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ABSTRACT

In this article we investigate the Bernoulli numbers B,, associated to the formal group
laws whose canonical invariant differentials generate the Lucas sequences {U,,} and {V,,}. We
give explicit expressions for these numbers and prove analogues of Kummer congruences for
them.

1. INTRODUCTION

The Bernoulli numbers B,, are the rational numbers defined by the generating function

t > tn
— B, —. 1.1
et —1 nZ:O n! (1.1)

Among the many important properties of these numbers are the Kummer congruences, a strong
form of which read as follows: Let p be an odd prime, assume that p — 1 does not divide m,
and that (p — 1)p® divides ¢ for some a > 0. Then for all k£ > 0,

: k\ Bty
—D)E () 2 = mod pZ,), 1.2
> BES (mod %) (12
where A = min{m—1, k(a+1)} and Z,) denotes the ring of rational numbers with denominator
relatively prime to p (cf. [2]).

The Bernoulli numbers have been generalized in many ways, and analogues of the congru-
ences (1.2) hold for many of these generalizations ([1], [6], [8]). For one type of generalization,
let c1, ca, ... be indeterminates and consider the formal power series

o0 i+1
At) =t ; 1.3
0=t e (1.3
in Q[cy, ca,..][[t]]. Let & denote the formal compositional inverse of A in Q[ey, ez, ...][[t]], and
define the universal Bernoulli numbers By, in Q[c1, ¢z, ...] by
t =t
= B, — 1.4
e(t) nz_% n! (14)

(cf. [3]). In this generalization each B, is actually a polynomial of degree n in ¢y, ¢s, ..., ¢, with
rational coefficients. Recently Adelberg [1] has proved that if ¢ = I(p — 1) where p® divides I,
m >a+2,and m# 0,1 (mod p — 1), then

=0 (mod p*™'Zy le1, e, ...]), (1.5)
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whereas if m =1 (mod p — 1) and m > a + 2 then

Bm+c ol

e = cltql_2 (cp—16] — cap_1)1/2 (mod paHZ(p) [c1,¢a,..]) (1.6)

m P

where ¢ = (m — 1)/(p — 1). Note that (1.5) is similar to the kK = 1 case of (1.2). The analogy
may be seen by mapping ¢; — (—1)% in (1.3), so A(t) — log(1 +¢) and in turn e(t) — e’ — 1,
whence B,, — B,, by comparison of (1.4) with (1.1).

In this paper we examine the rational numbers B,, obtained in (1.4) by mapping ¢; — U;11
or ¢; — Viyq in (1.3), where {U,} and {V,,} are Lucas sequences of the first and second kind.
We will call the numbers B,, thus obtained Lucas-Bernoulli numbers. We’ll give congruences
analogous to (1.2), and stronger than the general congruences (1.5), (1.6) for these numbers.
Specifically, we show that if p is an odd prime, p — 1 does not divide m, and the increment
¢ =1(p—1) where p® divides [ for some a > 0, then for all £ > 0,

a (E\ (h—j)i B
1\k—j (k=i)l Pm+jc _ A
j;]( 1) <j>cp_1 e 0 (mod p?Z,)), (1.7)
where A = min{m — 1,k(a + 1)}. One may use the explicit formula ([1], eq. (3.1)) for
the polynomials B,,/n in terms of the indeterminates ¢; to express the congruences (1.7) as
nonstandard congruences for the Lucas numbers U,,, V,,.

The polynomials B,, € Q[c, ¢z, ...] defined in (1.4) are called universal Bernoulli numbers
because the power series A in (1.3) is the formal logarithm of the universal formal group law
([3], [5])- It appears to us that the congruences (1.2), (1.7) one obtains for the specializations
c; — (=1)% ¢; — Uiy, or ¢; — V41 are stronger than those in (1.5), (1.6) because these
specializations make A into the logarithm of an integral formal group law, whereas the universal
formal group law is not integral. These considerations are discussed in section 5 below.

2. PRELIMINARIES

Let P and @ be integers, and define sequences {U, } and {V,,} by the recurrences
Un == PUnfl - QUn727 Vn = Panl - QVn727 (21)

with initial conditions Uy = 0, Uy = 1, Vo = 2, V; = P. Then 7(t) = 1 — Pt + Qt? is the
characteristic polynomial of the recurrence for either {U,} or {V,,}, with discriminant D =
P2 —4Q. If r(t) factors as 7(t) = (1 —at)(1 — Bt) then o = (P++/D)/2 and 8 = (P —+/D)/2,
so that a — 8 = v/D, and for all n we have

Vo =a" + 6", U, = (™ = "), (2.2)

1
vD
unless D = 0, in which case U,, = na™~!. These sequences may be generated by the differential
forms

oo oo

dt dt dr dt
Ehatdi L - = Lt —. 2.
r(t) 7; U t r ; v t (2.3)
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We will make use of two well-known congruence properties of these numbers (cf. [7]): For any
prime p we have

Uy, = (Dlp) (mod p), and Vp,=P (mod p), (2.4)

where (D|p) is the Legendre symbol. See (5.6), (5.7) for more general versions of (2.4).

Throughout this paper p will denote a prime number, Z,, the ring of p-adic integers and Z,,
the ring of rational numbers whose denominator is relatively prime to p, so that Z, (Q = Z,).
All our congruences involve rational numbers and are stated in Z,), but we often work in Z,
rather than Z,) because Z, is complete. A congruence z =y (mod pAZ(p)) means that © —y is
a rational number whose numerator is divisible by p#. If R is a commutative ring with identity
then R* will denote its multiplicative group of units and R[[X]] will denote the ring of formal
power series in the indeterminate X over R. Recall that a formal power series f is a unit in
R[[X]] if and only if the constant term of f is a unit in R, and that f has a compositional
inverse in R[[X]] if and only if f has constant term zero and linear coefficient in R*. The
binomial expansion

=3 (5) (25)

k=0

will be invoked in several contexts. First, if a € Z, and y € pZ,, then the series (2.5) converges
in Zp; therefore if x = 1 (mod pZ,) and a € Z, then 2 € Z, as well. Second, if a € R and
y € XR[[X]] is a power series with constant term zero then (2.5) makes sense in R[[X]]; thus
if f € R[[X]] has constant term 1, then f* € R[[X]] for any a € R.
If ¢ is a nonnegative integer, the difference operator A, with increment ¢ operates on the
sequence {a,,} by
Aclpy = Qmte — Q- (2.6)

The powers A¥ of A, are defined by A? = identity and A¥ = A.o A~ for positive integers
k, so that

Ay = g (5) 1 ams (27)

for all nonnegative integers k. Thus for example the congruences (1.2) may be expressed as
AM{B,,/m} = 0 (mod p*Z)). The calculations in our proof of the congruences (1.7) are
primarily based on two principles. One is the identity

k : k % k—i
Ac {XmYm} = Z (i>Ac{Xm}Ac {Ym—l—ic}» (2'8)

([8], eq. (5.38)). The other is Theorem 1.1 of [8], which states that if h € Z,[[T" — 1]] and
h(e) = 307 s ant™/n! then for ¢ = 0 (mod (p — 1)p®) we have Aka,, =0 (mod pZ,) for all
k >0, where A = min{m, k(a + 1)}.
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3. LUCAS-BERNOULLI NUMBERS OF THE FIRST KIND

In this section we show that the numbers B,, obtained by specializing ¢; — U; 11 may be
expressed in terms of the usual Bernoulli numbers B,,, and prove the congruences (1.7) for
these numbers.

Theorem 3.1: Let B,, denote the numbers obtained in (1.4) by specializing ¢; — U1 in
(1.3). Then for all n,

By = VD" B, + ady.

where §; j is the Kronecker delta. For evenn > 0 the denominator of B, is equal to the product
of those primes p not dividing D such that p — 1 divides n.

Proof: Following (2.3), let

dt (o] t o0 n
w=— =Y Ut" dt, so  At) = / w=Y U,— (3.1
oS 0= w=2 U7 )

agrees with (1.3). If D = 0 then A(t) = ¢t/(1 — at), whereas if D # 0 then
1 1— Bt
= 1 . 2
o) = = tog (101 (3.2

Therefore if D = 0, the compositional inverse e of A satisfies e(t) = ¢/(1 + at), and if D # 0
then

1 — VDt

So if D = 0 then t/e(t) = 1+ at, whence By =1, By = a, and B,, = 0 for n > 1. The theorem

is thus proven in this case. If D # 0 then

VDt
ot

%: +—e\/ﬁt—1’ (34)

and comparison with (1.1) yields the stated identity.

The von Staudt-Clausen theorem (cf. [3]) states that the denominator of B,, is always
squarefree, and for even n > 0 is in fact equal to the product of those primes p such that
p — 1 divides n. This formula implies that the denominator of the number B,, associated to
¢; — Uy is also squarefree, and for even n > 0 is equal to the product of those primes p not
dividing D such that p — 1 divides n. Therefore B, € Zpy for all n > 1 when p is a prime
dividing D.

Remarks: If we choose r(t) so that its discriminant D is not a square, this formula provides
another proof of the well-known facts that By = —1/2 and Bsy41 = 0 for all k > 0, since it is
clear that both B,, and Bn are rational numbers. When k > 0 the formula reads B2k+1 =

\/E%HB%H, which cannot hold unless both sides are Zero. With n = 1 we have Bl =
(P/2) +/D(By + (1/2)), implying By + (1/2) = 0, and thus B; = P/2.
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The first few values of B, for ¢; — ;11 are By = 1, B, = P/2, Bg = D/6, B; = 0,
By = —D?/30, B; = 0, Bs = D3/42, B; = 0, Bs = —D* /30 By = 0, Bip = 5D5/66. The
usual Bernoulli numbers B,, may be obtained in this way by choosing P = —1 and @) = 0; in
this case U, = (—1)"*! for n > 0.

Theorem 3.2: Let B,, denote the numbers obtained in (1.4) by specializing the indeterminates
ci — Uirq in (1.3). Then if p is an odd prime, p — 1 does not divide m, and the increment
c=1U(p—1) where p* divides | for some a > 0, then for all k > 0, the congruence

: (k- B
k—j)l Pm+je _ A
Z () Cpt1’ m—i—;c_o (mod p~Zy))
7=0
given in (1.7) holds, where A = min{m — 1,k(a +1)}.

Proof: In the case m = 1 the left side of the congruence is just (—1)’“U]§ZP/ 2, which lies
in Zy); the theorem is therefore true in this case. If m > 1 is odd, the left side is zero and the

theorem is also true in this case. Now assume m > 1 is even, which implies By =V DmBm
m
with v D € Z, and therefore the left side of the congruence becomes

k m+jc B, 1
Z ( )U(’“ Dy p"TIC Zmitie (3.5)
Jj=

m+ jc

If p divides D then p divides U, as well by (2.4); therefore the power of p dividing the j-th
term in (3.5) is at least (k—j)l+ (m+ jc)/2, which may be written as kl+ (m/2)+ jl(p—3)/2
and is therefore greater than kl. Since p® divides [, we have [ > a + 1 so this exponent is at
least k(a + 1), proving the theorem in this case.

Finally suppose that p does not divide D, while m > 1 is even. In this case (2.4) tells
us that U, = DP~Y/2 = (Dlp) (mod p). Since DP~Y/2/U, =1 (mod pZ,), we may expand
(DP=1/2/,)e/P=1) in Z,, for any integer e by (2.5). If we take e = 1 this defines an element

of Z,, we’ll denote by U, Y®=1)/D. If e = 2¢ is even this defines an element of Z,, we’ll denote
by D¢/Us/ @Y which in turn defines an element Us/ ™Y € 7, such that (Uy/®~V)@-1 = ye
and U;/(p_l) = D° (mod pZ,). The expression (3.5) may then be written as

k
U/ =) 3 (11 ( ) ~1/(p-1) /pymtic Brtic
7=0

m+ jc

B,
_ gm0 AR {(Up—l/(p—l)\/ﬁ)m_} '

m

By the identity (2.8), this expression is equal to

k
K\ .. B , .
kl+m/(p—1) 7 m k—i —-1/(p—1) m+ic
U’ ) <2’>AC{_m }AC {(Up VD) } (3.7)

=0
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By (1.2) we have A’{B,,/m} =0 (mod p*Z)) for A; =min{m—1,i(a+1)}. By the
binomial theorem the term Ukl+m/(p UA’“ Z{(Up_l/(p_l)\/5)”“”"3} is equal to

k—1
e (252 ) o
p

Since D#~1/2 = U, (mod p) we have (DP~V/2/U,)' =1 (mod p@*VZ,)), and therefore
(3 8) is zero modulo pF~ )(““)Z( y- Therefore each term in the sum (3.7) is zero modulo
D Z( )» proving the theorem.

4. LUCAS-BERNOULLI NUMBERS OF THE SECOND KIND

In this section we express the numbers B,, obtained by specializing ¢; — V41 in terms
of the Bernoulli numbers B,, and the Stirling numbers S(n, k) of the second kind, which are
defined by the generating function

6_1 ank (4.1)

n=k

and use this to prove the congruences (1.7) for these numbers.

Theorem 4.1: Let B,, denote the numbers obtained in (1.4) by specializing ¢; — Viyq in (1.3),
where P =1 and Q is an arbitrary integer. Then for all n,

B, =(-1)"B, — ni (f) 221K (k — 1)1S(n — 1,k —1).
k=1

The denominator of B, is equal to the denominator of B, for all n.
Proof: Following (2.3), let

:——_ZVt” Lat, SO A(t) = /w—ZV— (4.2)

agrees with (1.3), since we assume P = 1. It follows that A(t) = —logr(t), so that its
compositional inverse € satisfies

et =1—c(t) + Qe(t)>. (4.3)

By the quadratic formula we have

1—/144Q(e t —1)
2Q

if Q # 0, whereas e(t) = 1 —e~ " if Q = 0. Observe that the power series f = 1+4Q(e"t—1) €

Q[[t]] has constant term 1, so that \/f = /2 may be expanded by (2.5) as a power series in

Q[[t]], which also has constant term 1; this is the meaning of the square root symbol in (4.4).

e(t) =

(4.4)
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The negative sign is chosen for the square root in order that the power series ¢ € Q[[t]] has
constant term zero, so (4.3) makes sense. Therefore for @) # 0,

t 20t (14 4/1+4Q(et — 1))
e(t)  1—-/1+4Q(e t—1) 2(e=t —1) ’
and the right side of (4.5) is correct even for ) = 0.

The identity of the theorem follows by applying the binomial expansion (2.5) to the
generating function (4.5), yielding

(4.5)

5 Bl VI+4Q(e "~ 1))

o 2(e7t—1)
_ _foo /2N kg — k-1
- g () rere (1.6)
= eft_t_ i Z—;ngk—l (1]{;2)2%—1(,2%1@ —)IS(n—1,k—1).

Expanding the right side using (1.1) and (4.1) gives the stated identity. Since k!S(n, k) € Z
we see that B,, — (=1)"B,, € nZ for all n; therefore the denominator of B,, is always equal to
the denominator of B,,.

Remarks: The first few values of B, in this case are By = 1, By = % - Q, By = % —2Q?,

By =3Q% — 12Q%, By = — — 4Q% +48Q° — 120Q*, Bs = 5@ — 140Q°> + 900Q* — 1680Q°,

Bg = é —6Q? + 360Q3 — 4500Q* + 20160Q° — 30240Q°. Clearly, if we choose @ = 0 then
we obtain B,, = (—1)"B,. Although it is not an integer, the choice Q = 1/4 gives us B, =
(—2)~"B,, for all n.

Theorem 4.2: Let B, denote the numbers obtained in (1.4) by specializing the indeterminates
¢i — Vig1 in (1.3), where P =1 and Q is an arbitrary integer. If p is an odd prime, p — 1
does not divide m, and the increment ¢ = l(p — 1) where p® divides | for some a > 0, then for
all k >0,

A~

k
_i k Bm jC
(—1)k= (j) ﬁ =0 (mod pAZ(p)),
—0

j
where A = min{m — 1,k(a + 1)}.
Proof: We define

14+ /144Q(T —1)
N 2(T — 1) ’

9(T) (4.7)
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so that g(e') = —1/e(—t). Choose a positive integer b such that (b,p) = 1, and consider
h(T) = bg(T®) — g(T). We compute

1 b(1+ /1 +4Q(T? — 1))
h(T) = 2T 1) 0 (T) —1—/14+4Q(T - 1)|, (4.8)
where
TP —1=(T-1)+1)°"-1
b (4.9)

=b(T — 1) + (2)(T—1)2+~-+(T—1)b € Z,[[T — 1]],
and therefore

T° — 1

3,(T) = =b+ (b

2

T )(T—1)+-~~—|—(T—1)b_1EZp[[T—l]]X. (4.10)

By (4.9), T® — 1 has no constant term when considered as an element of Z,[[T — 1]], so both
square root terms in (4.8) lie in Z,,[[T'—1]]. Furthermore since its constant term b is invertible in
Zy, the polynomial ®,(7T') is invertible as an element of Z,,[[T —1]], and therefore the expression
in brackets in (4.8) lies in Z,[[T'—1]]. The constant term of this expression in brackets is clearly
(b-2/b) —1—1 =0, so this expression in brackets in (4.8) is divisible by T'— 1 and therefore
W(T) € 2, (1T ~ 1]].

In ([7], Theorem 1.1) we showed that if b € Zy[[T —1]] and h(e*) = Y7, ant™/n! then for
¢ =0 (mod (p—1)p®) we have A¥a,, =0 (mod pAZ,) for all k > 0, where A = min{m, k(a+1)}.
Since g(e!) = —1/e(—t) and h(T) = bg(T®) — g(T) we have

h(et) = 3 prtl — 1 Buut _qyen 4.11
(e =>( )n+1( )" (4.11)

n=0
so that a, = (0"t —1)(=1)"*1B,, 41 /(n + 1). Therefore for any m,
k m Bm m\ — A
A” {(b —1)—(-1) } =0 (mod p”Zy)) (4.12)
m

where A = min{m — 1,k(a + 1)}. Since the increment c is even the factor (—1)™*7¢ = (-1)™
independent of j and therefore may be factored out of the congruences. Now suppose that k
and m are given such that p — 1 does not divide m. Since the mutiplicative group (Z/pZ)* is
cyclic of order p — 1, we may choose a positive integer z such that (z,p) =1 and 2™ # 1
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(mod p). Now let N > k(a+ 1) and put b = 2" . Since y?"®=1) = 1 (mod p*+!) for any
nonnegative integers y, s, it follows that this choice of b satisfies (b,p) = 1, b™ = 2™ # 1 (mod
p), and b™*7¢ = b™ (mod p™N 1) for all j. Therefore from (4.12),

k
0= Z bm+jc _ 1) Bm+JC ( 1)m+]c
m+ jc

= (4.13)

A

k: B
m E m+jc A
E— Hl()d 7
( ) m + ]C ( P (p))?

Jj=

but since the factor (b™ — 1)(—1)" is a unit in Z,) the result follows.

Theorem 4.3: Let B,, denote the numbers obtained in (1.4) by specializing the indeterminates
ci — Vigq in (1.8), where P =1 and Q is an arbitrary integer. If p is an odd prime, p — 1
does not divide m, and the increment ¢ = l(p — 1) where p® divides | for some a > 0, then for
all k > 0, the congruence

k B
k l m-+jc
2 (-1 ( > et = (mod p*Z,))

= m—+ jc

<.

giwen in (1.7) holds, where A = min{m — 1,k(a +1)}.
Proof: We have V, =1 (mod p), so by (2.5) there exists Vpl/(pfl) € Z, such that

(Vpl/(pfl))p_1 = V, and Vpl/(pfl) = 1 (mod pZ,). The left side of the congruence of the
theorem may be written as

k ~
5o (B B
= j)? m+ jc

A

k
-k B
_ ykl+m/(p-1) _1)kd v~V (p=1)ym+jc Zmtjc 4.14

' 2N ) i

B,
— Vpkl—l—m/(p—l)Alcc {(va—l/(p—l))m_} ]

m

By the identity (2.8), this expression is equal to

Vkl—l—m/ p— 1)2( ) { }A’“ i {(%—1/(p—1))m+i0}, (4.15)

By Theorem 4.2 we have AL{B,,/m} =0 (mod p*iZy) for A; = min{m — 1,i(a + 1)}. By

kl+m/(p— 1)Ak 7,{( —1/p 1))

the binomial theorem the term V), mticl g equal to

V=il (=l 1) (4.16)
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Since V, = 1 (mod p) we have V! =1 (mod pl*tYZ,)), and therefore (4.16) is zero modulo

p(k_i)(aH)Z(p). Therefore each term in the sum (4.15) is zero modulo pAZ(p), proving the
theorem.

5. CONNECTIONS TO FORMAL GROUP LAWS

In this section we summarize some basic facts concerning formal group laws which relate
to the results of this paper. Let ¢, ca,... € Z, define A € Q|[[t]] by (1.3), and let £ be the
compositional inverse of A in Q[[¢]]. Then the two-variable formal power series F' € Q[[X, Y]]
defined by FI(X,Y) =e(A(X) + A(Y)) is a commutative formal group law over Q; that is,

F(X,Y) = F(Y, X), (5.1)
F(X,00=X and F(0,Y)=Y (5.2)
and
F(F(X,Y),Z) = F(X,F(Y,Z2)) (5.3)
hold as identities in Q[[X,Y]]. If
o(T) = 2 (F(X,Y)) (5.4
X=0,Y=T

then w = dT'/v(T) is the canonical invariant differential on F, A(t) = fg w is the formal
logarithm of F', and the compositional inverse € of A is the formal exponential of F', which
satisfies the autonomous differential equation ¢’ = v(e). Any choice of integers ¢; in (1.3) will
make A into the logarithm of a formal group law over Q, but only certain choices of ¢; € Z will
yield a formal group law over Z.

By the functional equation lemma of Hazewinkel [5], the formal group law F' thus con-
structed will be defined over Z (i.e., F' € Z[[X,Y]]) if and only if for each prime p there exists
an element 7, € Z, such that for all positive integers m, s we have

Crnps—1 = NpCrmps—1—1 (mod p°Z,), (5.5)

with the convention ¢y = 1. For ¢; — U; 1 we have

Unps = (D[p)Uppps—1 (mod p°Z,), (5.6)

whereas for ¢; — V11 we have

Vinps = Vinps—1 (mod p°Z,), (5.7)
(cf. [7]). Therefore the differential forms in (2.3), (3.1), (4.2) are invariant differentials on
integral formal group laws. (For ¢; — V;41 we required P = 1 only so that the first coefficient
¢o of X\ will be 1.) For both of these specializations of the ¢; we have seen that for even n > 0

the denominator of B,, is equal to the product of those primes p not dividing c,—; such that
p — 1 divides n (see Theorems 3.1 and 4.1 and also [3]).
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If we map ¢; — U,;11 so that w and A are as in (3.1), we may calculate that the rational
function

X+Y - PXY
1- QXY

F(X,Y)= (5.8)

is the corresponding formal group law. From [4] we know that every rational formal group
law over Q is of the form (5.8). Therefore we may interpret Theorem 3.2 as saying that the
numbers B,, satisfy the congruences (1.7) whenever the ¢; in (1.3) are specialized to integers
which make A into the logarithm of a rational formal group law.

A more general connection between integrality of formal group laws and Kummer congru-
ences may be seen in Adelberg’s result ([1], Theorem 4.5). There he showed that if ¢ = {(p—1)
where p® divides I, m > a + 2, and m # 0,1 (mod p — 1) then the congruence (1.5) holds,
whereas if m =1 (mod p — 1) and m > a + 2 then the congruence (1.6) holds for the univer-
sal Bernoulli numbers B,,. Now if the ¢; are specialized to integers in (1.3) so that A is the
logarithm of an integral formal group law, then by (5.5) with s = 1 we have ¢,_1 = 1, (mod
p) and cop—1 = npc1 (mod p). It follows that cp_lclf — ¢c2p—1 = 0 (mod p), and therefore the
expression on the right in (1.6) vanishes modulo p®™'Z,. That is, the right side of (1.6) is

trivial for the B, associated to any formal group law over Z, but not for an arbitrary formal
group law over Q. In [6] Snyder showed that the numbers B,, associated to any formal group
law over Z satisfy the congruences (1.7) in the case where [ = 1. In this paper we have looked
at the examples of integral formal group laws obtained by ¢; — U; 1 or ¢; — V41 and shown
that their associated numbers Bn satisfy not only (1.5), but the more general version (1.7).
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