BALANCING WITH FIBONACCI POWERS
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ABSTRACT. The Diophantine equation Ff + Fy + ...+ FF_| = F,ILH + Ffl+2 4+ -+ F,lL+T
in positive integers n,r, k,l with n > 2 is studied where F;, is the nth term of the Fibonacci
sequence.

1. INTRODUCTION
As usual {F),}7° , denotes the sequence of Fibonacci numbers and {L,,}7° , the sequence of

Lucas numbers. It is well-known that the recurrence relations of these two sequences are

Fo=0,F1 =1 and Froyo=Fop + Fy,

Lo=2,L1 =1 and Ln+2 = Ln+1 + Ly,
and their Binet forms are
a — Bn

a—p

respectively, where a = (1 ++/5)/2 and 8 = (1 — v/5)/2. In the sequel, we investigate the
Diophantine equation

B+ By oot By = Fapy + Fapg o0 4 Py (12)

in positive integers n,r, k,l with n > 2. Panda [4] has treated the special case k =1 = 1. The
authors believe that the following conjecture is true.

F, = and L,=a"+ ", (1.1)

Conjecture 1.1. The only quadruple (n,r, k,l) = (4,3,8,2) of positive integers satisfy equa-
tion (1.2).

We validate this claim to some extent by showing that several particular cases of (1.2) do
not possess any solution.

2. AUXILIARY RESULTS

The results presented in this section are required to establish certain claims on Conjecture
1.1.
The following are some identities on Fibonacci numbers.

Lemma 2.1. (a) Y, _; Fy = Fyio — 1,

(b) 22:1 F]? = FnFn+17

n 3 _ F3png2t+6:(=1)""1F,_145
() Xk=1 Fp === 10 . ’
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(d) F, < L,, and equality holds if and only if n =1,
(e) Fop = Fn(Fn+1 + Fn—l);
Lan—2(=1)"
O
F3n—3(=1)"Fy
O
Proof. The proofs of these statements are well-known. However, statements (a) to (d) can be

proved, for instance, by induction (especially (d) which appears in [1]). The statements (e) to
(g) can be verified using the Binet formulas for L,, and F}, given in (1.1). O

The following result, which is a part of Lemma 5 in [3], gives upper and lower bounds for
Fibonacci numbers in terms of powers of .

, up
Lemma 2.2. Letug be a positive integer. Fori = 1,2 let d; = log,, ((1 + (=1)t (@) > /\/5>
Then for all integers u > ug, a9 < F, < a¥to1,

In order to make the application of Lemma 2.2 more convenient, we take ug > 6 and get
the following result.

Corollary 2.3. If ug > 6, then 61 < —1.66 and d > —1.68.

The following result, which is Lemma 6 in [3], gives upper bounds for linear combinations
of powers of « and 1 in terms of powers of «.

Lemma 2.4. Suppose that a > 0 and b > 0 are real numbers and ug is a positive real number.

Then aa® + b < ot holds for any u > ug where k = log, (a + a%o)

3. THE RESULTS

In this section we present some results to support Conjecture 1.1. The first result deals
with the non-existence of solutions of (1.2) when k <.

Theorem 3.1. The Diophantine equation Ff + F¥ + -+ FF | =F! | +F! ,+---+F., .
has no solution in positive integers n and r with n > 2 if k <.

Proof. For k <, using
F+FB+ +F g =F1—1
we get
Ff+FS+  +Ff < (Fi+ Rt 4 Fo1) = (Fo - DY < EF L < F
showing that (1.2) has no solution in the positive integers n and r with n > 2 if k£ <. (]

Even if k > [, it can be proved that many particular cases of (1.2) do not possess any
solution. The following result ascertains this claim when k =2 and [ = 1.

Theorem 3.2. The Diophantine equation F12 + F22 + -+ F,f_l =F1+ g+ 4+ Fogr
has no solution in positive integers n and r with n > 2.

Proof. By virtue of Lemma 2.1(a) and (b), the equation
FE4+Fi 4+ F  =Fu+Foa+ o+ Fopy
is equivalent to

F,1F, +Fn+2 = Fn+r+2- (31)
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Since Fj,_1F,, + F,12 is not a Fibonacci number when n = 2,3,...,6, we can safely assume
that n > 7. Using Corollary 2.3, we find the upper and lower bounds for both sides of (3.1).
First, we observe that

Fo1Fy + Frya > Fyu Fy > a7 H08qn1 =168 — (20436, (3.2)
On the other hand,
Foy 1 Fpy + Fppg < Q= 1-00qn=1-166 | (n42-1.66 _ n+034(on—466 4 1) (3.3)
Using Lemma 2.4 with a = b = 1, we obtain xk < 0.68, and by virtue of (3.3),
Fru_1 By + Fpppn < QUH034(qn=166 4 1) < ont034,n—166+0.68 _ 2n-3.61 (3.4)

Again, by Corollary 2.3,

an+r+0.32 — an+r+2—1.68 < Fn n+r+2—1.66 — an+r+0.34. (35)

+r42 < @

Thus, if (3.1) holds for the positive integers n and r, then by virtue of (3.2), (3.4) and (3.5),
we get
max{2n — 4.36, n +r + 0.32} < min{2n — 3.64, n + r + 0.34},

which yields the inequalities
2n —4.36 <n-+r+0.34

and
n+r+0.32 < 2n— 3.64.

Hence, the positive integers n and r satisfy
n—4.7<r <n—3.96,
which yield » = n — 4. Thus (3.1) reduces to

Fo 1F, + Fn+2 =Fop o (36)
if n > 7. But by Lemma 2.1(e), (3.6) simplifies to
Fio = Fyy_1Fyyo. (3.7)

It is easy to see that (3.7) is not true for n = 8,9,10. If n > 10, i.e., n+ 2 > 12 then by virtue
of the primitive divisor theorem [2], F}, 2 has a prime factor that does not divide any of F,,_;
and F,,_o. Hence, (3.7) is not satisfied for any n > 7 and therefore (3.1) has no solution. I

The following result ascertains that there is no solution to (1.2) when £ =3 and [ = 1.

Theorem 3.3. The Diophantine equation Fl?’ + F23 + -+ F,f_l =F1+ g+ -+ Fogr
has no solution in positive integers n and r with n > 2.

Proof. By virtue of Lemma 2.1(a), the equation
FP+F 4+ F  =Fp1+ Fopo+ -+ Foyr
reduces to
F13 + F23 +---+ Fg—l - Fn+7’+2 - Fn+2'
Since F?+ F§ +---+F3 |+ F, 15 does not yield a Fibonacci number when n = 2, 3,4, without

loss of generality, we may assume that n > 5. Further, by Lemma 2.1(c), the last equation is
equivalent to

Fypio +10F, 10+ 6(—1)""Y1F, 1 +5=10F, 0. (3.8)
We apply Corollary 2.3 and get the upper and lower bounds for both sides of (3.8) as follows:
F3n+2 + 10Fn—|—2 + 6(_1)’n—1Fn_1 +5> F3n—|—2 > a3n+2—1.68 — a3n+0.32’ (39)
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while
Fanio +10F, 40+ 6(—1)""1Fy_1 + 5 < Fyp0 + 21F, 0 < o327 166 4 0140 +27166 (3 10)
Since log,, 21 < 6.37, we obtain

a3n+2—1.66 + 21an+2—1.66 < a3n+0.34 + an+6.71 — an+6.71(a2n—6.37 + 1)‘ (3‘11)

Now n > 5 entails 2n — 6.37 > 3. By Lemma 2.4 with a = b = 1, we obtain x < 0.45 and
subsequently, we have

Oén—l—6.71 (a2n—6.37 4 1) < an+6.71a2n—6.37+0.45 — a3n+0.79. (312)

Using (3.9), (3.10), (3.11) and (3.12) we get

Q3032 < P +10F, 9 +6(—1)"" F, g + 5 < o309, (3.13)
Similarly, since 4.78 < log,, 10 < 4.79, we get
10Fn—|—7”+2 > a4.78an+7“+2—1.68 — an+r+5.1 (314)
and
10Fn+r+2 < a4.79an+r+2—1.66 — an+r+5.13‘ (3‘15)
We now combine (3.14) and (3.15) and get
an+r+5.1 < 10Fn+7“+2 < aTL+T+5.13. (316)

In view of (3.8), (3.13) and (3.16), we have the system of inequalities
n+r+51<3n+0.79

and
3n+032<n+r—+5.13,
yielding
2n —4.81 < r < 2n —4.31,
which is impossible since n and r are integers. O

Equation (1.2) does not exhibit any solution even if k¥ = 3 and [ = 2. The following result
ascertains this fact.

Theorem 3.4. The Diophantine equation F{ + F3 + -+ Fo_| = F2 | +F2 o+ -+ F2_,
has no solution in positive integers n and r with n > 2.

Proof. Application of Lemma 2.1(b) and (c) converts the equation
A+t Bl =Pl + Flo+ e+
to
Fanyo + 10, Fyy 4+ 6(—=1)" 1 F,_1 +5 = 10F, 1 Fpgrg1.- (3.17)

It is easy to check that the above equation has no solution if n = 2,3,...,6. Supposingn > 7,
observing that 4.78 < log, 10 < 4.79, and using Lemma 2.4 and Corollary 2.3 we find

a2n+2r+2.42 < 10Fn+7”Fn+r+l < a2n+2r+2.47'
On the other hand, by (3.9)
Fs40 4+ 10F, Flpq + 6(—1)n_1Fn_1 + 5> F3p40 > Oé3n+0'32,
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while

Fipia + 10F, Fop1 +6(=1)""'F, 1 +5 < Fypi0 +21F2,
< a3n+2—1.66 + a6.37a2(n+1—1.66) — a2n+5.05(an—4.71 + 1)‘

Now n — 4.71 > 3, and by Lemma 2.4 with a = b = 1, we have k < 0.68 and hence,
a2n+5.05(an—4.71 + 1) < a3n+1.02‘

Comparing the upper and lower bounds of both sides of (3.17), we arrive at the system of
inequalities
2n 4+ 2r + 2.42 < 3n + 1.02

and
3n + 0.32 < 2n + 2r 4 2.47;

the last two inequalities imply
2r+1.4 <n < 2r+ 2.15.

Thus n = 2r + 2, and our problem reduces to proving that for no positive integer r, the
equation

FY+ F 4o By = Fiyg + Foy o+ Fip
is satisfied. For this, it is sufficient to show that for every positive integer r,

F A+ 4Py <Py g+ Foy++ Fiyo. (3.18)
We prove (3.18) by induction. Since

F} + F3 + F§ =10 < 25 = F,
it is sufficient to prove that
oo+ By < Foig+ Fipa + Fis — Fg — Fiys;
by Lemma 2.1(d), (f), and (g), the last inequality is equivalent to
Fory9 + Forq6 + 3F2 41 < Ler110 + Ler+8 + Ler+6 — Larys — Lary6 £ 2. (3.19)
Clearly, the combination of Fg.1¢ < Lgr+6,
For+9 < Ler+9 = Ler+10 — Ler+s < Ler+10 — Larts

and

3F9 41 < Forys5 < Loypys < Ler+6 = Ler+7 — Ler+s

< Lgr47 — Larq6 < Ler48 — Lary6 — 2

justifies (3.19). O
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