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ABSTRACT

Let a be an irrational number between 0 and 1. Let a and b be distinct letters. Define
dn, = a (resp., b) if [(n + 1)a] — [na] = 0 (resp., 1), n € Z. Define = to be the two-way
infinite word whose n!” letter is d,,n € Z. Define z,, = dpi1dmio---,m € Z, 59 = €,
the empty word, s, = dids---d,m > 1. The problem of determining the extracted word
(xm, o) obtained by aligning x,, with xy was originally posed by D.R. Hofstadter in 1963.
Known extraction formulae include (x,,,xq) (m > 0) (by R.J. Hendel and S.A. Monteferrante
1994), (xo, ) (m > 1) (by W. Chuan 1995) for o = (/5 — 1)/2 and partial results for
(Tm,xo) (m > 1) (by R.J. Hendel 1996) and all cases of (zg, ;) (m > 0) (by W. Chuan and
F. Yu 2000) for o = v/2 — 1. In this short note, we establish the following three new extraction
formulae for a = (v/5 —1)/2:

(Tm, T_2) = T (M > —2)
(Tm,T_2) = R(5_1—2) (m < —2)

Lo —2 (m > 1)
brg #x_1 (m=1)

(20,2} = {

which involve x,,, where m < 0. We also show that the first formula is equivalent to the
formula proved by Hendel and Monteferrante.

1. INTRODUCTION

Throughout this paper, we consider only words over the alphabet {a,b} and we adopt
notations from [3,6,7,8]. Let ¢ denote the empty word. For any word w = ajas - - - a,, where
n>1, a; € {a,b}, 1 < i < n, define the reversal R(w) and the length |w| of w by R(w) =
ap - --agai, |w|=n, R(e) =¢, and |¢| = 0. A word w is said to be a palindrome if R(w) = w.
If w,wy,ws, - are words, products, powers are defined as usual by w® = ¢, w! = w, w"*!
(o] o

=w"w,n > 2, |] w; =w; [] w;. A nonempty word u is said to be a prefir (resp., suffix)
i=1 i=2

of w if there exists a nonempty word x such that w = ux (resp., w = zu).

Let a be an irrational number between 0 and 1. Define d,, = a (resp., b) if [(n+1)a]—[na] =
0 (resp., 1), n € Z. Define 2 = x(a) to be the two-way infinite word whose nt" letter is
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dn, n € Z. Define sg = ¢, s, =dyde---dp, m > 1, vy = dppy1dims2--+, m € Z. Each x,, is
called a suffiz of x. xq is called the characteristic word of a. Clearly, zg = S$yxm, m > 0. For
a = (v/5 —1)/2, the word zq (resp., x) is the golden sequence (vesp., two-way infinite golden
sequence) (see [11]). z is also called the infinite Fibonacci word.

Originally, Hofstadter [9] formulated the concept of aligning z,, with zo, m > 1 (see also
[3,6,7,8]). The idea is to try to match each term (letter) in 2y with a term in x,,, beginning
at the first term of x,,. After a term in zy has been matched with a term in x,,, one looks for
the earliest match to the next term in zo. Those terms in z,, that are skipped over from the
extracted word (x,,,zo). For example, when o = (v/5 —1)/2 and m = 4,

T = a b a b b a b b a b a b b a b a b b a
xo = b a b b a b a b b a b b a (1.1)
(Tm,T0) = a b a b a b

Here we say that x,, aligns (with) z¢ with extraction (x,,,z¢). The word xy is called the
aligned word. The relationship (1.1) is an alignment. Hendel and Monteferrante [8] were the
first to provide a rigorous definition of alignment of finite words. Hendel [7] was the first to
introduce the functional notation (x,,,xo). The original notation for (u,v) = w was u D v; w.
In [9], Hofstadter conjectured that (z,,,z¢) = x;,_2, for m > 2. Hendel and Monteferrante
[8] observed that this was not always the case, and for a = (/5 —1)/2, they successfully
established a modified formula for (x,,,xq). In order to state their result, we need to define
the notation m*.

Lemma A:
(a) (see [2,10]) Each positive integer m has a unique representation as m = Y . r;Fi41,
where
ri €{0,1}, ri+rip1>1, 1<i<n-1, and r, =1. (1.2)

(This representation of m is called the maximal representation of m.)

(b) (see [1,10]) Each positive integer m can be expressed uniquely as m =Y., r;F; 11, where
rn =1, 7, € {0,1}, and 7; =0 whenever ;11 =1, 1 <4 <n — 1. (This result is known
as Zeckendorf’s theorem, and this representation of m is called the minimal representation
or Zeckendorf representation of m.)

If m is a positive integer and m = > | r;F;41 is the minimal representation of m given
by part (b) of Lemma A, define a binary string m* = ryr9---7,. Define 0* = A, the empty
binary string. Let

M ={m € Z; :m*=10**"11s for some k€ Z,

and some binary string s}. (1.3)

The modified formula for (z,,,zo), proved by Hendel and Monteferrante [8] for v =
(v/5—1)/2 is as follows.

Theorem B: For m > 2,

(T, o) = { s it m ¢ M, (1.4)

ATpy_1 F Typ_o, if m € M.
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The extractions (zg, z,) and (x,,, x,), where m, n > 1, were first considered by Chuan [3] who

proved the following formula for o = (v/5 — 1)/2.

Theorem C: (zg,z,) = R(s,), n > 1. (1.5)
In [3], Chuan also proved that

(T, Tp) differs from x,,—p—o (if m > n > 0) or from
R(sp—m) (if n > m > 0) by at most the first letter. (1.6)

For a = /2 — 1, Hendel proved some results for (z,,, o) and (xq, Z,,), m > 1 (see[7]). Chuan
and Yu introduced the subtraction rule for exponents, which is equivalent to the equation
(0, Zm) = R(sm), m > 0 (see [6]). In this short note, we extend the extraction problem for
a = (V5 —1)/2 to include z,,, where m < 0.

The new extraction formulae are

Theorem 1.1: (z,,,x_2) = Ty, m > —2. (1.7)
Theorem 1.2: (x,,,x_2) = R(s_,—2), for m < —2. (1.8)
Theorem 1.3: (o, Z_y,) = Typ—2, M > 2, (1.9)

<ZIZ(),£L'_1> = bl’() 75 r—_1. (110)

We remark that Theorem 1.3 directly extends Theorem C; Theorem 1.2 clearly extends
Theorem B to negative m; in Theorem 3.4 below, we show that Theorem B and Theorem 1.1
are equivalent. It is remarkable that the extracted words obtained in Theorem 1.1 and 1.2 are
always suffixes and reversals of prefixes of x respectively. The methods used in this paper, can
be used to generalize Theorems 1.1-1.3 to the case oo = V2 —1.

We first state some known results that will be used later. Define a sequence {w, } of words
by

w1 = a, wy =b, W, =wW,p_owy_1 (n>3).

Clearly
|wy| = F, for n>1. (1.11)

Lemma D:
(a) (see Lemma 3.10 and Corollary 3.8 of [5], [8]) Let m > 0. If m = Y ", 7;F;+1 where
r; €{0,1} (1 <i <mn), then

R(sm) = wytws® - wy' g, (1.12)
o 1—7r1  1—7so 1—r,
T = Wy ‘Wz W, " WngoWng3 (1.13)
(b) (see [3])
wy, = wo(wiwsg -+ - Wwy—3), if m >4 is even. (1.14)
Sm = R(wp)sm—r,, f F, <m < Fi9—2, n>2. (1.15)

(c) (see [8]) If uy, v, and e, are words with (u,,v,) =e,, n=1,2---  then (J[un,[[vn) =

[Ten.
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(d) (see [8])

(Wp, Wp—1) = Wp_o for n > 3. (1.16)

2. PROOFS OF THE MAIN THEOREMS

In order to prove the main theorems, we first use the known factorizations (1.12)-(1.14)
of R(sy,) and z,, to derive more factorizations of suffixes of x in terms of w,,’s.

Lemma 2.1:

(a) d_py =dp—1 (n>2). (2.1)
(b) _9 = WwapWap—1WapWant1 -+ (N> 1). (2.2)
(¢) x_m = R(Sm—2)r_2 (M >2). (2.3)
(d) Let m > 0. Let n > 0 be such that Fj,;o — 1 <m < F, ;3 — 2. Then

T = R(sg)Wpni3Wpyq--+, where k= F,1qg —m — 2. (2.4)

Proof: Part (a) is clear. Part (b) follows from (1.13) with m = 0, and (1.14). Part (c)
follows from (2.1).

(d): The case m = 0 is trivial. Now let m > 1. Since Fj,;0 — 1 < m < F,,4 3 —2, m =
S riFity, for some r; € {0,1} (1 <i<n).

Clearly,

n+1 n

Foys—2—-—m= Z Fit1 — ZTiFiH = Z(l — 1) Fig1 + Fopo.
=1 i=1 i=1

Therefore, by (1.12),
R(si) = wy "wg ™" w, ) wnga,

where k = F,, 14 — 2 — m. Consequently, by (1.13),

Ty = w%fhwé*m e w}ljr’i”wwrgwwrg <o = R(Sg)Wna3Wpiqa - . O
Lemma 2.2: (x_5, w,wp41--+) = Wpt1, for n > 1. (2.5)
Proof: We repeatedly apply Lemma D (c) to the representation (2.2) of z_5. If n =1,
then
<x72,w1w2 “e > e <w2(w1w2 PPN )’wle e >
= <w2w1,w1)(w2w3--- ,w2w3"'>
= wWaq.

If n > 3 is odd, then

<.Z'_2, WnWn41 > - <wn+1(wnwn+1 T )7 WnWn41 >
= <wn+17wn><wnwn+17 wn+1><wn+2wn+3 o, W4 2Wn43 00 >
Wy—1wy (by (1.16))

= Wnp41-

79



THREE NEW EXTRACTION FORMULAE

If n is even, then

(T2, WpWnt1 -+ ) = (Wp(Wr—1Wy, -+ ), Wy Wpy1 )

- <wn> wn><wn—1wna wn+1><wn+1wn+27 wn+2><wn+3wn+4 o, Wn43Wn44g e >
= wp41 (by (1.16)). O

Lemma 2.3: Let m > 3. Let n > 2 be such that either F,,1o < m < F,,+3 and n is even, or
Foio+1<m< F,13—1and nis odd. Then

(R(sm), wa(wiws -+ wy)) = R(Sm—F, ) (2.6)

Proof: We proceed by induction on n. When n = 2 or 3, the result clearly holds. Suppose
that £ > 3 and that the result holds for all n < k. Now let n = k+1. Let Fy3 < m < Fyi4—1.
There are five cases to consider:

Case 1: m = Fj3;

Case 2: m = 2F}9;

Case 3: Fiy3+1<m < 2F, 10— 1;
Case 4: 2Fj 10+ 1<m < Fyyq — 2;
Case 5: m = Fj44 — 1.

We prove only Cases 2 and 4. The proof of Case 1 (resp., Cases 3 and 5) is similar to Case 2
(resp., Case 4).

Proof of Case 2. m = 2Fj 5 :

(R(sm), wo(wiws - - - Wr41))

i
_{ (Wk oWkt 2, Wit3) 1S even ( by (1.11), (1.15), (1.14))

<wk+2wk+2, wk+2wk+1> if k is odd
= wy, ( by (1.16)).

Proof of Case 4. 2F; 2+ 1<m < Fipyq —2: Since Fyio+1 < m — Fyio < Fiy3 — 2,
it follows that

(R(sm), wa(wiwz - wk41))

(
= (R(Sm—Fy2), w2(wiwz - - wg ) (We2, Wet1) (by (1.15))

R(8m—Fy0—Fiyo )Wk (by the inductive hypothesis and (1.16))
R(Sm—QFk+2+Fk) (by (115))
R(

Sm*Fk-k—B)'

Therefore the result holds for n = k£ 4+ 1. This completes the proof. O

Proof of Theorem 1.1: We consider m > 3. Let Fj,4o —1 < m < Fj, 13 — 2, where
n>2 Letk=F,4s—m—2. Then F,15 <k < F,,+3— 1. There are two cases.
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Case 1. k= F,,42 and n is odd:

<$7TL7 $—2>
= (R(sk), wa(wiwy -+ wp—1))(Wny3Wnya + ,WpWpy1--+)  (by (2.2), (2.4))
= R<5kan+1)<wn+37wnwn+1><wn+47wn+2wn+3> H (wiy1,w;) (by Lemma 2.3)
i=n—+4

R<Sk—Fn+1)wn+1wn+3wn+4 T (by (1-16>)
R(sk)wn+3wn+4 T (by (115))
Tm (by (2.4)).

Case 2. Either F, .o <k<F,;3—1and niseven, or F,;o0+1<k<F,,35—1andn
is odd:

<.fUm, x—2>
= (R(sk), wa(wiws - wn))(Wn43Wnta s Wpp1Wny2 ) (by (2.2), (2.4))
= R(Sk—Fpp0) (Wnt3, Wnt1Wpi2) H (wiy1,w;) (by Lemma 2.3)
1=n+3

= R(Sk—Fn+2)wn+2wn+3 e (by (116))
R(sk)wn43Wna--- (by (1.15))
Tm (by (2.4)).

The proofs for m = —1,0,1,2 are almost identical to the above proof. 1O

Proof of Theorem 1.2: We consider m > 6. Let n > 2 be such that either Fj, 1o <
m—2<F,i3and niseven,or Fj,;o0+1<m—-2<F,;3—1andnis odd. Then

(T, x_2)
= (B(sm-2), wa(wiws - wn)) (T2, Wnr1Wni2---)
(by (2.2), (2.3))
= R(Sm—2—-F,.5)Wny2 (by Lemma 2.3 and (2.5))
= R(sm—2) (by (1.15)).

The proof for m = 2,3,4,5 is almost identical to the above proof. O
Finally, we use the following lemma to prove Theorem 1.3 (see [6] for a similar lemma for
the case a = v/2 — 1).

Lemma 2.4 (Subtraction rule of exponents): Let n > 1. If ry7ry---r, is a string such
that (1.2) holds then

(waws - wpr, wiwy? - wpy ) = wy M wy T w T (2.7)
Proof: We proceed by induction on n. When n = 1,2,3,4, the result clearly holds.
Suppose that k > 4 and that the result holds for n < k. Now let n = k + 1. Let ryry-- -7, be

a string satisfying (1.2). There are two cases to consider:
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Case 1: rirg - rgp1 =rire---rp—111:

(wows -+ wira, wy'ws - wp )
= (Wow3 - Wiy1, Wy'ws® Wk ) (Why2, We2)
=wy Mwy 7w, 41" (by the inductive hypothesis)
= wy Mwi " --w,i:;““
Case 2: rirg-- Tpy1 =779 TK—2101 :
(waws - - - Wy, wh'wy® - wy)

= (wows -+ Wy, wh'wh? -+ w ) (Whp1 Wt 2, Wht2)

_ 1—ry,  1— T2 | 1—ryg

(by the inductive hypothesis and (1.16))

1—7ry 1—7o 1—7rpyq
=Wy "Wy T Wiy

This completes the proof. O

Proof of Theorem 1.3: Proof of (1.9): When m = 2, (1.9) follows from (1.7). Now

let m > 2, and let m —2 =3Y"" | r;F;41 be the maximal representation of m — 2 given by part
(a) of Lemma A. Then

<.’L’0, x—m>
= (wow3 - Wn11, R(sm—2))(Wni2wnyz -, x_2) (by (1.13), (2.3))
= (wows - - Wpg1, W' wg® - Wy ) (WnpoWngs -+ 2—2) (by (1.12))

1—ry,, 1—72

= wy wy T w MW ownys - (by (2.7), (1.7))
— s (by (1.13)).

This proves (1.9).
Proof of (1.10):

(ro,z_1) = (bab, ab) H Wiy, w;) = bwows -+ =bxrg #x_1. O

3. EQUIVALENCE OF THEOREM B AND THEOREM 1.1

In this section, we show that Theorem B and Theorem 1.1 are equivalent.

Lemma 3.1 (see Theorem 3.1 of [4]): Let m > 0. Then the prefix of x,, having length 2 is bb
if and only if m* = 01s for some binary string s.

Lemma 3.2: Let M be the set defined by (1.3). Then
M={meZyi:xy_o=>bbr,}. (3.1)
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Proof: Since the sets on both sides of (3.1) do not contain 1, we consider only m > 2.
Applying Lemma 3.1 with m — 2 in place of m, we see that

the prefix of x,,_» having length 2 is bb

< (m — 2)* = 01s for some binary string s

& m* = 10?7115 for some k € Z, and some binary string s’
SmeM. O

Lemma 3.3 (see, for example, Theorem 3.1 of [4]): The words aa, bbb and ababa are not
factors of z.

Theorem 3.4: Theorem B and Theorem 1.1 are equivalent.
Proof: We prove that (1.4)<(1.7).

Proof of (1.4)=(1.7): Suppose that (1.4) holds. Let m > —1. By Lemma 3.3, there
are four cases to consider.

Case 1: z,, = baz;,12: By (3.1), m + 2 ¢ M. Therefore, by (1.4), (x;+2,%0) = T,,. Hence
(T, T—2) = (bax 12, baxg) = (ba,ba){Tmi2,To) = Tm,.
Case 2: =z, = abax,,+3: By (3.1) and (1.4), (m+3,Z0) = Tmy1- Hence (x,,,x_2) =
(abax 3, bazxg) = (aba, ba)(Tm+3, To) = ATmi+1 = T,

Case 3: x,, = abbax,,+4 : By (3.1) and (1.4), (yt4,%0) = Tpye. Hence (z,,z_5) =
(abbazyy 14, baxo) = (abba, ba)(Tpia, To) = abTmy2 = Tp.

Case 4: x,, = bbazr,,3: By (3.1) and (1.4), (zyy3,%0) = Tms1. Hence (z,,z_92) =
(bbax,, 43, baxy) = (bba, ba)(Tmis, To) = bTmi1 = Tm.-
This proves (1.7).

Proof of (1.7) = (1.4): Suppose that (1.7) holds. Let m > 2. By Lemma 3.3, there are four
cases to consider.

Case 1: m¢ M and x,,_ = bax,, : By (1.7), (xpm—2,2_2) = Xym_o. Hence (x,,,z0) =
(bax,,bary) = (Tm—2,T_2) = Tm_2.

Case 2: m ¢ M and x,,_2 = abax,,+1 = ababz, 2 : By (1.7), (xy—2,2_2) = ;2. Hence

(Tm, x0) = (abTpmt2,bx1) = a(Tpmy2, 1) = (aba, ba) (bxy, 42, bx1)

= (ababx,,42,babx1) = (Tym—_2,T_2) = Tym—_2.

Case 3. m ¢ M and z,,_2 = abbabax,,+4: By Lemma 3.3, ababa is not a factor of x. Hence
Ty, = bababbax,, 7. Since x,, = bax,yo, it follows from Case 1 that (z,,12,20) = ;. Thus

(T, xo) = (bababbax, 7, babbars) = ab(xy, 17, x5)
= ab(babbax, 7, babbars) = ab(z, 12, x0)

= abx,, = Tym—_o.

Case 4. m ¢ M and x,,_2 = abbabbx,+4 = abbabbabz ¢ : Since T,,_3 = bax,,_1, it follows
from Case 1 that (x,,—1,%0) = ;3. Hence

b(T 12, T2) = (bba, ba){xm 12, x2) = (bbaxy, 2, baxs)

- <$7n—1a $0> = Tm-3 = by —o.
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Thus (z,, xo) = (bay,12,baxs) = (Tmi2, T2) = Tp—a.

Case 5. m € M, i.e., x,,_o = bbx,,: Since x,,—1 = bax,,+1, it follows from Case 1 that
(Tma1,20) = Tym—1. Hence

(T, o) = (b2, bx1) = a(bxymyo, br1) = a{Tmi1, To)

= GTm—1 7& Tm—2-
This proves (1.4). O
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