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Abstract. It is well-known that any Ducci sequence generated by a vector of length a power
of 2 will eventually reach the null vector. As an easy consequence, all vectors obtained by
concatenating several copies of a vector of length 2 eventually reach the null vector. We prove
a converse to this statement for Ducci sequences over the field Z2. Namely that over Z2, the
only vectors converging to the null vector are the vectors obtained by concatenation of several
copies of a vector of length a power of 2.

1. Introduction to Ducci Sequences

Let k ∈ N and let ~x = (a0, a1, . . . , ak−1) ∈ N
k. We define a map T : Nk → N

k by

T (~x) = T (a0, a1, . . . , ak−1) = (|a0 − a1|, |a1 − a2|, . . . , |ak−1 − a0|).

The sequence (T n(~x))n∈N generated by the iterations of T is called a Ducci sequence. Ducci
sequences have been extensively studied and often rediscovered. We now mention a well-known
result motivating the work presented in this paper.

Let ~x = (a0, a1, . . . ak−1) ∈ N
k. If there exists a ∈ N such that for every 0 ≤ i ≤ k,

ai ∈ {0, a}, we will say that ~x is a simple vector. A well-known result states that for every
~x ∈ N

k, there exists n ∈ N such that T n(~x) is simple. We derive an important consequence of
this fact.

Let ~x = (a0, a1, . . . , ak−1) be a simple vector whose coordinates are in {0, a}. First, rewrite
~x as (a · ε0, a · ε1, . . . , a · εk−1), where εi = 1 if ai = a and 0, otherwise. Notice that for
every k ∈ N, T k(a · ε0, a · ε1, . . . , a · εk−1) = a · T k(ε0, ε1, . . . , εk−1). Since every Ducci sequence
eventually reaches a simple vector this implies that in order to study the asymptotical behavior
of Ducci sequences, it is sufficient to study vectors with coordinates in {0, 1}. Note also that
when ai ∈ {0, 1}, the operation |ai − ai+1| is equivalent to ai + ai+1 (mod 2). This justifies
the importance of the map T : Zk

2 → Z
k
2 defined by

T (a0, a1, . . . , ak−1) = (a0 + a1, a1 + a2, . . . , ak−1 + a0).

We will call the sequences generated by iteration of this map Ducci sequences over Z2.

2. Notation and Result

In order to simplify the notation, the indices of the coordinates of any vector ~x ∈ N
k will

be written modulo k so that, for example, ak = a0 and ak+1 = a1.
If for some integer m Tm(~x) = ~x, we say that ~x is cyclic. If m is the smallest such integer,

we say that ~x is m-cyclic. If for some integer m we have Tm(~x) = ~y and ~y is cyclic, we say
that ~y belongs to the cycle generated by ~x. Note that ~x does not necessarily belong to the cycle
generated by itself. If for some integer m Tm(~x) = ~0, we say that ~x is nilpotent.
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Given k, l ∈ N and two vectors ~x = (x0, x1, . . . , xk) and ~y = (y0, y1, . . . , yl) we denote by

~x ∨ ~y their concatenation (x0, x1, . . . , xk, y1, y2, . . . , yl). We also write ~x ∨ ~x . . . ∨ ~x = ∨(m)~x,

the concatenation of ~x with itself m times and ∨(1)~x = ~x.
It is easy to see that for any ~x ∈ Z

k
2 and for any positive integers n,m the following relation

holds:
T n(∨(m)~x) = ∨(m)T n(~x). (2.1)

In particular, T n(~x) = ~0 implies T n(∨(m)~x) = ~0 for every m.
It is well-known that if k = 2l for some l, then any ~x ∈ Z

k
2 is nilpotent. Together with (2.1),

this implies that for any m ∈ N and any ~x ∈ Z
2l
2 , the vector ∨(m)~x is nilpotent. The goal of

this paper is to prove that any nilpotent vector in Z2 is obtained this way.

Proposition 2.1. Let ~x ∈ Z
k
2 be a nonzero vector. If ~x is nilpotent, there exist l,m ∈ N and

~y ∈ Z
2l
2 such that ~x = ∨(m)~y.

3. Proof of Proposition 2.1

Proof. For any vector ~x = (a0, a1, . . . , ak−1) ∈ Z
k
2 we define r(~x) = (a1, a2, . . . , ak−1, a0).

Observe that T (~x) = ~x+ r(~x). We obtain by induction

T n(~x) =
n
∑

i=0

(

n

i

)

ri(~x).

Now suppose T n(~x) = ~0. Then for any l such that 2l ≥ n we have T 2l(~x) = ~0. Combining

with the previous equality and using the fact that
(2l

i

)

≡ 0 (mod 2) for 1 ≤ i ≤ 2l − 1 we
obtain

T 2l(~x) =

2l
∑

i=0

(

2l

i

)

ri(~x) = ~x+ 0 + 0 + · · ·+ 0 + r2
l

(~x) = ~0.

In other words ~x = r2
l

(~x) and for every i ∈ [k], ai = ai+2l .

Consider the Euclidean division of 2l by k, 2l = mk + r, where 0 ≤ r < k is the remainder.
Then ai = ai+2l = ai+mk+r = ai+r, i.e., the coordinates of ~x are r-periodic. Let d = (k, r),
the greatest common divisor of k and r. By Bezout’s Theorem there exists a, b ∈ Z such that
ak + br = d. Since the coordinates of ~x are k-periodic and r-periodic we have ai = ai+ak =
ai+ak+br = ai+d so that the coordinates of ~x are d-periodic. Since d|k and d|r we also have

d|mk + r = 2l so that d = 2l
′

for some l′ ≤ l. Since d|k and ~x is d-periodic, ~x = ∨(m)~y for
~y = (a0, a1, . . . , a2l′−1), concluding the proof. �

4. Conclusion

By combining Proposition 2.1 with the remark mentioned in the introduction, we obtain
the following theorem.

Theorem 4.1. A vector ~x ∈ Z
k
2 is nilpotent if and only if it can be written as the concatenation

of several copies of a vector of length a power of 2.

Note that Proposition 2.1 also provides a necessary condition for a vector in N
k to be nilpo-

tent. Let ~x = (a0, a1, . . . , ak−1) be a vector in N
k and consider the vector ~y = (b0, b1, . . . , bk−1)

where bi = ai (mod 2). If ~x is nilpotent, so is ~y over Z2. By Proposition 2.1 this implies that
~y is the concatenation of vectors of length a power of 2, which in return gives us a condition
on the parity of the ai’s.
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