"T_n_2 - %(—1)”1”_1) ar
+ (%Tn_g + %(—1)"T_n_1) as + (%Tn—fi - %(‘DnT—n) bo
T ) |
+ (%Tn—2 - %(—U"T—n—l) ba,
by = <%Tn_3 - %(—1)@_”) a
+ (%Tn_l —~ %Tn_g - %(—1)"T_n_2 + %(—D”T—n—l) a1
+ (%Tn_g — %(—1)”T_n_1) az + (%Tn—?) + %(_1)HT—n) bo
o (= = B Hr )
T (%TM + %(—1>"Tn1) b,

Un43 = bn+2 + ant1 + ap, (5)
bn+3 = Gny2 + bn—|—1 + by,

1 2n—3—(—1)" 1 1 1—(=1)"
Ap = (_Tn?) - (_1)n n 8 ( ) > ap + (_Tnl - _Tn72 + #) al

2 2 2 4
1 14 (—1)" 1 9 —3— (=1)"
+ §Tn72 +(—-1) 3 as + ETnfB +(—1) 3 bo
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1 1 1—(=1)" 1 -1+ (—1)"
+ (ng—l — iTn—Q — T) b + (ETn—Q —(-1) 3 b,

1 2n -3 —(—1)" 1 1 1—-(—-1)"
bn = (_Tn—3 + (_1>n - ( ) ) ao + (_Tn—l - _Tn—2 - %) ai

2 8 2 2
1 o — 1+ (~1)" 1 o — 3 — (—1)"
T, o —(=1)" T, _a—(=1)" b
+(2n2 (—1) 3 )a2+(2n3 (—1) 3 0
1 1 1—(=1)" 1 o — 1+ (~1)"
ST — =Tt —— ) N by (2T + (—1)" by,
+(2 1 2n2+ 1 )1+(2n2+( ) 3 2
Up+3 = bpyo + any1 + b, (6)
bn+3 =ap+2 + bn+1 + an.
14 (—1)" 1 (~1)" 4 (1)
Qy = ¥Tn—3ao + #(Tnfl —Ty—2)as + LTn72a2
2 2 2
1—-(—1)" 14+ (=1)" 1—(=1)"
4 #Tn—sbo + %(TM — T )b+ #Tn_gb%
1—(=1)" 1+(=1D)" 1—-(=1)"
b, = #TnfSGO + L(TnA —Th_2)a; + (=1) Ty —oa2
2 2 2
1+ (-1 1—-(=1)" 1+ (=)™
T #Tn_gbo + #(Tn_l T %Tn_zbz,
Ap+3 = bn—|—2 + bn—l—l + A, (7)

bn+3 = ap42 + Gp+1 + bp.

1 1 1 1 1 1
Qp = (_Tn—S + _T—n) ag + <_Tn—1 — T o+ T 2+ _T—n—l) ay

2 2 2 2 2 2
1 1 1 1
~T,_ T ._ T, 53— =T_,

+<2 2+2 1)a2+(2 875 )bo

1 1 1 1 1 1
T 1—=Tho— =T _,_o—=T_,_ ~Th_o—=T_,_ .
+<2 175 27 3 27 3 1)b1+(2 27 5 1)52

1 1 1 1 1 1
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<2 37 5 ) ap + (2 15 275 275 1) ay
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1 1 1 1
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+(2 27 3 1)a2+<2 3+2T )bo
1

1 1 1 1 1
—Tp1— =Th_ T . T _,_11b =T, _ T .
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Ap+3 = bn+2 + bn+1 + bna
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+ (2 2 1 as
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1 —1)" — cos I — cog (MALT
+ (—Tn_z + 1) = 2 by.

2 4
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