SEQUENCES {H,} FOR WHICH H,,/H, APPROACHES AN
IRRATIONAL NUMBER

TAKAO KOMATSU

ABSTRACT. We study the sequence { Hy} for which H,+1/H, approaches an irrational num-
ber. This result includes a special case obtained by Gatta and D’Amico. We also generalize
it to the case of the sth order recurrence relation.

1. INTRODUCTION

It is well-known [3, Corollary 8.5] that the ratio of Fibonacci numbers F), tends to the
Golden number:
Fo 14 V5
E, 2
Gatta and D’Amico [1] construct the sequence {H,}, which ratio also tends to the Golden
number. In this paper we generalize their result and consider much more general cases.

(n — 00).

Theorem 1.1. Let ¢1, co and k be fized real numbers with c% +4co >0 and cg +co # 1. Let
x1 and x2(# 1) be the roots of the equation x> — cix — ca = 0, namely,
N cl+\/c%+462 cl—\/c%+462
1= — & )
2 2
Let Hi, Hy, and Hs be arbitrary real numbers with Hy = ¢y Ho+coH1+k. Then, the recurrence
relations

and o =

H,=cH, 1+cH, s+k (Tl > 4) (1.1)
and
H, = (Cl + 1)Hn_1 + (—Cl + Cg)Hn_Q —coH,_3 (n > 4) (1.2)
yield the same sequence {H,}, satisfying
and
H, =r,H3+ s, Hy +t,Hy (’I’L > 1) 5 (14)
where
n—1 n—1 n—2 n—2
J— C J—
o, = X1 X2 . B, = 2(X1 X2 )
X1 — X2 X1 — X2
1 n—1__ _n—1 n—1 __ 1
= <X1 X3 X ) (n>1)
X2 — 1 X1 — X2 x1—1
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and

Tn

1 (X?_l -x1 X5 — X2>

XL - X2 x1—1 x2 —1
oo 1 ((X1 —a)d =D e—a)hg - 1))
" X1 — X2 x1—1 x2 —1 ’
n—2 n—2
-1 -1
to=— C2 <X1 _ X2 > (’I’L > 1)
X1—x2 \ x1—1 x2—1

with T, + 85, +t, = 1 for all n > 1. Moreover,
Hn—i—l
Hy,

Remark. If ¢c; = co = 1, then this result reduces to Theorem 2.1 and Corollary 2.2 in [1].
Example 1.2. Set ¢; =5/6 and co = 37/11. If Hy =2/5, Hy = 4/7, and Hy = 2/9, then

—=x1 (n—00).

H, 7 Hs 5279

2 — = .388888 — = —— = 2.285281385
H; 18 Hy, 2310

H, 26741 H; 1023023

— = ——— = —(.84425711 — = = 0.57964730
Hs 31674 0844257119 H, 1764906

Hg 80237503 H7; 8382952117
— = —— = 13.071961399 —_— =0
5 6138138 Hg 5295675198
Hg 164434451477 Hy  21242447286215

= 1.58298079

= 3.2692232438 = 1.957346888

H- 50297712702 Hs ~ 10852673797482

Hyy 66286737441851 Hy,  46932646834861261
= — 2.6004041400 — — 2.1455293685

Hy  25490936743458 Hyo  21874623355810830

H. H

—2 _ 999668165729 21 _ 999789732722

Hy Hys

H H

=25 _ 999712230004 726 _ 999761607245

Hyy Hys

H. H

=27 _ 999730134694 =28 _ 999750188932

Hyg Hyy

Hyg

—— = 2.29737407831

On the other hand, if ¢y = 5/6 and ca = 37/11, then

e+ 4
w — 9.29742382131143226702631437357.

Proof of Theorem 1.1. By the identity (1.1)
(a+1V)Hp 1+ (—ar+c)Hyo—coHp3=ciHp 1 +coHp 9+ k= Hy,

yielding the identity (1.2) for n.
On the other hand, by the identity (1.2)

ciHy 1+ coH, o+ k= (Cl + 1)Hn—1 + (_Cl + 02)Hn—2 - C2Hn—3 = Hny
yielding the identity (1.1) for n.
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The identity (1.3) holds for n = 1 and n = 2 since a1 = 0, ag = 1, f; = 1, o = 0,
71 =2 = 0. Assume that (1.3) holds for n =1 —2 and n =1 — 1. Then, by (1.1)

H =cH_1+cH s+k
=ci(q_1Ho + B-1Hy +y1-1k) + c2(cq2Ha + BioHy +yi2k) + k
= (c1oq_1 + c2aq9)Ha + (c181-1 + c2f1—2) H1 + (c171-1 + cavi2 + D)k
Thus,
Qp = C10q—1 + C20q 2,
B = c1Bi-1+ 212,
M =cv-1+ -2+ L

Solving the first recurrence relation with oy = 0, as = 1, we have

R O e R R T O D .
" X1 — X2

X e

B X1 — X2

Solving the second recurrence relation with 5, =1, fs = 0, we have

O D D R T Ol G

B
X1 — X2
_ el )
X1~ X2
Solving the third recurrence relation with v; = vo = 0, we have
- nOd T - entd? - 1 <x’f‘1 -x5t X - 1>
=
X1 = X2 x2 —1 X1 — X2 x1—1
_ 1 (x’f‘l x5 T - 1>
x2 —1 X1 = X2 x1—1

Next, the identity (1.4) holds for n =1,2,3 asry =71 =0,7r3=1, 51 =0, s9 =1, s3 =0,
t1 =1, to = t3 = 0. Assume that (1.4) holds for n =1 — 3,1 — 2, and [ — 1. Then by (1.2) we
have

Hy = (c1 +1)(r—1Hz + sj—1Hy + ti—1Hy) + (—c1 + c2)(ri—oH3 + 59 Hy + tj_oHy)
—co(r—3H3 + s;_3Hy +t;_3Hy)
=1 Hs+ sjHy + t;Hy.

Hence, for n > 1

Ty — Tn—1 = C1(Th—1 — Tn—2) + c2(rp—2 — Tn—3),
Sp — Sp—1 = C1(8p—1 — Sp—2) + c2(Sp—2 — Sp—3),
th —tn—1 = C1(tn—1 — th—2) + ca(tn—2 — tn—3).

Since
n

O X — o) (X = X T) (0 — 1)
'm — Th—1= s
X1 — X2
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we have X 1
. (x?_ -X1 X5 —x2>
"Txi—x2 \ xi-—1 Yo — 1
Since , , ; .
8, — 81 = A" —xg )3 —s2) +ealX " —xg ")(s2 — s1)
we have
sp =1+ <—X1 X1 + X2 X2 + e (X7 ) _ c2(X3 )>
" X1 — X2 Xl—l X2—1 Xl_l X2_1
Since , , , .
ty — tp_1 = (X1 7= xo )tz —ta) +calX] " — x5 °)(ta —t1)
n n— - ,
X1 — X2
we have
P C2 (X?_z -1 Xg_z — 1)
" X1—x2 \ x1—1 xo—1 )

It is clear that r, + s, + ¢, = 1.

Finally,
. Hn+1 T C9 k
S TH, <61+H—n+F

n n
n—1

. C2
= lim | ¢ + = -
e at+mT T,
Hy_2
C2
=c+ )
at——eg
c1 +
o+ -

_a+ VEE + 4ey
—

2. THE SEQUENCE DERIVED FROM A GENERAL RECURRENCE RELATION
Let {u,} be the sequence satisfying the sth order recurrence relation

Up = Up—1 + Up—2 + -+ Up—s (nZS)

() 236 A©

Let ®, be the positive real root, and \; be the other roots, of the equation

ey Ng1
25— 251 — 252 — ... — 2 —1=0[4, 5]. For example, if s = 3, then
3 3
19 + 3v/33 19 - 3v33+1
By = V19 + */—+?:/ V3341 | 530986755

and

\® (@ _ 2= (1EV=3) V19— 3v33 — (15 V=3)V19 +3V33
1 72 6

= —0.4196433776 + 0.6062907292v/ —1

268 VOLUME 48, NUMBER 3



SEQUENCES {H,,} FOR WHICH H,,.,/H, APPROACHES AN IRRATIONAL

(e.g. [2, p.14] and references there).
Note that 5 "2 (s — 00).
The following Lemma is fundamental.

Lemma 2.1. If

s—1
Ug — Ug_1 Z /\Z(S) + Us_9 Z /\ES))\g-s)
i=1 1<i<j<s—1
o (D Y AP AT b CD T ud Y LAY £ 0, 2

1<y <<y <s—1

then
U
" @,

Unp

(n — 00).

Theorem 2.2. Let a and b be real numbers with |b/a| > ®5 (a # 0). Let the sequence {v,}
satisfy the relation

avy, = (@ —b)vp—1 + (@ +b)vp—o2+ -+ (a+b)vy—s+buy_s—1 (n>s+1)

with arbitrary initial values vy, ...,vsy1. If the condition (2.1) holds for u, = av,41 + bu,
(n=1,2,...,s), then
Untl d, (n—o00).
Un

If s=2,a=1, and b = —1, then this theorem is reduced to Theorem 2.1 in [1].
If s=3,a=1, and b= —1, then we have the following.

Corollary 2.3. Let the sequence {v,} satisfy the relation
Up = 2Up—1 — Up—gq (n>4)
with arbitrary initial values vi, vo, v3, vq. If
vg — 0.16071324478583915v3 — 0.2955977425220849v, — 0.5436890126920759v1 # 0, (2.2)

then
Un+1

Un

— O3 (n/—é OO).

Notice that T, 41/T, — ®3 (n — 00), where T}, are Tribonacci numbers defined by
Tp=Tp1+Tho+Ths (n>4), Ti=To=1 T3=2.
The condition (2.2) means
(va —w3) — (v3 —v2)(B+7) + (v2 —v1)By # 0,
where § = )\gg) and v = )\53), satisfying

~2— 19+ 333 — /19— 3/33
B 3

= —0.839286755214161

B+
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and

; {’/(19 +3v33)2 + ‘\3/(19 —3v33)2 - V194 3v33 - V/19-3V33-3
’Y =
9

= (0.5436890126920759 .

Proof of Theorem 2.2. If we set u, = avyy1 + bu,, then

aUp+1 + bvy = avy +bup_1 + avy—1 +bvp_o+ -+ avp_si1 + bvy_s
or
AUn41 = ((1 - b)'Un + (a + b)Un—l + -+ ((1 + b)vn—s—i-l +bvp—s .

Assume that a # 0 and b # 0.
If vyg1 /v = @5 (R — 00), then

Uptl  AUpi2 + bugy

Up, avp41 + buy,
azEE 4 b O, +b
_ Un+41 - N a ,Sb_‘_¢ _ ¢S (7’L N OO) )
a+ Un+1/Un a—+ / s

On the other hand, assume that w1 /u, — ®,. Since

b\" 1 b b\> b\
Unpr— | == )] 1=~ |Up+ |-~ Jup1+ | —— ) Up2— -+ | —— uy |,
a a a a a
we get
Vnt1 (= 2) "t + (= 9)" ey + ()" Py A (B + v
Un (=) e+ (=5)" !
Here, notice that
(_g) Un+1
b/ wu,

Hence, by Ratio Test, if |a/b|®s < 1 then the series > 7, (—a/b)"uy, is absolutely convergent.
If ®,|a/b| > 1 then it is divergent. Therefore, if @5 < |b/a| then by u, 1/un — ®* (n — 00)

T o e O e G R R T o e e
a
)

O = R = RN e P Ee
(

— O

%‘ (n — 00).

Unp—1 Un—1

- a\n n—1

(=3)"+(=3)" =
=®;+0(1).

If &5 > |b/al, then

O
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3. PROOF oF LEMMA 2.1

First, we shall see the Lemma holds for s =2 and s = 3.

Let G, be the general Fibonacci numbers defined by G,, = G,,—1 + Gp—2 (n > 3) with
arbitrary initial values G; and G5. Let a be the positive real root, and 3 be its conjugate of
the equation z2—x—1 = 0. Note that a+3 = 1and a8 = —1. By G,, = (a+8)Gn_1—aBGp_a,
we can have

- an—l Bn—l 5‘0[71—1 a'ﬁn—l
Gn_G2<a—5+ﬁ—a>_Gl< a_p + 53— a >

| Ga" =g 4 Gafan 2= Y

P (n>1).

Hence, by |5/al <1

ot Gala" = B") + Gi(a" = 1)
Gn  Gi(a"h =B 1) + Gi(ant = )
_ Gala—(8/a)"18) + Gi(1 - (B/a)" )
Go(1 — (B/a)" 1) + G1(1/a — (B/a)"1 /)
Goa+ Gy
Gy + Gl/Oé -«

(n — o0)

unless Go + G1/a =0 or G2 — G158 = 0.

Let T}, be the general Tribonacci numbers defined by T,, = T,,—1 + Tj,—2+ T),—3 (n > 4) with
arbitrary initial values T, To and T3. Let « be the real root, 5 and v be the imaginary roots
of the equation z* 2

—x° —x —1=0. Since

T =VTn-1 = (a+ B)(Tn-1 = ¥Tn—2) — aB(Th2 = YTn-3),
by putting U, = T;, — vT,,—1 we have
U, = (a+ B)Up—1 —aBU,_2.

As U,, has the same form as G,,, we obtain

Up =T, —vTh-1
n—2 n—2 L an—2 . An—2
:T3<a L8 >—T2<5a L op )

a=p f-a a—f3 88—«
By
_ To —~Th a1 —An—l Bn—l_ n—1
Tn_ an_ 3 ’Yz< v B v >
! =8 a=" B—n
Tl (B oy el oy
Oé—ﬁ o —y 5_7 )
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we finally have for n > 1

_ an—l ﬁn—l ,yn—l
T"_T?’((a—ﬁ)(a—v)+(ﬁ—a)(ﬁ—7)+(7—@)(7—@)
( By | (r+a)prt (a+ﬁ)v”‘1>
( -7 B-a)B-7) (- -0H)
By o yor- g af -y
+T1((a—ﬁ)(a—7)+(ﬁ—a)(ﬁ—7)+(7—0z)(7—ﬁ)>'

B+7B =t y+a)y- a)5<§>n_l +(a+B)(a - 5)7<1>n_1>

( a
+Ty (B’Y(ﬂ —7)at+yaly - a>5<§>n_l +abla - ﬁh(l)n_l))

/(Tg((ﬁ -7+ (- <§>n_1 +(a—p) <%>n_l>

) T2<(5 DB =)+ (4 )y — a)<§>"—1 T (@t B)(o - 5)<1>n—1>

+1 (B’Y(ﬂ —7)+yaly—a) <§>"‘1 Faple=p) <g>n_l>>

T3(8 —v)a —Ta(B+7)(B —v)a+T1By(8 — 7)a
T3(8 —v) = Ta(B+7)(B—7) +T1Bv(B —7)

~ Tia—T(B+v)a+Tifya

R E (= o)

— Ty

—

unless 75 — To(B + ) + Thpy = 0.
In general, we can prove the following Proposition.

Proposition 3.1. Let x1, X2, ..., Xs be the (real and complex) roots of the equation z° —
25l —g572 ... 2 —1=0. Let {u,} be the sequence defined by w, = tUp_1+Up_2+- -+ Up_s
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(n > s+ 1) with initial values uy,us,...,us. Then forn > 1
n—1 n—1
Up = Ug < X1 + X2
(x1 —x2)(xt —x3)---(xt —xs)  (x2—=x1)(x2 = x3)--- (X2 — Xs)
n—1
+ ... _|_ Xs )
—x1)(xs — x2) - (Xs — Xs—1)
(x2 + X3 + - xs)XT ! (x1+x3+-+xs)Xo '

- X3) i xs) (e —xa)(xe — X3) (X2 — Xs)

(X1+X2+ ct xsm)xE! >
Xl)(Xs Xz)---(Xs Xs—l)
X2X3 + o X2Xs + XBX4 o XXX
—x2)(x1 — X3)-~(X1—Xs)
X1X2+ C X1Xs—1 F X2X3 F 0+ Xs—2Xs—1) X5~ 1)
(X —Xl)(Xs—X2)"'(Xs Xs—1)

+ Us—2

<
<

1) 2 ((X2X3 S Xsm1 F X2X8 Xs—2Xs o xaXa e XXE T

(x1 —x2)(x1 —x3) - (x1 — xs)

L Baxe X e XeaXeot o X Xem)XE 1)
(xs = x1)(xs = x2) (X5 — Xs-1)
X2X3 Xs T XT '

+ (=1)5 g (

(x1— X2)(X1 —x3) - (X1 — Xs)

X1X2 Xs—1 - X! >
(xs = x1)(Xs —x2) - (Xs — Xs—1)

Proof. We have already seen that the statement holds for s = 2,3. We shall show that the
statement where s is replaced by s + 1 holds. Let A1, Ao, ..., Asy1 be the (real and complex)
roots of the equation 7! — 2% — ... — 2 — 1 = 0. Let {w,} be the sequence defined by
Wy = Wp—1 + Wp—2 + -+ + wp_s—1 (n > s+ 2) with initial values wy, wo, ..., wsy1. Since

Wy — Asp1Wn—1 = (A1 + -+ 4+ Ag) (Wn—1 — Asp1Wn—2)
— (M2 + -+ Asm1 A ) (Wn—2 — Agp1Wn—3)
o (DTN A (Wnes — Asp1Wn—s—1)
Wy, — As+1Wp—1 has the same form as u,. Hence,

Wy — /\s—l—lwn—l

/\?_2 /\n—2
= s —As S ++ -
(e = Aesre) (3 =5 )
()\2++)\S))‘?_2 ()\1+"'+)\s—1))‘?_2 >
. S_)\S . ++
(w +1w 1) <(>\1 — )\2) ()\1 _ As) ()\S — Al) ()\s - As—l)
4+ ...
Ap oAy AT Ao A1 - A
(1) (g — Ay ( 1 TR
(1) (w2 — Asp1wn) O —2a) . (O — ) ()\ = A1) (As = Asm1)
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By multiplying 1, Asy1, ... ,)\?J:lz on the both sides, respectively, and adding all equalities side
by side, we obtain

N AT
A= A2) - (A= Ag) (A1 — Agi1)
AT AT
As'_ Al)”’(As'_'As—l)(As'_ As+1)
A2+ + A) AT = A
— (wg — Agp1We—
( +110a-1) <(>\1 = A2) (A1 = Ag) (A1 — A1)

g Qe AT - A )

Wy, — AV w1 = (Weg1 — Asr1Ws) <(

" (As = A1) - (As = Asm1)(As = Asy1)
.
Ao A (AT = AT
(A1 = A2) -+ (A1 = Ag) (A1 — A1)

SYREEPWRTO Vot DYy )

+ (=1)"  (wa — Asgrwr) (

T e ) O — e )0 — Aert)

entailing that
Wy, = W ( )\711_1
T = 2e) = A = Aa)
An—l
/\s - >\1) e ()\s - /\s—l)(/\s - /\s—i-l)

. Xict )
(As+1 = A1)+ (Asi1 — As—1) (Asg1 — As)
Cw ( Mg+ -+ A F Aep)AP!
TN = A2) (= ) (A — Asy1)
(M A+ Aot 4 A ) AT
(As‘—'Al)"'(As‘_'As—l)(As‘—'As+1)
M+ Aot + AN
(A1 = A1) - (As1 = As—1) (A1 — Ag)

+

A+ Adsgr - AT
+ (=1)*w
(=1)7un <()\1 —22) - (A = A (AL = Aes1)
PYREED VIR WD Vo
As‘_'Al)"'(As‘_'As—l)(As‘_'As+1)

PYRETD VIFD W )\?;11 >

_|_

(/\s—i-l - >\1) e (/\s+1 - /\8—1)(/\s+1 - )‘S)
O
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Proof of Lemma 2.1. Assume that y is the largest positive root. When n tends to infinity,
by |xi/x1| <1 (i > 2), only the terms including x}~! are considered in w1 /un, where u, is

given in Proposition 3.1. Therefore, by dividing both the numerator and the denominator by
n—1

X1
Un+1
o (usm —Us—1(x2 + + Xs)X1 + us—2(X2x3 + -+ Xs—1Xs)Xa
n
/<us - us—l(X? 4+ XS) + us—2(X2X3 4+ Xs—lXS)
— 4 (—1)8_2U2(X2 C o Xs—1 + ..+ X3 - XS) —+ (_1)8_1u1 “X2 X5>
=x1 (n—o0)
unless

Us — us—l(X2 +-+ Xs) + us—2(X2X3 + -+ Xs—le)
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