ON THE D(4)-TRIPLE {Fay,Foy 6, 4F 2 4}
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ABSTRACT. Let k be a positive integer. In this paper we study the D(4)-quadruples
{Fak, Fokve, 4Fokta,d},

where F}) is a kth Fibonacci number. We prove that if d is a positive integer such that
the product of any two distinct elements of the set increased by 4 is a perfect square, then
d = 4Fs;42Fok+3Fok+5. Therefore, we prove the uniqueness of the extension of another
D(4)-triple involving Fibonacci numbers.

1. INTRODUCTION

A Diophantine m-tuple with the property D(n) or a D(n)-m-tuple (or a P,,-set of size m)
is a set of m distinct positive integers {ai,...,an} such that a;a; + n is a perfect square,
where n # 0 is an integer. The first Diophantine quadruple was found by Fermat who proved
that the set {1, 3,8,120} is a D(1)-quadruple. Moreover, Baker and Davenport [1] proved that
the set {1,3,8,120} cannot be extended to a D(1)-quintuple. Authors also considered n as a
parametric expression. For example see [14].

The problem of extendibility of P,-sets is of big interest (for details see
http://web.math.hr/~duje/dtuples.html). Several results of the generalization of the re-
sult of Baker and Davenport are obtained. In 1997, Dujella [5] proved that the Diophantine
triples of the form {k — 1,k + 1,4k}, for k > 2, cannot be extended to a Diophantine quintu-
ple. The Baker-Davenport result corresponds to k = 2. In 1998, Dujella and Pethd [8] proved
that the Diophantine pair {1,3} cannot be extended to a Diophantine quintuple. It is known
that there does not exist a D(1)-sextuple and there are only finitely many D(1)-quintuples
[6, 16, 17]. In 2005, Dujella and Ramasamy [7, Conjecture 1], conjectured that there does not
exist a D(4)-quintuple. A stronger version of this conjecture is the following.

Conjecture. There does not exist a D(4)-quintuple. Moreover, if {a,b,c,d} is a D(4)-
quadruple such that a < b < ¢ < d, then

1
d:a+b—|—c—|—§(abc+rst),

where 1, s,t are positive integers defined by
ab+4 =12 ac+4=s%bc+4=1

If we denote dy = a + b+ c+ 2(abc + rst), then {a,b,c,d;} is a D(4)-quadruple called a
regular D(4)-quadruple. We also define the number d_ = a + b+ ¢ + 3(abc — rst). If d_ # 0,
then {a,b,c,d_} is also a D(4)-quadruple, but d_ < c.

The first result of nonextendibility of D(4)-m-tuples was proven by Mohanty and Ra-
masamy [19]. They proved that D(4)-quadruple {1,5,12,96} cannot be extended to a D(4)-
quintuple. Later Kedlaya [18], proved that if {1,5,12,d} is a D(4)-quadruple, then d = 96.
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One generalization of this result was given by Dujella and Ramasamy in [7] where they proved
Conjecture 1 for a parametric family of D(4)-quadruples. Precisely, they proved that if & and
d are positive integers and {Fby,5F5k, 4Fok0,d} is a D(4)-quadruple, then d = 4Lo; Fy12
where Fj, and Lj are Fibonacci and Lucas numbers. A second generalization was given by
Fujita in [15]. He proved that if & > 3 is an integer and {k—2, k+2,4k,d} is a D(4)-quadruple,
then d = k® — 4k. All these results support Conjecture 1. The first author studied the size of
a D(4)-m-tuple. He proved that there does not exist a D(4)-sextuple and that there are only
finitely many D(4)-quintuples [11, 9, 10, 12].
The aim of this paper is to consider the D(4)-triple involving Fibonacci numbers

{Fok, Fok+6, 4Fok 44}
and to prove the following result.

Theorem 1. If d is a positive integer such that the product of any two distinct elements of
the set

{Foks Fokr6, 4F ok 44, d} (1)
increased by 4 is a perfect square, then
d = 4Fp 2 Fop 1 3Fopys. (2)

The organization of this paper is as follows. In Section 2, we recall some useful results
obtained by Dujella-Ramasamy and the first author. We adapt them to our case. Moreover,
we use congruences and Fibonacci number properties to obtain a gap principle. In Section 3, we
use linear forms in logarithms and the Baker-Davenport reduction method to prove Theorem 1.
It is good to specify that recently, using this method the first and the third authors [13] proved
the uniqueness of an extension of a parametric family of D(4)-triples {k + 2,4k, 9k + 6}. The
motivation of this paper is to show the difference when we consider an exponential family. The
main difference when we consider an exponential family is that the constants grow so quickly
that we don’t need to use the results from hypergeometric method (Bennett’s Theorem) like
in a polynomial case and the use of linear forms in logarithms is enough. For example, we
don’t have a lemma similar to Lemma 5 in [13]. The family we consider in the present paper
appeared for the first time in [3]. In the last section we discuss other families of D(4)-triples
involving Fibonacci, Pell, and Pell-Lucas numbers.

2. PRELIMINARY RESULTS
Let r, s,t be positive integers defined by
ab+4=7r% ac+4=s% be+4=1. (3)

To extend the Diophantine D(4)-triple {a,b,c} to a Diophantine D(4)-quadruple {a,b, ¢, d},
we have to solve the system

ad+4 =22 bd+4=y> cd+4=27° (4)
One can eliminate d to obtain the following system of Pellian equations
az? —cx® = 4(a—c), (5)

b2 —cy? = 4(b—oc). (6)
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Using Lemma 1 of [9], one can see that there exists a solution (z((]i),x(()i)> of (5) such that
(i)

zZ = vy, Where

N U YN )
and |z0i)| < \/C—\/‘/EE. Similarly, there exists a solution (zgi),yy)) of (6) such that z = w)

where

)20 ) = L0 0y ) ) ),

(@ _
Wy B nt2 = Wpiy

and \zé”] < c—\/\/EE. | |
The initial terms z((]l) and z%ﬂ ) are completely determined using Lemma 9 in [11] that we
recall here.

Lemma 1.
(1) If the equation vo, = woy, has a solution, then zy = z1. Moreover, |z| = 2, or
20| = 3(cr — st), or |z| < 1.608a" tici1.

(2) If the equation vop11 = way has a solution, then |zo| =t, |z1| = §(cr — st), 2021 < 0.
(3) If the equation vay, = wapi1 has a solution, then |z1| = s, |20| = 3(cr — st), 2021 < 0.
(4) If the equation vam41 = Want1 has a solution, then |zg| =t, |z1| = s, 20 - 21 > 0.

In the present paper, we consider

a=Fo, b=Fopye, c=4Fpp4a,
and using equations (3) we get
r=Fopi3, s=2F 9, t=2Fys.
If the second or fourth items of Lemma 1 holds, then
be <bec+4=12= |z < C—\/\%E.
So we have ab® < ¢. This implies
FopFijoy g < 4Fop 4.
From Binet’s formula Fj, = (o — a*) /v/5 with a = (1 + V/5)/2, @ = (1 — v/5)/2, we obtain
o?k=1/\/5 < Fy, < a?#//5. This and the above inequality give
Q21 [ o2k+5N\ 2 g 2k+4

Therefore we get a*#+5 < 20. This contradicts the fact that o > 1.618 and k > 1.
Similarly, if the third item of Lemma 1 holds, we obtain

NG
T

ac<ac+4=s= |z <

This yields

2k—1\ 2 2k+5 2h+4
« « 4o
< > —— < F2 Fopig=0a’b < c=4Fy 4 <

V5 V5 V5
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Then by the result o**~1 < 20, we have k < 2. If k =1, then a = 1, b = 21, ¢ = 32, and
d = 780. It has been checked that the D(4)-triple {1,21, 32} can be extended in a unique way
to the D(4)-quadruple {1,21,32,780} [9]. In that paper the first author has already used the
fact that all D(4)-triples {a,b,c} such that a < b < ¢ and ab®c < 107, have a unique extension
to a D(4)-quadruple, and it was checked using the Baker-Davenport reduction.

Therefore, we only consider the first item of Lemma 1 with xyg = 2, yg = 2, and |z| =
(cr — st)/2 = 2(Fops3Forta — FoproForss) = 2. In fact, let us define dy = (22 — 4)/c in
the third possibility of the first item. If [29| > 2, then dy < 23/c < 1.6082a=%7c%7/c < c.
Thus, according to the proof of the above lemma in [11], {a, b, ¢, dy } is an irregular Diophantine
quadruple. Also by [10, Proposition 1], if {a, b, ¢, d} is an irregular Diophantine quadruple with
a<b<c<d, then d> 0.173¢5%a%® or d > 0.087¢>°a?5. Therefore we have ¢ > 0.173b55¢%°
or ¢ > 0.087b%%a?5. When k > 1, we get a contradiction.

Therefore, we need to solve the system of Pell equations

Fop 2* — AFpppqa® = 4(Fpp — 4Fo14), (7)
Forye2® — 4Foqay® = A(Fopys — 4Fokqa), (8)
with g = y1 = 2 and zp = z1 = £2, for integer £ > 1. It is equivalent to solve the sequence
equation
2 = Vg = Wop. (9)
In fact, the sequences {vy, }m>0 and {wy, }n>0 are defined by
vop =12, v =E2F0p 40 +4F0% 44, Umy2 = 2F0k12Umg1 — U,
wo = £2, wy; = X2Fo 5 +4Fok 14, Wpyo = 2F5 5wpg1 — Wy
In order to get a gap principle between indices m,n and k, we recall the following lemma.

Lemma 2. We have

1

Vo, = 20+ §c(azom2 + szom) (mod ¢?),
1

wo, = 21+ §c(b21n2 +tyin)  (mod ?).

Proof. See [7, Lemma 3]. O
For the relations of indices m and n, we have the following lemma.
Lemma 3. If vy, = way,, then n < m < 2n.

Proof. By [11, Lemma 5], if v, = wy, then n —1 < m < 2n + 1. In our even case we have
2n — 1 < 2m < 4n + 1. The result is obtained. O

Using Lemma 2, we have
+am? 4+ sm = +bn? +tn  (mod c). (10)
In our case, it is
£ Fyp - m? + 2Fpp 9 - m = £Fopp6 - n® + 2Fyp5 - (mod Fhyyg).

From the recursive relation Fy,o = Fj41 + Fj, one can show that Fj 4 = 3F;49 — Fi. Thus
we have Fh = 3Fb;40 (mod Foiyy) and

Fokv6 = Fopgs + Fopta = Fopys = Fopra + Forys = Forys  (mod Fopiy),

Foptg = Fopya — Fopypo = —Fopyo (mod Foppa).
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We combine the above results to obtain
+Fopo(3m? F2m+n?2F2n) =0 (mod Fyiy).
As ged(Fapr2, Forra) = ged(Fogs2, Fopto + Fats) = ged(Fag+2, Fogy3) = 1, we have
3m?F2m+n’F2n=0 (mod c/4).
Since m and n are positive, by Lemma 3, we have
3m2:|:2m+n2:F2n23m2—2m+n2—2n23n2—4n+n2—2n:4n2—6n>0
for n > 2. This and the above congruence imply
3m2+2m+n2—|—2n23m2:F2m—|—n2:F2n20/4.
Again, using Lemma 3 we obtain 4(m? + m) > ¢/4. This leads to the following result.

Lemma 4. Assume that vo,, = wo, with m,n > 2, then

m >

=%
o
N —

3. PROOF OF THEOREM 1

In this section, we prove Theorem 1 using Baker’s method. So let us consider the following
algebraic numbers

t b
s—i—;/ﬁ and ap — +2\/—c‘

From equations (7) and (8), we deduce

o] =

vmzi%«m5+mﬁm%+mWHMWMﬁﬂ
and
Wop = 2%/5 ((21\/5 +y1ve)ad + (21Vh + yl\/E)Oé2_2") ,

respectively. Notice g = y1 = 2 and zp = 21 = £2. Solving equations (7) and (8) is equivalent
to solving z = vy, = wa, with m,n # 0. So we have [11, Lemma 10]

0<A:=2mloga; —2nlogas +logas < 2aca1_4m, (11)
where
oo VBVEE VD)
Va(ye£ V)
It follows that
log |A| < —4mlog a; + log(2ac) < (2 — 4m)log ay. (12)

In [9], using Baker’s method (in fact, applying Baker-Wiistholz’s Theorem, [2]), the first author
proved that
2m

log(2m + 1)
When m,n > 2, this and Lemma 4 imply

< 6.543 - 10" log? c. (13)

/% —2<2.6543 10" (log2c) <1og(0.5c1/2)) .
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2k+4_ 52k+4

We obtain ¢ < 4.29 - 10%3. Since ¢ = 4Fpp 4 = 4 - & 75 , we have

2k+4
1.618%F+4 < <1+72\/5> = o2Ftt < PRt ? .4.29-10% < 2.4 .- 10%.

Hence, we have k < 102. Moreover, using (13) and the upper bound to ¢, we obtain m <
1.7-10%.

In order to deal with the remaining cases 1 < k < 101, we will use a Diophantine ap-
proximation algorithm called the Baker-Davenport reduction method. The following lemma
is a slight modification of the original version of the Baker-Davenport reduction method. [8,
Lemma 5a].

Lemma 5. Assume that M is a positive integer. Let P/Q be the convergent of the continued
fraction expansion of k such that QQ > 6M and let

n=pQll - M- [[~Ql|,

where || - || denotes the distance from the nearest integer. If n > 0, then there is no solution
of the inequality

O<mk—n+pup< EB™™

in integers m and n with

log (EQ/n) _
log B -~
We apply Lemma 5 with
log g log ag ac
R = s = s = s B prd al’
log o 2log ag log ap

and M = 1.7-10?%.

The program was developed in PARI/GP running with 400 digits. For the computations,
if the first convergent such that ¢ > 6 M does not satisfy the condition 1 > 0, then we use the
next convergent until we find the one that satisfies the conditions.

o If 2y = z1 = 2, then we used the second convergent only if k = 24,29, 30,47. In all cases
we obtained m < 8. We took M = 8 and ran the program again to obtain m < 1. We ran the
program in one minute to get the results.

e With zg = 21 = —2, we used the first convergent in 12 cases. For the other cases, we
obtained convergents of higher orders and the worst case is when & = 99 where we have the
145th convergent. The use of 400 digits is enough to ensure the accuracy of the computations.
In all cases, we obtained m < 7. We again ran the program with M = 7 and obtained m < 1.
The computations were done in one minute.

Since n < m < 1, we put m = n = 1 in equation (9) (m = n = 0 gives the trivial

solution d = 0). When z = vg = wg = 2, we have vy = 2F5; 1 9(2F5k 49 + 4F,14) — 2 and
we = 2F5ky5(2Foky5 + 4F5k14) — 2, such that v < wy. When z = vg = wy = —2, by
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—2Fop 12 +4Fop 14 = 2Fop 13 + 2Fop 14 = 2F 0k 5, we have

vy = 2P yo(—2Fop 0 + 4Fhpyq) +2
= 2Fop40 - 2F5, 5+ 2
= (—2Fo5 + 4Fok14) - 2Fop 45 + 2 = wo.
This implies
2 —4 (4Fop12Fopys +2)* — 4
c 4Fok 14
16F3, o F5y 5 + 16Fo 0 Fop s
4Fop 44

4P 42 Fopy s (Forp2 Fokts + 1)

Fop iy
AFopqoFok 15 - For3Fogya

Fopqg
= 4Fop 405, 3oy 5.

This completes the proof of Theorem 1.

4. SOME OTHER FAMILIES OF D(4)-TRIPLES

By Theorem 1, we prove the uniqueness of the extension of one specific exponential para-
metric family of D(4)-triples. There are many other similar families for which the method
presented here can be applied. Some of those families can be found in [3, 4]. Using exactly
this method, with only slightly different constants, we can prove the following theorem, where
P, and @Q,, are Pell and Pell-Lucas numbers, respectively.

Theorem 2. Let k and d be positive integers. Then,
(i) if {ng, F2k+6, 4F2k+2, d} s a D(4)—quadruple, then d = 4F2k+1F2k+3F2k+4;
(ii) if {ng, P2k+4, 4P2k+2, d} s a D(4)—quadruple, then d = 4P2k+1P2k+2P2k+3;
(iii) if {ng, P2k+4, 8P2k+2, d} s a D(4)—quadruple, then d = 4P2k+2Q2k+1Q2k+3.

In fact, we apply the method to the above three families. First, for the triple {Fby, Fogis,
4F5 19}, we consider vg,, = we, with zo = 21 = £2. We get

Ve

> Y

=y

1
2 )
then ¢ < 4.29 - 10, m < 1.7-10%!, and k < 103.

The last two families are connected because ¢ = a+b=%2r and here r = Py y5. Pell numbers
are given by Py =0, P, =1, P, = 2P,,_1+ P,,_o, for n > 2 and Pell-Lucas numbers are defined
by Qo =2, Q2 =2, @, = 2Q,,_1 + Qp_o, for n > 2. So using this and congruence relations,
and the fact that P, and P, are relatively prime, we get

m 2 ﬁ — 17
42 2
then ¢ < 1.9 -10*, m < 1.7-10%!, and k¥ < 59. Now, we can apply the Baker-Davenport
reduction method to each these three families. We ran the program in one minute. Here are
some comments on the computations done in one minute with a use of 400 digits:
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e For the family (i), we used the first or the second convergents in all cases. We obtained
m < 10. We again ran the program with M = 10 and obtained m < 1.

e For the family (i7), we got m < 6 with the use of the first or the second convergents in all
cases. The program is run again with M = 6 to obtain m < 1.

e For the last family, we used the first or the second convergents in all cases to obtain m < 5.
We again ran the program with M = 5 and obtained m < 1.
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