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ABSTRACT

In this paper we investigate the relation for the Bernoulli numbers of higher order, the
Stirling numbers and associated Stirling numbers, and establish some computational formulas
for the Norlund numbers.

1. INTRODUCTION AND RESULTS

The Norlund numbers N,, and the Bernoulli polynomials B (x) of order k are defined,
respectively, by (see [1], [4], [6])
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The numbers B = Bf@k)(()) are the Bernoulli numbers of order k B = B, are the
ordinary Bernoulli numbers. By (1.1) and (1.2), we can get (see [4], [6])

N, = B™, (1.3)

Stirling numbers of the first kind s(n, k) can be defined by means of (see [1],[3],[5])
x(x—l)(x—Q)---(x—n—kl):Zs(n,k):vk, (1.4)
k=0

or by the generating function
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It follows from (1.4) or (1.5) that i
s(n,k)=s(n—1,k—1)—(n—1)s(n—1,k), (1.6)
with s(n,0) = 0(n > 0),s(n,n) = 1,s(n,1) = (=1)""Y(n — 1)!(n > 0),s(n,k) = 0(k > n or
b %)t'irling numbers of the second kind S(n, k) can be defined by means of (see [1],[3],[5])
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or by the generating function
(e® — 1)k = k!éS(n, k:)%?:. (1.8)
It follows from (1.7) or (1.8) that
S(n,k)y=S(n—1,k—1)+kS(n—1,k), (1.9)
with S(n,0) = 0(n > 0),S(n,n) =1,5(n,1) =1(n > 0),S(n,k) =0(k >n or k <0).

Jk
Associated Stirling numbers of the first kind d(n, k) and associated Stirling numbers of
the second kind b(n, k) are defined, respectively, by (see [1],[3])

(log(1 4 z) — )k = k! Zk( 1" *d(n, /«;)—T (1.10)
and
(e —1—x)F =k i b(n, k)xn—T. (1.11)
It follows from (1.10) and (1.11) that e |
d(n, k) = (n—1)d(n — 2,k — 1) + (n — 1)d(n — 1, k), (1.12)

with d(n,0) = 0(n > 0),d(0,0) = 1,d(n,1) = (n — 1)!(n > 1),d(n,k) = 0(2k > n or k < 0)
and
b(n,k)=(n—1)bn—2,k—1)+ kb(n—1,k), (1.13)
with b(n,0) = 0(n > 0),b(0,0) = 1,b(n,1) = 1(n > 1),b(n, k) = 0(2k > n or k < 0).
In [2], F. T. Howard obtained the relationships between Norlund Numbers N,, and Stirling
numbers of the first kind s(n, k),

N, : 1.14
§3 o (119
The main purpose of this paper is that to prove some computational formulas for Norlund
numbers. That is, we shall prove the following main conclusion.
Theorem 1: Let n > 1 be integers, then

= n'z 1= ik _1(3;?71;;]{]{) (1.15)

Theorem 2: Let n > 1 be 1ntegers, then

n

N, = ms(n—l—k,n)S(n,k). (1.16)
k=0 ’
Theorem 3: Let n > 1 be integers, then
- n 2n

N,, = — S k. k). 1.17
S (o) Sk (117)

Theorem 4: Let n > 1 be integers, then
b(n+k,k). (1.18)

No=) (-
k=0
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2. PROOF OF THE THEOREMS

Proof of Theorem 1: By (1.1), we have
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Comparing the coefficient of t" on both sides of (2 2) we get
—Dld(n+ k, k)
= ! ynis k . 2.3
=n-n! Z CEwAL (2.3)
This completes the proof of Theorem 1
Proof of Theorem 2: By (1.2), (1.5) and (1.8), we have
= " t log(l + (et = 1)) = (et — 1)] k
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Comparing the coefficient of t" on both sides of (2.4), we get
"L k!
B = k+37,k)S(n, 5). 2.5
i ;(k‘i‘j)!S( J.k)S(n, ) (2.5)
Therefore,

This completes the proof of Theorem 2.
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Proof of Theorem 3: By (1.2) and (1.11), we have
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Comparing the coefficient of t™ on both sides of (2.7), we get
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Therefore,
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This completes the proof of Theorem 3.
Proof of Theorem 4: By (1.2) and (1.11), we have
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Comparing the coefficient of ¢” on both sides of (2.10), we get

n

B — ZO(_DJ' (n”f;)! (k +§ - 1) b(n + . j). (2.11)

Therefore,

Conlil (ntj—1 L o »
Np =B =Y"(-1) g ( : )b(nﬂ,])zz(_w b(n+74,7).  (2.12)
= (n+)'\ J = ' ntJ

This completes the proof of Theorem 4.
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