DISJOINT COVERING OF N BY A HOMOGENEOUS LINEAR
RECURRENCE
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ABSTRACT. We prove that a homogeneous linear recurrence with positive coefficients can
generate a disjoint covering of N.

1. INTRODUCTION

In [2], a linear recurrence is said to generate a disjoint covering of N = {1,2,...} if there
exists a family of recurring sequences such that each n € N occurs in exactly one sequence
of this family. In [3], Simpson proved that an arithmetic progression with positive terms can
generate a disjoint covering of N. In [1], Ando and Hilano proved that a linear recurrence,
whose characteristic equation has a Pisot number root, can generate a disjoint covering of N.
In [2], Burke and Bergum proved that a linear recurrence, whose characteristic equation has
a prime root, can generate a disjoint covering of N. In [4], Zdllner proved that the Fibonacci
recurrence can generate a disjoint covering of N.

The result of this article is that a homogeneous linear recurrence with positive coefficients
can generate a disjoint covering of N.

2. D1SJOINT COVERING OF N WITH SEQUENCES VERIFYING A HOMOGENEOUS LINEAR
RECURRENCE

Consider the homogeneous linear recurrence of order m,m > 2,
Tn = Q1Tp-1 + Q2Tp—2 + * + GuTn_m, (1)

where ay, a,, € Nand a; € NU{0} for 1 <i < m—1. In the case m = 1 we have a geometric
progression and the result is trivial.
Given yi, ..., Ym € R, we denote by S(y1,¥2, .., Yym) the sequence {x,} such that

Tpn = Yp, for m=12....,m,
Ty = @Tp_1+ A2Tp_o+ -+ QpTp_m, for n>m.
The elements x1, zs,. .., z,, are called initial elements of the sequence S(x1, %2, ..., Tm).

In the sequel we will consider only sequences with elements in N.
In the following two lemmas we give some properties of the sequences defined above.

Lemma 1. Ifx; e N, i =1,2,...,m, such that x1 < £y < -+ < Xy, then S(x1,29,...,Tn)
is an increasing sequence and if Tsi1, X1 with s < t are not initial elements, then

Ti41 — Ts41 > Tt — Ts.
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Proof. For n > m, x, > a1x,1 > x,_1. For m < s < t, x41 — Tsy1 > ar(xy — T5) >
Ty — Ty ]

Lemma 2. Let S; = {z,} = S(x1,22,...,2y) and Sy = {y.} = S(1,y2, -, Ym) be two
sequences satisfying

L.y <z < <z,
2. There exists j > 1 such that jyn—1 < Yn < Tjyn, n=1,2,...,m,.

Then the following statements are true.
(a) For alln € N we have
Ljtn—1 <Yn < Tjtn- (2>

(b) If z541 and yi1 are not initial elements (that is, s,t > m) then

Ts < Yp implies Ypi1 — Tsy1 > Yy — T

and y; <xs implies Tsi1 — Yir1 > Ts — Y

Proof.

(a) For n > m inequalities (2) can be easily established by an induction argument, using
the recurrence relation (1).
(b) For n = t, inequalities (2) becomes

Tipt—1 < Yt < Tjqt- (3)
If x5 <y, then from (3) we deduce that x5 < xj4;_1. From Lemma 1 and from (2) we obtain

Toi < Xjpp—1—i < Yi—iy
for eacht =0,1,...,m — 1. Then

Yir1 — Top1 = a1 (Y — ) + a2(Yp—1 — To—1) + -+ + @ (Yet1-m — Tst1-m)

> al(yt - %) > Y — Ts.

If ¥, < x5, then from (3) we deduce that z; > ;¢ and further xs_; > x;_;4; > y—; for
eachi=0,1,...,m — 1. Thus, 5.1 — yr11 > a1(zs — Y1) > T5 — Yy
The main result is the next theorem. O

Theorem 3. If m > 2, ay,a,, € N and a; € NU{0} for 1 <i < m — 1, then the recurrence
relation (1) can generate a family of sequences {Sk}ren, which is a disjoint covering of N.

Proof. We will construct the family {Sj} by induction.

Sy = {x}} = 5(1,2,...,m),

SQ = {113721} = S(l’%,l‘%, cee 7'7331)7
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where 2% 22,... 22 are defined as follows. The number x7 is the smallest natural number
not in S;. Hence, there exists ¢ such that z; = 27 —1 € S;. Then 23 = z;,, + 1,23 =
17:7;1_,’_2—’_1,...’%‘3” :.Z'll_,'_m_l +1.

From the choice of 22 we deduce that 1,2,...,z} € Sy, z} +1¢ S, and i > m.
We will prove that

1 2 1
Tipp <Tp, <Tpy,, for n=12..m. (4)

Since 22 = x},,_; + 1, in order to prove (4), it is enough to show that

x%+n>x%+n_1+1, for n=1,2,...,m. (5)

We prove (5) by induction. For n =1, since } +1 ¢ S; we have z},, > z; + 1. We suppose
that, for some r, 1 < r < m, we have z},, > x},,_; + 1. Since i > m, x;,, is not an initial
element of S; and applying Lemma 1 we conclude that

1 1 1 1
Tifpi1 — Ty > Tigp — Ty g > 1

Hence, (4) and (5) hold.
From Lemma 2 it follows that

:B%Jrn_l <2< :17}%, forall neN,

and, in the case when z!,,, 27, are not initial elements, we have

2 . 2 1 2
< x; implies =, -7, >x — and
2

1
S
ST 1 2 1,2
> r; implies =z, , —x;, >z, — 1}

0 = =

Now we suppose that, for some & > 2, we have constructed a family of sequences S; =
{xi} = S(x],2d,...,20), 7 =1,2,... k, satisfying the following properties.

P1) For each j, 2 < j < k, le is the smallest natural number not yet covered by the
sequences S, Sa, ..., 51 and if 2, = 2] — 1, with some ¢ = 1,2,...,j—1 and s € N,
then

' 1 j 1 j 1
vh=c, .+l eh=0,,+1,.. 2l =2, +1

P2) For any ji,j2, 1 < ji < ja < k, the sequences S;, and Sj, are disjoint and there
exists r > 1 such that

J1 J2 J1 J2 J1 J2 J1
T <oy <xpq <xy < < Ty < Ty < Tryy, <

This means that, for any two sequences S;, and Sj,, with S;, having the greatest first
element, all other elements of S;, are individually separated by individual elements
of Sjl .

For constructing the sequence Si.; we need to consider the set Z; C N as the set covered
by the sequences S;,j = 1,2,...,k and the function F: Zj, — Z; defined as F(z) = 27 _,,
for 27 € 7). We denote by F), the composed function F,, = F(F,_;), n > 1, where F}; = F
and Fy(z) = x for x € Z,. We say that = € Zj is an initial element if x is an initial element
of the sequence S; which contains .

Next we show two properties of the set Z; and of the function F.
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P3) If v € Zy, > 1 and if x — 1 ¢ Z, then x is not an initial element. Indeed,
if we suppose that x is an initial element then there exists j, 1 < j < k such that

v e{x], 2, ... 2 }. If j > 1, then from P1 we deduce that 2] —1,23—1,... 2/ —1 €
Zy, which contradicts the hypothesis. If j = 1, then x € {2,3,...,m} and again
r—1€ Z,.

P4) If x,y € Z) with o < y, then F(z) < F(y) and if, in addition,  and y are not initial
elements, then

F(y) — F(x) >y — .

Indeed, if there exists j, 1 < j < k such that =,y € S}, then Property P4) results
from Lemma 1. If x € S;, and y € S}, with j; # ja, then hypotheses 1 and 2 of
Lemma 2 are satisfied, hence, P4) results from the conclusions of this lemma.

k41 K+l k+1
1 71’2 9 0 o I‘

rYm

We now construct the sequence Sy, 1 = {z"™'} = S(x ) as follows:

2% is the smallest natural number not in Zj

i = P — 1) 4+ 1,

xlgﬂ = Fg(x]fJrl —1)+1,

P = (2T 1) 41,

m

We will show that the family of sequences S;,j = 1,2,...,k + 1, satisfies Properties P1)
and P2).

Obviously, ¥ is the smallest natural number not covered by the sequences Sy, S, . .., S.
Let 22 = 25" —1 € Z;, with 1 <i < k and s € N. Then, from the definition of F and F,
we deduce that

$§+1 = ‘Ti’+1 + 17 $§+1 = 'réJrQ + 17 ce ,"Iff)jl = xi+m71 + 17

and therefore P1) is verified.

Let us denote by E the set E = {o! —k+ 1,21 — k +2,...,2}. From the choice of z}™
it follows that E2 C Zj, and the first element of each sequence S;,7 = 1,2,...,k is less than

k+1

xl .

We claim that each sequence S;,j = 1,2,...,k, contains exactly one element from F.
Indeed, if we suppose that there exists a sequence Sj,, for some j;,1 < j; < k, containing
two elements such that

vy—k+1<al <alyy <l
then there exists a sequence Sj,, for some jo,1 < jo < k such that S;,NE = 0. Let x{g be the
largest elements of Sj, such that }> < 2 —k+1. Then z7%, > 2! and 2> < ' < zl!, < 234,

r+1
a fact which contradicts P2).
Further, from P2) we obtain
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oi—k+l<al—k+2<-- <l
<F@' —k+1)<F@—k+2)<--- < F(2')
<K@ —k+1)< - < FBE) <K@l —k+1) <

<F,(zi—k+1)< - <F (o) < Fq(at —k+1)<---. (6)

Hence,

Zy={1,2,...,2'}U (G Fn(E)> :

Let us remark that all natural numbers less than xk“

Now we show that

F,(x )<x’;ﬂ<F+1(a:i—kz+1), forallp=0,1,...,m—1, (7)

belong to Z.

where Fy(z') = z. Since 2T} = 2! +1 = F,(z!) + 1, in order to prove (7), it is enough

to show that
Fyi(2h —k+1) = F,(2)) > 1, forall p=10,1,...,m — 1. (8)

From xkﬂ =2 + 1 ¢ Z, and since each sequence S;, j = 1,2,...,k contains exactly one

element from E, we deduce that F(x! —k+ 1) > m’f“ and F(zi —k+1) —1¢ Z. Hence,
(8) holds for p = 0 and F(z! — k + 1) is not an initial element in Z. We will proceed by
induction. We suppose that the inequality (8) holds for some p = 0,1,...,m —2. Then from
(6) we obtain Fj,1(x% —k+ 1) is not an initial element. We need to consider two cases.

A. Fj,(2%) is not an initial element. From P4) it follows that
Fyio(ty =k + 1) = Fpp(ay) > Fypa (2, — k+1) = Fy(a) > 1.

Hence, the inequalities in (7) hold for p 4+ 1 and therefore, by induction, they hold
forall0 <p<m-—1.
B. F,(z}) is an initial element in Z;. Let ¢, 0 < ¢ < k — 2, be such that F,(z} —1) is

an initial element for ¢ =0, ..., ¢ and F,(z} — ¢ — 1) is not an initial element. Then
from P1) we get

Fpa(a) = Fpp(as = 1) +1=Fpu(r, —2) + 2= =Fu(, —q¢—1) +q+ 1
Similarly, since Fj(z% — t) are initial elements in Z for all ¢t = 0,...,q, we have

Fy(xy) = Fp(a, —q—1) + ¢+ 1.
From Property P4) we deduce that

Fyppa(ay —k + 1) Fppa ()
= Fpaa(z, =k +1) = Fp(ey —¢—1) —q—1
> By (ol — k1) = Fylal—q—1)—q—1
= Fyalal —k+ 1) — Fy(ai) > 1.
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Hence, (8) holds for p+1 and again, by induction, it holds for allp = 0,1,..., m—1.
From Lemma 2(a) we conclude that

Fy(al) < alil < Fp(al —k+1) foreach p>0.

Hence, the family of sequences S;,j = 1,2,...,k + 1, verify the properties P1) and
P2). Moreover, we have 25" > ¥ for each k¥ € N and, since all natural numbers
less than x]f“ belong to Z, we conclude that the family of sequences Sy, k € N is a

disjoint covering of N.
OJ

For the case m > 2 and a; = 0 we do not yet have an answer.
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