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ABSTRACT

New results about certain sums Sy, (k) of products of the Lucas numbers are derived. These
sums are related to the generating function of the k-th powers of the Fibonacci numbers. The
sums for S, (k) are expressed by the binomial and the Fibonomial coefficients. Proofs of these
formulas are based on a special inverse formula.

1. INTRODUCTION

Generating functions are very helpful in finding many important relations for sequences
of integers. Many of these identities for the Fibonacci numbers F;, and Lucas numbers L,
were found by simple manipulation of the various generating functions. Our approach to the
problem is rather different. This paper is devoted to certain generalizations of the well-known
formulas for the Fibonacci and Lucas numbers (see [8] pp. 179-183), for example
n

Z(—l)iLanz' =2F, 11 .
i=0
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In the past much attention has been focused on the generating function fi(z) =
So2 o EFa™ for the k-th powers of F,. In [4] Riordan found the general recurrence for fi(z)
considering the initial obsolete conditions Fy = F; = 1. We can rewrite his result with initial
conditions Fy =0, F; =1 as
Lk/2]
(1 - Lpz + (-1)*2°) fu(@) =z + kz Y Api froni(z(-1)")

i=1

where |£] is the integer part of & and Ay; are integers given by the equality Ay; = %,
Riordan showed that the numbers ay; satisfy the relation

1 e k—2i
(1—z—22) Z'amx :
k=21
Recently Dujella in [2] discovered a more elegant way to compute ag;
L%%J k—m—1Y (m\ 1
Qi = N
F — m—1 1) m

and published a bijective proof of Riordan’s theorem using the Morse code interpretation.
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Carlitz in [1] and Horadam in [3] generalized Riordan’s result and found similar recurrences
for the generating functions of different types of generalized Fibonacci numbers. They found
closed form for the polynomial Nj(z) in the numerator and the polynomial Dy(z) in the
denominator of the generating functions.

As a special case of Horadam’s result it is possible to get the following formula for the
generating function of an odd integer powers of Fibonacci numbers

k ; G+ | k+1 i
Zizozzzo(_l)UQ [ j :|Fik—jx

S (-1 [’H_l} P (2)

1

fr(z) =

where [ "

k] are the so-called Fibonomial coefficients defined by

n FnFn—l"'Fn—k:—i-l n
— y :1
k F Py Fy 0

Applying Carlitz’ approach, Shannon obtained in [6] some special results for the numerator and
the denominator in the expression of the generating function fi(x). Later Stanica extended
in [7] Horadam’s results giving also some new formulas for weighted cases.

It is easy to obtain for any odd integer k that

ke = k Frp—gjz
Ji(@) =5 ; (]> 1— (_1)ijJ_2jx — 22 ¥

after simplification of one of Shannon’s results.
As k is an odd positive integer, the denominator Dy 1(x) is a polynomial of even degree
k + 1 and the relation

Diya(z) = [J (1 = (1) Ly—ojo — 2?)
=0

holds. Thus, the coefficients of the powers of z in Djyq(x) include the following sums of
products of the Lucas numbers

k—1 k—1 k—1
2 2 2 n
i1 +io e tin
E E E (—1)f e | | Lg—2; -
in=01%,_1=ip+1 in—2=lpn—1+1 Jj=1

Combining (2) and (3) we will find some new results about these sums with the help of
the Fibonomial coefficients.

2. THE MAIN RESULT

Define the sequence {5, (k)}5> for any odd positive integer k in the following way:

k-1
2

So(k) =1, Si(k)=> (=1)"Li_2,,

11=0
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and
E=1l k-1 k-1
2 2 2 ) ) ) n
CAOED DEED DR DI co Viai sl | PZSET (4)
tn=01%pn_1=1,+1 11=12+1 7j=1

for any positive integer n > 1.
The main result about these sums is given in the next theorem.

Theorem 1: Let k be any odd positive integer and n be any positive integer. Then

n k+3 : E+1 .
— _ G-t (2 Tl ST n—1 E+1
Sen-1(k) =Y _(~1) (( " )+<n_i_1)) [22,_1

=1

and

e 3 e (G B G A A

=1

3. THE PRELIMINARY RESULTS

Let {G,,} be a generalized Fibonacci sequence, which obeys the recurrence relation G, 12 =
Gy, + Gy with arbitrary seeds Gy and G;. This leads to the generalized Binet formula

Gn = Aa™ + Bf", where a=(1+V5)/2,6=(1-5)/2.

There are many identities for the generalized Fibonacci numbers G,, (see e.g.[8]). We will
need the following special identities which are generalizations of (1).

Theorem 2: Let a, p # 0, q be arbitrary integers and n be a nonnegative integer. Then

zn: Gpivrg = Gpnt1)4q T (=D)P* ' Gpniq + (—1)PGpa—1)+q — Gpa+q (5)
£ P 1+ (1) - L,

and

n

> (1) Gty = ®)

1=a

(_1)nGp(n+1)+q + (_1)n+pGpn+q + (_1)aGpa+q + (_1)a+pGp(a—1)+q
1+ (-1)p+ L, '

Proof: Using the generalized Binet formula we get immediately (5) and (6). O
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Theorem 3: Let a, p # 0, q be arbitrary integers and n be a nonnegative integer. Then

i iG = nGpn+2)+q — Gpn-1)+q — (n+1+ 2n(—1)p)Gp(n+1)+q
i=a re (1 + <_1)p - LP)2

(n+2(=1)?(n+1))Gpniq(n+1)
(L4 (=1)P = Ly)?

aGp(a=2)+q = (@ = 1)Gpla+1)+

(1+(=1)P = Ly)?
L (@420 = D)) Gpatg — (6= 1+ 20(=1)")Gya-1)+q
(14 (=1)P = Ly)?

+

and

- il n(=1)" "G pny2)rq — (n+ 14 20(=1)P)(=1)"Gp(n+1)+q
> (1) iGhirg =
(I+ (1) + Ly)?

1=a

(—1)nt! ((n +2(=1)P(n +1))Gpntq + (n + 1)Gp(n—1)+q)
(L4 (=1)P + Ly)?
(6= V(= 1)*Gppasiyrq + (0 +2(a = D(=1P)(=1)*Cpary
(14 (1) + Lp)?
(@ —142a(=1)")(=1)*Gp(a—1)+q + A(=1)*Gpa—2)+4
(L4 (=1)P + Lp)? ’

+

which we will denote by (8).

Proof: These identities can be proved in a similar way as Theorem 2 but now using the
identity

"o ™ —(n+ 12" — (a— 1)z + az® !
ZHIJ = )
P (x —1)2

which is formed by differentiating the formula for the sum of a geometrical progression. 0O

Lemma 1: Let n be any positive integer. Then S,(k) = 0 for each odd positive integer
k<2n—1.
Proof: Rewriting relation (4) in the form
Sn(k) = Z (—1)nteattin H L2,
01620 rin j=1

Ogi'n<in—1 <"’<'L'1 S%
the assertion easily follows from the condition

. . . k—1
0§1n<’bn_1<"'<21§T

which does not hold for any values i1, o, ..., 1, if % <n-—1. 0O
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Lemma 2: Let k be any odd positive integer and n be any positive integer. Then

n . k
(4) Z(n+z_%5>32i_1(k):0 for n>tE3

n—1t 2
and

g " (n+i— BT kE+5
(i1) Z( 2 )Sg(il)(k)zo for n>——.

n-—1 2
i=1

Proof: We show the proof of (i). Case (ii) can be proved by the analogous procedure.
Let [ be any even positive integer. Thus, each positive integer n > % can be written in the

form n = E£3+L Then for the sum in (i) the following holds
k4143

Z (k+l+3 2_ z) Sai—1(k) = P(k,1) + Q(k,1) ,
i=1 2
here
" |52 it =2
P(k7l) = <k+l+32 )SQZ—I(k)
=1 2
and
k4143 l 9
2 Z+ =2
Q(k7l) = Z <k+é+32 >S2’Ll(k)
=22 41

E+i+1 k+3
e k)

52+ 5+
- Z (M i Léj . SQL%J-FH-Q;D(I{:) .
p=0 2 4 p

s 1=2
7'+T

It is easily seen that (’”é*?’ ﬂ,) =0 fori < % and therefore P(k,l) = 0 for any k, [. Since for

any nonnegative integer p the equality S2L k£8 |4y +2p(k) = 0 is implied by Lemma 1, it follows
that Q(k,1)=0. 0O

4. THE SPECIAL CASES FOR SMALL n

We now consider the integers S, (k) for values n =1, 2 and 3.

Theorem 4: Let k be any odd positive integer. Then

k—1
2

(i)  Si(k) = (—1)"Li_2i, = Fr41,
i1:0
LA

) o k41

(17) Sa(k) = (=) T2 Ly 9i Lo, = - Fri1Fy,

1220 ’Ll:i2+1
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k—1 k—1

k—1
=5
(i) Ss(k)=>_ > Y (1)L g L gi, L2,
i3=019=i3+111=i2+1
k—1 1
=3 Frt1 — §Fk+1Fka—1 .

Proof: All cases can be proved with a suitable choice of the parameters in Theorem 2
and Theorem 3:

(1) Putting n = %, p=—2,q=kand a =0 in (5) we have immediately
k—1
2 .
Si(k) = Z(_l)“ka%l = Fiy1 -
’il:O
(71) If we take n = %, p=—4,q=2k—1,a=0 and use the identities L,, = F, 1o — F,,_o
and Ly + (=1)"Ly—p, = 5F, F,, (see [8], (17b)), we get, using (5),
k—1
: 1 1
> Fogp—zi-1 = 5(F2k+3 —Fy1 1) = 5(L2k+1 +1) = Frq1 Py
i=0
Setting n = %, p = —2, ¢ = k we obtain from (6)
k—1
2 .
Z(—l)llzk—m‘ = (—1)aFk—2a+1 )

where a is a nonnegative integer.
Finally using the identity L, F,,—1 = Fa,—1 + (—1)" (see [8], (15b)) we have

k=1l ko1 Aot

2 2 2
So(k) = (=) F2 L oi Ly i, = — Z L —2iy Flk—2i5)—1

120=011=12+1 12=0

ko1
2 k+1

= (1 = Fy—2iy)—1) = 5 Frq1 F.
i2=0
(7i7) First, we derive several identities which are necessary to prove this case. Setting n = %,

p=—4,q=2k—1,a=j+ 1 and using the well-known identity L, = Fj, 1o — F,_2 we
obtain from (5)

E—1
< 1 1
Z Fy(k—2iy—1 = 5(F2(k:—2j)—1 — Fhy(p—2jy—5 +1) = 3<L2(k—2j)—3 +1) .
i=j+1
Fora =0,p= -6, ¢ =3k —1) and n = % we get from (6), using the relation
Lm—S + Lm+3 - 10F3m7
k—1
d i [T | [
> (~1)Lyoj1) = (-1)"7 + %(L?)(k—l) + Lyk+1y) = (=17 + SRR
§=0
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ForazO,p:—Q,q:k—?)andn:%theidentity

k—1
2
. k—1
> (~1)Lp-sj_3 =2(-1) 7 + Fr_s
7=0

follows from (6).
Settinga=0,p=—-2,gq=kandn = % we get from (8) using the identities Ly + Lgy2 =
5F;41 and Fy_1 + F11 = Ly (see [8], (5) and (6))
—1

k

S (-1iiLa = ()~ L)

From (17a) in [8] we obtain the following special case

Ly—2jLok—2j)—3 = L3k—2j-1) — Lr—2j—3 -
The previous identities enable us to finish the proof of the third case:

S3(k) = (=1)= "2t Ly 9i Lk—9iy Li—2i,
i5=0 ip—igt1i1=ia+1

(1) Ly oy Li— 24y Flj—2iy)—1

/ 1 k-1 |
= (—1)13+1Lk_2i3 (E(LQ(k—Qis)—?) + 1) — T + 13)

k-1 k—1

k—1 1 . i - i3,
=== g (—=1)"®Lg—2i, — E (—1)"ig L2
13=0 i3=0

k—1 k—1
1 < . 1 < .
5 Z(_1)23L3(k—2i3—1) tz Z(_l)ZBLk—%g—S

i3=0 i3=0
k—1 1 k—1 1

= F) —(2F, — F5p) = F — —Fe 1 FrLFe_q.
3 k+1+10( k 3%) 5 kel = 5 Pk PRk O

Remark: It is known that L_,, = (=1)"L,,. If we assume that n in (1) is an odd number,
then

n—1 n—
n 2 2

> (1)Lnogi = (-1)'Lp2i+ Y (~1)'Ly_2;i =2 (~1)'Ln_9; =2F41 ,

i=0 i=0 j=2tl i=0

which shows a relation between case (i) in Theorem 4 and (1).
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The previous method of evaluation of the integers S, (k) can be used similarly also for
n > 3. Again we only need the identities (5), (6), (7) and (8) for suitable values of the
parameters a, k, p, g. But its concrete realization would be more complicated.

5. THE PROOF OF THE MAIN THEOREM

Relations (2) and (3) which hold for any odd positive integer k lead to

k—1

m||

k+1
D) = [J( = (-1 Ligjz — 2°) = Y dpyraa’,

<.
I
=)

where dj41,; = (—1)@ [k —l_ 1].

After multiplication of all factors in Dy1(x) it follows that

S (=20
dri10="So(k) =1, dpyri=) l (=)™ Si—a(k) ,

=0

where 1 =1,2,... k+ 1.
We can rewrite the last identity into the following two relations for any positive integer n

i ko
dk+1,2n—1 Z—Z (n ' ) Sai—1(k) , (9)

, n—1
=1
" /n +17— k+7

dps12n-1) = D ( o ) Sa(i—1)(k) (10)
i=1

with respect to Lemma 2 and the well-known formula (;) (mfn’;*l).

Proof of Theorem 1: We have to invert identities (9) and (10) to obtain explicit formulas
for the sums S, (k). We use the inversion theorem from [5] (see (23), p. 74). Thus,

B " n+i+p
an_§:( n_i)@

o () ()

=1

holds if and only if

where p is any integer.
To prove the first equality in Theorem 1 we set a, = dit1,2n-1, bi = —S2,_1(k) and

p= —% in (11). Then identity
k45 k+5
it ((2n B T) - <2n _T)> drt1,2i-1
n—1i n—1i—1

- k+3 —n—1 L S
Z (( . )+( 2 )) d1,21
— n-—1 n—i—1

S2n 1
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holds. Thus,

n k+3 : k+1 .
=Y (—pi-neidn (2 T oo n—t k+1
Sonoa(k) = S (-1) (5, )+ (2 [y

=1

Similarly setting a, = dy11 2(m—1), bi = S2¢i—1)(k) and p = —kFT 50 (11) we get

2

San1y (k) =§;<—1)”"’(( i ) ( —z—l)) Her126-3
2 (5079 (G50) denaes
S () (1

6. CONCLUSION

The effectiveness of the formulas from Theorem 1 for the computation of S, (k) is shown

by the following fact. Using the standard PC we have found that the computation of Sy12(51)
by relation (4) took 26.5 minutes approximately and by Theorem 1 less than a second only.

8]
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