SOME CONGRUENCES INVOLVING EULER NUMBERS
YUAN HE AND QUNYING LIAO

ABSTRACT. In this paper, we obtain some explicit congruences for Euler numbers modulo
an odd prime power in an elementary way.

1. INTRODUCTION

The classical Bernoulli polynomials B,,(x) and Euler polynomials E, (x) are usually defined
by the exponential generating functions:

text

> " 2¢7t > "
i ;Bn(l’)a and a1 = ;En(:c)ﬁ

The rational numbers B,, = B,,(0) and integers E,, = 2" E,,(1/2) are called Bernoulli numbers
and Euler numbers, respectively. Here are some well-known identities of B, (z) and E,(z)
(see [11]):

Bu(l-2) = (—1)'Bula), Bulo+y) =3 (Z) B s(y)e" (11)

k=0

Bl =) = (-1'Bo(a), Balo+) =3 () Eunt)e” (12
In particular, .

Bu(x) = :0 (Z) Boxa®,  En(z) = :0 (Z) % (x - %)H (1.3)
. Bu(z+1) = By(z) =na"', E,(x+1)+ E,(z) =22 (1.4)

Meanwhile, there exists a close connection between Bernoulli polynomials and Euler poly-
nomials that can be expressed in the following way:

En(z) = 37: (Bn+1 <x ; 1) Byt (g)) (1.5)

Bernoulli and Euler numbers and polynomials are of particular importance in number the-
ory because they have connections with p-adic analysis and ideal class groups of cyclotomic
fields (for example [9], p. 100-109 and [13], p. 29-86). It is also very fascinating and quite
useful to investigate arithmetic properties of these numbers and polynomials. For the work
in this area the interested readers may consult [2]. Here we give two classical results (see [4],
p. 233-240 or [12]).
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Kummer’s congruences. Let p be an odd prime and n a positive integer. Then
(1) Egp-1)+2n = Ean (mod p).
(2) If p— 11 2n then
B(p—1)+2n _ BQn
(p—1)+2n  2n

(mod p).
von Standt-Clausen Theorem. If n is a positive integer, then

1
Bs, + Z — is an integer,
p—1|2n p

where the sum is over all primes p such that p — 1| 2n.
Recently, some researchers considered the congruences for Euler numbers, and obtained
some beautiful results. For example, let p be an odd prime, Zhang [15] showed that

E, 1 =1+ (=1)®2  (mod p). (1.6)

In 2002, Wagstaff [12] gave a more general result: let p be an odd prime and a a positive
integer, then E,, = 0 or 2 (mod p*™') according to p =1 or 3 (mod 4) where n is a positive
integer such that (p — 1)p® | n. Wagstaff’s proof depends on the result of Johnson [6]:
ep,(p™/ml) > (p — 2)m/(p — 1) where p is a prime, m is a positive integer, and e,(n) = r
means p” | n but p"* { n. In 2004, Chen [1] derived that

Ergpoyon = (1 — (=1)PD2p*) By, (mod p%), (1.7)

where k is a positive integer, n is a non-negative integer, p® is an odd prime power with
a > 1, and ¢(n) is the Euler function. In 2008, Jakubec [5] established a beautiful connection
between Euler numbers and Fermat quotients, where the Euler numbers satisfy that for any
prime p with p =1 (mod 4),

E, 1=0 (modp) and 2E, ;= Fy, 5 (mod p?). (1.8)

In this paper, using an elementary way, we obtain some explicit congruences for Euler
numbers modulo an odd prime power. From now on we always let {x} be the fractional part
of x. For a given prime p, Z, denotes the set of rational p-integers (those rational numbers
whose denominators are not divisible by p). If 1,25 € Z, and x; — x9 € p"Z,, then we say
that x; is congruent to x5 modulo p™ and denote this relation by x; = xs (mod p"). A good
introduction to p-adic numbers can be found in [8].

2. SEVERAL LEMMAS

We begin with a useful identity involving Bernoulli polynomials.
Lemma 2.1. Let n and m be positive integers, then for any integers r and k with k > 0 we

have
e () e (2)

=
ml|z—r
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Proof. 1t is easy to see that

e+ 757) - (5)

- Sl ) G D)

_ ;;;(Bkﬂ(%+{T;’”}>—Bk+1<%+{’";f})):o, it mta—r;
P (Bkﬂ (E * 1) —Bin (m)) itm|z—r.

Thus, by (1.4) we can easily deduce the result of Lemma 2.1. U

38

The case m = 1 in Lemma 2.1 is a well-known fact (see [4], p. 231). The consideration
to establish the relation in Lemma 2.1 stems from Lemma 3.1 of Sun [10]. Here, we only
consider a special case.

Lemma 2.2. Let p be a prime and m a positive integer. Then
(1) p™/(m + 1) is a p-integer, and if m > 2 then p™/(m + 1) € pZ,.
(2) pBy, is a p-integer. In particular, if p— 11 m then B,,/m is a p-integer.

Proof. See [4], p. 235-238. O

Lemma 2.3. Let p be an odd prime, a and k be positive integers. Assume that x1,x9 € Z,
and r1 = xo (mod p®). If p— 11k then we have
Byy1(#1) _ Bpsa(2)

= d p").
k1 pe1 o mod?)

Proof. By (1.1), we have

Bia (1) = By () _ % ( k ) Bowr (a1 )

k+1 r—1 r

r=1
k+1 T
k ar—r ol P '
= Z( >p ka+1r<x2)< . - 2)
—\r— 1 p r

_ PkBi(r) (xl - g;2>

k pe

+ — k ar—r B ( ) X1 — T2 Tpr—l (2 1)
E r—1 p PDgr1—+\T2 r .
r=2

pa

For any non-negative integer m, by (1.1) and Lemma 2.2 we obtain that

“(m
B,, = Bo_rxhy € Zy,.
pBp(x2) ;(}(T)P Ty € Lup
It follows that (Bys1(21) — By (22))/(k+1) € Z,. Assume that n is a positive integer such
that n =z, (mod p), then by the fact S0~ 7*~1 = (By(n) — By)/k we have
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So if p— 11k, then by Lemma 2.2 we obtain that By(z2)/k € Z,. It follows from (2.1) that
if p— 11k then
Biy1(21) — Biyi(w2)
kE+1
This completes the proof of Lemma 2.3. 0

€ p*Zy.

Lemma 2.4. Let p be an odd prime, a and k be positive integers. Let m,t be integers with
m>1andptm. If p— 11k then we have

£ e ({5 e ({2)))

r integer
(t—=1)p*® tp®
TR AN T

Proof. Observe that

Z_ = Z (tp® —rm)* = Z (tp® — rm)*

=0 T integer T integer
— a a a
m|z—tp 0<tp® —rm<p 7“_;3” <T<%
= (—m)* E ¥ (mod p?).
r integer

(t_l)Pa <T‘<£
Taking r = tp® and n = p® in Lemma 2.1, the result follows from Lemma 2.3. U

Lemma 2.5. Let m be an odd integer with m > 1. Then for any non-negative integer n we
have

3

E, (—=D)'2l+1)"  (mod m).

l

I
o

Proof. Substituting m + 1/2 for z in (1.3) we have

n 1 n - n Ek n—k

Note that

E, (%) +E, (m + %): ii;((—nlEn (l + %) —(-1)"E, (l +1+ %))

It follows from (1.4) that

E, (%) +E, (m + %) = 2??(—1)1 <l + %)n

By the fact E,, = 2"E,(1/2), we obtain that

m—1

E,+2"E, (m + %) =2 (-1 +1)". (2.3)

=0
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Combining (2.2) and (2.3), we have

m—1

> (=12l + 1" (mod m).

1=0

Thus, the proof of Lemma 2.5 is completed. 0

E,

3. STATEMENT OF RESULTS

Since Euler numbers with odd subscripts vanish, Es,,1 = 0 for all non-negative integer n,
it suffices to consider the case Fy,. For convenience, in this section we always let ¢(n) be
the Euler function, and define the Legendre symbol (%), where p is an odd prime and m is

any integer, by

1, if m is a quadratic residue modulo p,
m
(—) = ¢ —1, if m is a quadratic non-residue modulo p,
P 0, ifp|m.

Theorem 3.1. Let p be an odd prime with p = 1 (mod 4) and a a positive integer. Then

we have .
- s 20+ 1 u
E¢(pa)/2z4z(]3) > (-t ( ) (mod p*).

r=1

=

Proof. Since Bernoulli numbers with odd subscripts vanish, Bs,, .1 = 0 for any positive integer
n, then taking m =4, ¢t =1 and k = ¢(p”)/2 in Lemma 2.4 we have

1 1 )
WBM ) /241 (Z) (mod p*).

By (1.5) and (1.1), we obtaln

1 24n+2 1
Fop =22 Ey, [ = |= ————Bopiq | = ).
2 2 (2) 2n + 1 2+1<4>

It follows from Fermat’s Little Theorem that

p—l
p>/2—4z

By the Euler criterion (see [3], Theorem 83) there exists an integer s such that for any

(mod p%).

integer r,
p—1 T
r2 =Ssp+ (—) 3.1
p (3.1)
Thus,
pafl pafl
s(»*) r
ro2 = sp—l-(—)) E(—) E(—) mod p 3.2
( : 5} (mod ) (52)
Hence,

Bz =13 (L) (mod ) (33)

AUGUST 2008/2009 229



THE FIBONACCI QUARTERLY

On the other hand, taking n = ¢(p®)/2 and m = p* in Lemma 2.5, then by (3.2) we have

p?—1
2+ 1 .
Eg(pey/2 = Z(—l)l(—) (mod p®).

=0 p

By the properties of residue system, it is clear that

Z(2l+1) = 1(25+1)
=0 p =0

Thus,
= o+ 1 T
Egpoy2 = Z (-1)'—1) <—): -2 Z (—) (mod p®). (3.4)
=0 p =1 p
Note that
p?—1 p%—p p*—1
/4l -1 /4l -1 d 41 -1
(5205 2 (5)
=1 p =1 p 1=y p
& (4((]9“ —p)/2410) — 1)_ i(zu _ 1)_ 1 ”‘1<_1)l(zz + 1)
1=1 p 1=1 p 25 p
and
Pt po—p piot p=1 p1
>() - 26 2 ()-2(=7)-%6)
r=1 p r=1 p r:ﬂT—erl p r=1 p r=1 p
The desired result follows immediately from (3.3) and (3.4). O

Remark 3.1. For a discriminant d let h(d) be the class number of the quadratic field Q(v/d)
(Q is the set of rational numbers). If p is a prime of the form 4m + 1, Yuan [14], Lemma
2.3, showed that

p—1

20+1
2h(—4p) = > (—1) ( >7‘é 0 (mod p).
1=0 p
So from Theorem 3.1, we can obtain that Egge) 2 Z 0 (mod p*). This gives a different

proof of a general conjecture on Euler numbers from Zhang and Xu [16]. Moreover, we also

ignore the identity involving Euler numbers (see [7], Lemma 1) which is the key to prove the
conjecture by Yuan, Zhang and Xu, respectively.

Remark 3.2. In [11], Raabe proved a useful theorem that 3" ' B, ((z+7)/m)=m!'"B,(z)
for any positive integer m. Taking x = 0,1/2 and m = 2 in Raabe’s Theorem, it follows
from (1.1) that By, (3/4) = Bo,(1/4) = (1—22""1)By, /2L, If p is a prime such that p = 3
(mod 4), then in a similar consideration to (3.3) we have
<\ 2B (1- 2%

7\ _ 2By /211 - “
2 <p>_ ¢(p”) +2 (1 20(p)+1 ) (mod 7).

r=1
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In particular, if @ = 1 then by Fermat’s Little Theorem we have

p—3

i(%); (—1 - <%>)B(p+1)/2 (mod p).

r=1
In the same way, we can obtain the Corollary of [4], p. 238,

p—1

Ti; (g) =2 (2 - (2) ) Bipi1y2  (mod p).

Theorem 3.2. Let n be a positive integer and p an odd prime. Then

E(p—1)+2n = Fay (mOd p)
Proof. By Lemma 2.5, we have

p—1

E,, = Z(—l)l(Ql +1)*"  (mod p),

=0

and

p—1

Ep-1)ron = Z(—l)l(ﬂ +1)P=0F (mod p).
1=0

It follows from Fermat’s Little Theorem that

p—1
Ep-1y4on = Z(—I)Z(QZ +1)* = Ey, (mod p).
1=0

This completes the proof of Theorem 3.2. 0

Theorem 3.3. Let p be an odd prime, a and k be positive integers. Then

g _JO0 (mod p*™'), ifp=1 (mod 4),
PP T 9 (mod pttl), ifp=3 (mod 4).

Proof. By Lemma 2.5 and (3.1), we have

pa+1_1 pa+1_1 2[ + 1 2kp®
a+1
Epgporry = (=120 + 1)) = (—1)’(8p+ (—))
1=0 1=0 p
pott-1 2
20+1
= Z (—1)l<;> (mod p**t1).
p

=0
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Thus,
e e S +p 2 +p(p®-2)
Ergpery = Y (-D'+ D (D4 Y (=D'+ 4 > (1)
=0 1= 1=t 4p 1= 4 p(p—2)
p—1+p(p®—1) 02 2
D SIRCHES Y ETRD M (SRS
=25 +p(pe—1) =0 I=Et
p—1
+(—=1)2PF (_1)p(pa2)+l> + (_1)p(p“71)+l
=
% p—l f
0, ifp=1 (mod 4),
= S Yy =D BpE L fmedd
P farrt 2, ifp=3 (mod4).
This completes the proof of Theorem 3.3. 0

We obtain Theorems 3.4 and 3.5 using work from Jakubec [5]. Here we give two more
general congruences for Euler numbers.

Theorem 3.4. Let p be an odd prime, a and k be positive integers. Then

0 (mod p**t1), ifp=1 (mod 4),

E W — k aflE - =
ko(pr) = KPP Ep-1 {2 —2kp®~t  (mod p*™), ifp=3 (mod 4).

Proof. By Lemma 2.5, we have

pa+1_1
Eropmy = Y (=120 + 1D)F®) (mod p**h),
=0
and
pa+l_1
E, = (=)' +1)P7 (mod p*™).

So from (3.1), we obtain

Eygy(pey — kp"~ ' Epy

p -1 2kp* 1 2
20+1 20+1
= L (55) (e (57)]
—o p p
-1 2
20+ 1
= k) X0 () o e (35)
p
1=0

By Theorem 3.3, we complete the proof of Theorem 3.4. 0

Theorem 3.5. Let p be an odd prime, a and k be positive integers. Then for any non-
negative integer n we have

Ergpe)+an — kpa_lEp—l-l-?n =(1- kpa_1)<1 — (—1)%]92”) By, (mod p**).
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Proof. For the case n = 0, the result is immediate by Theorem 3.4. Now, we consider n > 1.
By Lemma 2.5 and (3.5), we have

r 20 +1\2
Brstoryszn — ko Byorion = (L— kp™™) 3 (21120 + 1) (T>
=0
pa+1_1 p*—1
p—1
S A0l O S SUCESIESED IS C TR
=0 =0
pa+1_l
- - kp“*)( (1)1 + 1)
=0
p?—1
) Y 1)2") (tmod p**).
=0
By Lemma 2.5, there exist integers s and ¢ such that
p“"'lfl pa’*l
> (DH2A+1)" = By +sp™ and Y (=D'(21 4 1)* = By, + tp™.
=0 =0

It follows that
Ergpe)+2n — kp* By 140, = (1 — kpa_l)(l - (—1)%292”) Es, (mod p**1).
This completes the proof of Theorem 3.5. 0

Using a similar proof of Theorem 3.5, we can easily obtain the following theorem.

Theorem 3.6. Let p be an odd prime, a and k be positive integers. Then for any non-
negative integer n we have

p—1
Erppay4on = (1 — (—1)Tp2”) Ey, (mod p%).
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